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We consider the following setting:

Ωf

Ωinj

Ωext

Ω ⊂ R
3

Γ0

Γinj

n

and we take an electric current

J =















Jf in Ωf (unknown)
Jinj in Ωinj (given)
Jext in Ωext (given)
0 elsewhere
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This current generates a magnetic field B that is the solution of
the curl-div problem:

∇× (µ−1B) = J, ∇ · B = 0 in R
3,

or, equivalently, setting B = ∇× A,

find A s.t. ∇× (µ−1∇× A) = J in R
3 .
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In the fluid domain Ωf , we consider the Stokes equations with
Lorentz force: find (u, p) s.t.

−η△u + ∇p − Jf × (∇× A) = f in Ωf

∇ · u = 0 in Ωf ,

with Dirichlet boundary conditions u = g on ∂Ωf .

Moreover, we consider also the electric current-potential problem:
find (Jf , φ) s.t.

σ−1Jf + ∇φ− u × (∇× A) = 0 in Ωf

∇ · Jf = 0 in Ωf ,

with boundary conditions:

Jf · n = Jinj · n on Γinj , Jf · n = 0 on Γ0.
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The coupled MHD problem that we consider reads:

find (A,u, p, Jf , φ) s.t.

∇× (µ−1∇× A) = J in Ω ⊂ R
3

−η△u + ∇p − Jf × (∇× A) = f in Ωf

∇ · u = 0 in Ωf

σ−1Jf + ∇φ− u × (∇× A) = 0 in Ωf

∇ · Jf = 0 in Ωf ,

with the essential boundary conditions:

n ×A = 0 on ∂Ω, u = g on ∂Ωf ,

Jf · n = Jinj · n on Γinj , Jf · n = 0 on Γ0.
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Let Th be a regular triangulation of Ω made up of tetrahedra.
We assume that the triangulations induced on the subdomains
Ω \ Ωf and Ωf are compatible on ∂Ωf .
We consider:

1. Nédélec elements for approximating A

Y A
n = {ah ∈ H0

curl(Ω)| ah|K ∈ Rn ∀K ∈ Th}, n > 1;

2. Raviart-Thomas elements for approximating (Jf , φ):

Y J
m = {yh ∈ H0

div(Ωf )| yh|K ∈ Dm ∀K ∈ Th}, m ≥ 1,

W
φ
m−1 = {ψh ∈ L2

0(Ωf )| ψh|K ∈ Pm−1 ∀K ∈ Th};

3. Taylor-Hood elements for approximating (u, p) :

W u
r = {vh ∈ C 0(Ωf )| vh|K ∈ Pr ∀K ∈ Th} ∩ H1

0 (Ωf ), r ≥ 2,

W
p
r−1 = {qh ∈ C 0(Ωf )| qh|K ∈ Pr−1 ∀K ∈ Th} ∩ L2

0(Ωf ).
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The discrete weak form of the coupled problem reads:

find Ah ∈ Y A
n , uh ∈ W u

r , ph ∈ W
p
r−1, Jf ,h ∈ Y J

m, φh ∈ W
φ
m−1 s.t.

∫

Ω

µ−1(∇× Ah) · (∇× Wh) −

∫

Ω

Jh ·Wh = 0

∫

Ωf

η ∇uh · ∇vh −

∫

Ωf

ph ∇ · vh −

∫

Ωf

Jf ,h × (∇× Ah) · vh = 0

∫

Ωf

qh ∇ · uh = 0

∫

Ωf

σ−1Jf ,h ·Kh −

∫

Ωf

φh ∇ · Kh +

∫

Ωf

Kh × (∇× Ah) · uh = 0

∫

Ωf

ϕh ∇ · Jf ,h = 0

for all Wh ∈ Y A
n , vh ∈ W u

r , qh ∈ W
p
r−1, Kh ∈ Y J

m, ϕh ∈ W
φ
m−1.
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If we denote by y = (Ah,uh, ph, Jf ,h, φh) the state variable and by
u an appropriate set of control variables, we can rewrite the former
system in the compact form e(y , u) = 0.
Then, the linearization wrt the state variables ey (y , u)δy reads

Z

Ω

µ
−1(∇× δAh) · (∇× Wh) −

Z

Ω

δJh · Wh

Z

Ωf

η ∇δuh · ∇vh −

Z

Ωf

δph ∇ · vh −

Z

Ωf

δJf ,h × (∇× Ah) · vh −

Z

Ωf

Jf ,h × (∇× δAh) · vh

Z

Ωf

qh ∇ · δuh

Z

Ωf

σ
−1

δJf ,h · Kh −

Z

Ωf

δφh ∇ · Kh +

Z

Ωf

Kh × (∇× Ah) · δuh +

Z

Ωf

Kh × (∇× δAh) · uh

Z

Ωf

ϕh ∇ · δJf ,h
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We denote

Mij =

„
Z

Ω

µ
−1(∇× δAh) · (∇× Wh)

«

ij

Fij =

„
Z

Ω

δJh · Wh

«

ij

Aij =

„Z

Ωf

η∇δuh · ∇vh

«

ij

Bji =

„

−

Z

Ωf

qh∇ · uh

«

ij

Dij =

„
Z

Ωf

σ
−1

δJf ,h · Kh

«

ij

Eji =

„

−

Z

Ωf

ϕh∇ · δJf ,h

«

ij

C (Ah)ij = −

∫

Ωf

δJi
h × (∇× Ah) · v

j
h

G (Jf ,h)ij = −

∫

Ωf

Ji
f ,h × (∇× δAh) · v

j
h

H(uh)ij =

∫

Ωf

Ki
h × (∇× δA

j
h) · uh
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Then, we have the matrix formulation



















M −F

G (Jf ,h)
T A BT C (Ah)

T

B

H(uh) −C (Ah) D ET

E





































δAh

δuh

δph

δJh

δϕh
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In addition, the full KKT matrix, which is in general





Lyy Lyu e⊤y
Luy Luu e⊤u
ey eu



 ,

is given by

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

−G(λy ) −H(λu)T M G(Jh) H(uh)T

−G(λy )T ∗ A BT
−C (Ah)T

B

−H(λu) −FT C (Ah) D ET

E

γI ∗ ∗

M −F ∗

G(Jh)T A BT C (Ah)T

B

H(uh) −C (Ah) D ET
∗

E

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

The “*” correspond to entries which depend on the specific type of
control chosen and the objective functional in the optimization.
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