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We consider the following setting:

QcCR?

I-0 Qext

and we take an electric current

Jr inQf  (unknown)
Jinj in Qinj  (given)
Jext in Qext  (given)
0 elsewhere

J=
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This current generates a magnetic field B that is the solution of
the curl-div problem:

V x (u71B) =, V-B=0 inR3
or, equivalently, setting B =V x A,

find A st. Vx(u'VxA)=J inR3.
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In the fluid domain Qf, we consider the Stokes equations with
Lorentz force: find (u, p) s.t.

—nAu+Vp—Jrx (VxA) = f inQf
V-u =0 ian,

with Dirichlet boundary conditions u = g on 9.

Moreover, we consider also the electric current-potential problem:
find (Jf, ¢) s.t.

o+ Vo—ux(VxA) = 0 inQy
V'Jf =0 ian,

with boundary conditions:

Jf-n:J,-,,j-nonF,-nj, Jf-n:O onFo.
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The coupled MHD problem that we consider reads:
find (A u, p,Jf, ¢) s.t.
Vx(ulvVxA)=J inQcR3
—nAu+Vp—Jex(VxA)=Ff inQf
V-u=0 in Qf
0 in Qf
0 in Qf,

with the essential boundary conditions:

n x A =0 on 99, u=g on 0¥y,
Jf-n:J,-,,j-nonF,-nj, Jf-n:00nl'0.
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Let 75, be a regular triangulation of Q made up of tetrahedra.
We assume that the triangulations induced on the subdomains
Q\ Qr and Qf are compatible on 9.

We consider:

1. Nédélec elements for approximating A
Y3 ={ap € Hu(Q)| apk € Rn VK €T}, n>1;
2. Raviart-Thomas elements for approximating (J¢, ¢):

Y7 = {yn € H% ()| Yok €D YK € T}, m > 1,
Wo_y = {vn € L3(Qr)| Vhik € Pm-1 VK € Ty}

3. Taylor-Hood elements for approximating (u, p) :

Wru = {Vh S Co(ﬁf)‘ VhK € P, VK € 7;7} N H&(Qf), r>2,
WPy ={an € C°()| ank € Pro1 VK € Tp} N L5(Q).
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The discrete weak form of the coupled problem reads:
find Ap € YA, up€ WY, ppe WP, Jppe Y e WS | st

/Q;fl(vxAh)-(VxWh)—/QJ,,-Wh:O

/nVuh-Vvh—/ phV-vh—/ Jenx (VxAp)-vp=0
Qf Qr’ Qf

/ gn V-u,=0
Qf

/U_lJf’h'Kh— (th-Kh—F/ KhX(VXAh)-uhZO
Qf Qf

Qf
/ ©®h V-Jf,h:O
Qf

for all Wy, € Y2, v € WY, gne WP |, Ky e Y, one WS .
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If we denote by y = (Ap, up, pn, Jf.h, ¢n) the state variable and by
u an appropriate set of control variables, we can rewrite the former

system in the compact form e(y, u) = 0.
Then, the linearization wrt the state variables e, (y, u)dy reads

/M_l(vX§Ah)~(VXWh)—/5Jh~Wh
Q Q

/ nV5Uh~Vvh— 6phv~vh—/ (SJf,hX(VXAh)~Vh— JfﬁhX(VX(SAh)'Vh
Qf Qf Qf

Qf
/ dhn V- 5uh
Qf

/O'_I(SJf’h'Kh— 5¢hV-Kh+/ KhX(VXAh)~5Uh+/ KhX(VX5Ah)~uh
Q Q Q

Qf
/ Ph AV 6Jf,h
Q
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We denote

Mi = (/ pH(V X BA) - (V Wh)) Fij= (/ 53y Wh)
@ ij Q i

Aj = (/ nVouy - Vvh) Bji = <_/ qnV - uh)
Q o,

y ii

Dy = (/ 0716Jf,h : Kh) Ei = <_/ A 5_]“1)
Q o,

i i

C(Ap)j=— [ 83 x (V x Ap) -V,
Qf
G(Ir,n)ij = —/Q 3y % (V % 6A) -V
f

H(up); = /Q i (V x OAL) - uy,
f
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Then, we have the matrix formulation

M —F oA
Grn)T A BT C(An)T dup,
B dpn

H(up)  —C(Ap) D ET |6
E dpn
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In addition, the full KKT matrix, which is in general

-
L, Ly eyT
Luy Luu €, )

ey ey
is given by
—G(xy) —HOW)T M G(Jp) H(up)T
—G(A\y)T * A BT —cmanT
B
—H(A\y) —FT  c(Ap) D ET
E
~I * *
M —F *
GUn)" A BT canT
H(up) —C(Ap) D ET | «
E

The "“*" correspond to entries which depend on the specific type of
control chosen and the objective functional in the optimization.
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