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Introduction page 3

The fracture behaviour in piezoelectric materials under mechanical and electrical
loading is not fully understood. In particular, it is not clear, whether the electric

field impedes or enhances crack propagation. Different fracture criterions for linear
models are discussed in the literature:

o Total energy release rate. (Pak 90)
e Mechanical strain energy release rate. (Park/Sun 95)
e Stress intensity factors. (Suo/Kuo/Barnett/Willis 92)

o Local energy release rate. (Gao et al. 97)
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The fracture behaviour in piezoelectric materials under mechanical and electrical
loading is not fully understood. In particular, it is not clear, whether the electric

field impedes or enhances crack propagation. Different fracture criterions for linear
models are discussed in the literature:

o Total energy release rate. (Pak 90)
e Mechanical strain energy release rate. (Park/Sun 95)
e Stress intensity factors. (Suo/Kuo/Barnett/Willis 92)

o Local energy release rate. (Gao et al. 97)

We will discuss the Griffith energy criterion which is based on the total energy
release rate, in particular:

e What is the total energy?
e Which formulas for the energy release rate are available?

e How are the Maz’'ya-Plamenevski coefficient formulas related to the stress
intensity factors?
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The Griffith criterion is based on energy balance: The body is in an equilibrium
state, if the total energy is minimal, that means, the crack grows if there is a
neighboured configuration with smaller energy as the actual configuration.

9
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The Griffith criterion is based on energy balance: The body is in an equilibrium
state, if the total energy is minimal, that means, the crack grows if there is a
neighboured configuration with smaller energy as the actual configuration.
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Totalenergy: I=U+D=E—F+D Field equations:

—BTABU = fin Q,

U- potential energy, D- dissipative energy, U—=00onT
E- elasto-electrical energy (electric enthalpy), ABU = (o ’D)T —0on Iy
E=1[AB{U)-B(U)dy— [,MB(U)- (=Vy), g =0.

Q MB(U) =D

F- external energy, F' = [ fU dy+ [ gU da,
Q L'y

U= (ul,U2,U3,g0)T
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Hooke’s law in 3D:

Voigt’s notation:
(0)ij = 2Zp1=1(Cijrivey, — Zpey kis (B)k

(D)i = 325-1(8)ij (B)j + 327 i €igu () jk (2) -4 (11*7) ~48 <u> |
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Hooke’s law in 3D: Voigt’s notation:
(0)ij = 2Zp1=1(Cijrivey, — Zpey kis (B)k

3 3 Tl-alZX)=aB
(D)i = 22521(8)i5 (B)j + 225 k=1 €ijk (V) jk pl=2lg) = £2

transversal isotrop, poling in y3-direction
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€13 €13 €33
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A — g —gT _ 0 0 O %4C4 —eq5 015
— e € O 0 0 0 (6115012) 0 o
a a 0O 0 0 0 es 0 e11 O 0
\0 0 0O e15 O 0 0 €11 0 )
€31 €31 €33 0 0 0 0 0 £33
0 O 0O 0 o903 O
. 1 3 2 Div T 0
Diw=|0 0 0 03 0 0], B = 0 v/
0 0O O3 0o O4 0 —
3D field equations: —-B 'ABU = f

(%)
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2D Field equations Page

Reduction to 2D-Problems: U = U(z1,23) —

Decoupling of the 3D-problem into a plane strain-state problem for (ui,us, @) and
anti-plane strain-state problem for wu..

Hookes law for the in-plane state (y21 = 722 = Y23 = 0, B2 = 0,U = (u1,u3, )" ):

/011\ (611 ciz3 O 0 —631\ (81 0 0\
033

C13 C33 0 0 —E€33 0 83 0 U4

013 = 0 0 Cq4 —E€15 0 83 81 0 ’LLS = ABU
D; 0 0 eis en 0 0 0 -61] \op

\D?)) \631 ez 0 0 €33 ) \0 0 —33)
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Reduction to 2D-Problems: U = U(z1,23) —

Decoupling of the 3D-problem into a plane strain-state problem for (ui,us, @) and
anti-plane strain-state problem for wu..

