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The setting

Suppose (indirect) noisy measurements, y , of
quantity of interest, u, is available

y = G(u) + η

Examples.
i) yj = u(xj) + η, j = 1, . . . ,n, xj ∈ D ⊂ Rd

u ∈ Cb(D)

ii) yj = p(xj) + η, j = 1, . . . ,n xj ∈ D ⊂ Rd

∇ · (u∇p) = f in D

u ∈ Cb(D) with u > 0.
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Bayesian approach

Consider
y = G(u) + η

with u ∈ X , y ∈ Rn (X separable Banach spaces),

• prior u ∼ µ0

• statistics of noise is known: η ∼ ρη

posterior µy (when well-defined ∗) satisfies

µy (du) ∝ ρη(y − G(u))µ0(du)

⇐⇒ µy (A) =

∫
A

c ρη(y − G(u))︸ ︷︷ ︸
dµy

dµ0
(u)

µ0(du) ∀A ∈ B(X )



Posterior consistency

suppose:

I y =

 y1
...

yn

 with n arbitrarily large

I there exists an underlying truth

y = G(w0) + η

Does µy concentrate on arbitrarily small neighbourhoods of w0 as
n→∞ and how fast?

Simpler: Do modes of µy converge to w0?
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MAP estimates

µ(X ) = 1, X a function space
There is no Lebesgue density, modes can be defined topologically:

Any point ũ ∈ X satisfying

lim
ε→0

supu∈X µ(Bε(u))

µ(Bε(ũ))
= 1,

is a MAP estimator. (MD, LAW, STUART, VOSS ’13)



∃Z ⊂ X s.t. for u ∈ Z

lim
ε→0

µ(Bε(u))

µ(Bε(0))
= e−I(u)

I If X = Rn, Z = Rn

and I(u) = − log ρµ(u)

I For X function space

Z is a proper dense subset of X with µ(Z ) = 0

Are modes of µ characterised by minimisers of I?
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The Prior
X ⊂ L2

{ψj} orthonormal basis in L2(Td ),

ξj ∼ cp exp(− |x|
p

p ), p ≥ 1, i.i.d

{γj} → 0 positive decreasing sequence

µ0 law of (γjξj)j , and u ∼ µ0 satisfies

u(x) =
∑
j∈N

γj ξj ψj(x)

Gaussian Besov (LASSAS, SAKSMAN, SILTANEN ’09)

p = 2 p ≥ 1, γj negative powers of j

{ψj} an orthonormal basis {ψj} orthonormal wavelet basis

p = 1 sparsity promoting, continuous but not differentiable measure
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For
dµ
dµ0

(u) = c e−Φ(u) with Φ given

I(u) = Φ(u) + 1
p‖u‖

p
Z ,

Z :=
{

u ∈ X :
∑

j

∣∣ 〈u,ψj〉
γj

∣∣p <∞}
for h ∈ Q :=

{
u ∈ X :

∑
j

∣∣ 〈u,ψj〉
γj

∣∣2 <∞}, γjξj ∼ ρj

dµ0,h

dµ0
(u) = lim

N→∞

N∏
j=1

ρj (ui − hj )

ρj (uj )

= lim
N→∞

e
∑N

j=1−|
hj−uj
γj
|p+|

uj
γj
|p

in L1
µ

For locally Lipschitz Φ, modes of µ are minimisers of I:
• p = 2 MD, LAW, STUART, VOSS ’13 (Z = Q)

• p > 1 HELIN & BURGER ’15; LIE & SULLIVAN ’18 (differentiable)

• p = 1 AGAPIOU, BURGER, MD, HELIN ’18



Weak posterior consistency

dµy

dµ0
(u) ∝ ρη(y − G(u)) =: e−Φ(u,y), suppose:

I y =

 y1
...

yn

 with n arbitrarily large

I there exists an underlying truth, (yj = G(w0) + ηj )

y = G(w0) + η

for µ0 exponential, MAP estimates are

un := argmin
u∈Z

Φ(u, y) + ‖u‖Z .



un := argmin
u∈Z

Φ(u, y) + ‖u‖Z

= argmin
u∈Z

|G(w0)−G(u)
∣∣2