Hookes law for the in-plane state (y21 = 722 = Y23 = 0, B2 = 0,U = (u1,u3, )" ):

(011\ (611 ciz3 O 0 —631\ (31 0 0\
033

C13 C33 0 0 —E€33 0 83 0 U4

013 = 0 0 Cq4 —E€15 0 83 81 0 ’u,3 = ABU
D+ 0 0 eis €11 O 0 -0 ©

\D?)) K€31 ez 0 0 €33 ) \0 0 —33)

Hooke’s law for the out-of-plane strain state (711 = 33 = 113 =0, E1 = E3 = 0):

0
923 = cad 11 —c VUQ p— AQB2’LL2.
091 0 11 5 12

2D Field equations: —B' ABU = f,U = (u1,us, ), —B3 Ay Baus = fo.
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Elasto-electrical energy (electric enthalpy):

E=1[,ABU-BUdy— [, MBU - (—V)dy + % [, A2Baus - Bouady

Exterior energy:

F = [, fUdy+ [, fauzdy

Total energy:
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Elasto-electrical energy (electric enthalpy):

E=1[,ABU-BUdy— [, MBU - (—V)dy + % [, A2Baus - Bouady

Exterior energy:

F = [, fUdy+ [, fauzdy

Total energy:

Straight crack propagation in y;-direction, supp © {ys

()5= domain with crack of the length [ + 9,
Y1

()= domain with crack of the length [,

IIs=total energy in 2s.
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dIls

Griffith criterion: “20
dd

ls=0 =0

Assume Ds = 26%,4 = 4(oe, D.), is known, then we have to calculate the

Energy Release Rate | ERR = #Fe—Fs) |, — lim;s_,o (Ee=Fs)(Fo—Fo)
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dH5

Griffith criterion: |5 o =0

Assume Ds = 264,% = 4(oe, D.), is known, then we have to calculate the

Energy Release Rate | FRR = d(E5 £s) ls=0 = lims_.q (E‘S_Ffs)g(EO_FO)

Derivation of formulas for the ERR

Assume: ()5 (x-coordinates) and () (y-coordinates) are connected by a mapping:

()= () (),

where © € C§°(€25), supp® C a neighborhood of the crack tip, © = 1 near the
crack tip. Note, that these mappings are diffeomorphisms for 0 < § < dg, since

O(y1,y2) _ 1 _
(Ory 29) — 1—0010 > 0.
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Matrix-vector notation for the energy

. 0 0
E:fQ%C’y-’y—efy-E—%eE-Edy, e = c15 . ~v=Div'u
es1 esz 0

— elastic e. + piezo e. - electric e.
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Matrix-vector notation for the energy

E:fQ%C’y-’y—efy-E— teE - Edy, e= (
e
— elastic e. + piezo e. - electric e.
Theorem (Griffith formula)

0 0
615> . ~v=Div'u
31 e33 O

010 0
ERR = fQ(—ny- 0 030 | O1u + %C"y -~v010) dy
030 010

elastic part

_|_fQ (eE-VOE; — %5E - £010) dy electric part

010 0
-|_fQ eyE1-VO +e 0 030 | O1u-E —ey-FE010 dy coupled part
030 010
_ fQ Ud1(fO)dy exterior forces

— [ A2Vu2d1uz - VOdy + [ 5 A2Vus - Vuad1Ody — [, u201(f20)dy

antiplane part
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The Griffith formula S

Proof:
e Ideas from Khludnev/Sokolowski 99/00.

o Transformation of the energy integrals f% ---dx into [, ---dy.

o convergence: ||Us — Uollg1(q) — 0, fs — follz,(2) — 0.
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The Griffith formula S

Proof:
e Ideas from Khludnev/Sokolowski 99/00.

o Transformation of the energy integrals f% ---dx into [, ---dy.

o convergence: ||Us — Uol|g1(q) — 0, || fs — follzo) — O.

Remarks:

Formula is independent of the choice of ©.

Integration on supp © only!
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Theorem ( J-integral)

ERR = [  Wnids — [ No - O1uds+ [ DE; -nds— [ . U - fnids

+ fr %AQV’UQ - Vuzanids — fr A2Vuz01us2 - nds — f]_" uz fanids,

provided f = const near the crack tip.
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Theorem ( J-integral)

ERR = [  Wnids — [ No - O1uds+ [ DE; -nds— [ . U - fnids

+ fr %AQV’UQ - Vuanids — fr A2Vua01u2 - nds — f]_" uz fanids,

provided f = const near the crack tip.

c=Cy—e E

D =ey+ck

N — (nl O ??,3)
0 ns 1

W = lC'y-'y—ew-E—%gE-E

- 2

Proof: Partial integration
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The Griffith criterion yields

dlls _d(E—F—I—f))5| 0
s " do =0

Assume, Ds = 264. Therefore % s=0 = 29(oc, D.).

The Griffith fracture criterion reads:
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The Griffith criterion yields

dIls _d(E—F—I—f))5| 0
s 70 do =0T

Assume, Ds = 264. Therefore %bzo = 29(o¢, D.).

The Griffith fracture criterion reads:

The crack propagates, if

— ERR > critical value = 29(o., D.).
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From the general theory of elliptic boundary value problems follows:

U1 U1 0
[ — u2 _ 0 4 U2 _
us3 0

S1

|

o

[

=
N[~

53
1
Y

®
1 (w) s1(w) s1(w) 0
(()w ) —1‘(32?“% —1—647“% +03r% 52() + Ureg,
(w)

w

l\JlOD

where U,., = O(r
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From the general theory of elliptic boundary value problems follows:

u1 U1 0
U _ u»- _ 0 + U2 _
us O
%) 0
s1(w) 53 (w) sT(w) 0
1 0 1 0 1 0 1| s5(w)
— 112 . + car? 5 + c41? 4 + c3r? + Ureg,
s3(w) s3(w) s3(w) 0
o' (W) o (W) ot (W) 0
where U,., = O(r % . Inserting this decomposition of U into the J-integral we get:

2
ERR = Zi,j:172,4 ai;CiCj + a3c3
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. . 1 i
The coefficients a;;, c; can be calculated, if the singular vectors 25" (w)

s1(w) 57 (w) s1(w) 0
1 0 1 0 R 0 R s3(w)
r Y r Y Y
s3(w) s3(w) s3(w) 0
P (w) p* (w) ot (W) 0
and the so called dual singular vectors r_%S_i(w),z' —=1,2,3,4,
sy (w) 51 (w) s (w) 0
3 0 —3 0 3 0 % 55 °(w)
s3 (w) | sg- (W) | sg° (W) | 0
p~1(w) R W) 0
are known.
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. . 1 i
The coefficients a;;, c; can be calculated, if the singular vectors 25" (w)

s1(w) 57 (w) s1(w) 0
1 0 1 0 » 0 " s3(w)
r Y r Y Y
s3(w) s3(w) s3(w) 0
P (w) p* (w) ot (W) 0
and the so called dual singular vectors r_%S_i(w),z' —=1,2,3,4,
sy (w) 51 (w) s (w) 0
3 0 —3 0 3 0 % 55 °(w)
s3 (w) | sg- (W) | sg° (W) | 0
p~1(w) R W) 0
are known.

Stroh’s formalism is used by Lothe/Barnett(76), Deeg(80) to calculate the
singular terms. Explicit closed form 7?7

In preparation: Computation of the singular terms by numerical solution of a
quadratic eigenvalue problem (W.Geis)
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Calculation of the coefficients ¢, c2, c3, c4 by Maz’'ya-Plamenevski coefficient
formulas (76):

ci=bi [ f-r 38 M dy+ [, NTABU -+~38 ' —U-N' ABr~28 " ds

b; = scaling constants. Shortly

c; = b; fQ fS_Z dy+f89g-5_7;—U-NTABS_i ds.
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Calculation of the coefficients c1, ¢, c3, c4 by Maz’ya-Plamenevski coefficient
formulas (76):

ci=bi [ f-r 38 M dy+ [, NTABU -+~38 ' —U-N' ABr~28 " ds

b; = scaling constants. Shortly

c; = b; fQ fS_Z dy—i—fagg-S_i—U-NTABS_i ds.

We have assumed, that the normal mechanical and electric stresses

g=NTABU = NT (g) —0.

Using FEM and BEM the coefficients c; can be computed by postprocessing at
least for linear elasticity. Maybe, it can be done for piezoelectric ceramics in a
similar way.

Note, the coefficients c; are fixed numbers, depending on the volume and surface
loads.
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We remind of the K-factors in linear isotropic elasticity (plane strain):

ol _ K (5 — cosw) cos( %) Lo _ Kuor sin(5)(k + 2 4 cosw)
22 (wy 0T  2uV2m w
H sin( %) H cos(5)(k — 2+ cosw
o1 1 — sin(¥)sin(32) o2 —sin(£)(2 + cos(¥) cos(32))
11 K7 cos(@) 2 2 11 . 2 2 2
052 = —WQ 1+ sin( %) sin(?’T‘*’) , 032 = QIﬂIr sin(%) cos(%) Cos(%*’)
o1 sin( %) cos(3&) o2, cos(£)(1 — sin(¥) sin(32))
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We remind of the K-factors in linear isotropic elasticity (plane strain):

gl _ KI\/F( B ) cos( %) Lo _ Kuor sin(%)(k + 2 + cosw)
r = 5 5= (K —cosw D 4 = = g
H sin( %) H cos(5)(k — 2+ cosw
ol 1 — sin(%)sin(32) o2 — sin(%)(2 + cos(¥) cos(22))
11 KICOS(H) 2 2 11 K 2 2 2
059 | = Tﬁ 1+ sin(4)sin(%2) |, ol | = QIWIT sin( %) cos(%) cos(22)
oo sin( %) cos(3&) o2, cos(£)(1 — sin(¥) sin(32))

K; =lim,_o V277 035(w = 0) = lim, 0 v/27r 22(w = 0)
Krr = lim,_0 V27r 02 (w=10)=lim,_0v27roiz2(w = 0)

Break down of this method in piezoelectricity ( Pak 92, Park/Sun 95)
or anisotropic elastic case:

lim lim v27ro, (r,w) # lim lim vV27ro, (r,w)

r—0w—0 w—0r—0
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These authors have investigated an infinite piezoelectric medium containing a
center crack with far-field loading. They observed that for w = 0 the stress and
electrial fields are not coupled.

Citation Park/Sun 95: This leads us to conclude that stress intensity factor is not
suitable as fracture criterion for piecielectric materials.

They used the mechanical part of the energy release rate (crack closure integral)
instead.
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These authors have investigated an infinite piezoelectric medium containing a
center crack with far-field loading. They observed that for w = 0 the stress and
electrial fields are not coupled.

Citation Park/Sun 95: This leads us to conclude that stress intensity factor is not
suitable as fracture criterion for piecielectric materials.

They used the mechanical part of the energy release rate (crack closure integral)
instead.

Mathematical point of view:

To overcome these difficulties use the correct formulas for the computation of the
stress intensity factors!
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Crack growth in piezoceramics can be enhanced or retarded by an electric
field, depending on its magnitude and direction. In particular, if the crack is
perpendicular to the poling direction, the resulting field equations for the
mechanical and electric fields are strongly coupled.

The Griffith criterion, based on the total energy balance, is discussed. The
energy release rate is given by a Griffith formula from which the J-integral
follows. The influence of volume forces (e.g. temperature) is regarded. Surface
forces (tractions, charges) can be considered too.

It is possible to express the total energy release rate by stress intensity factors
in a correct way.

Since the computation of the stress intensity factors demands the knowledge
of the dual singular terms, it seems to be more efficient to compute the
J-integral.

Numerical experiments should be done in future.
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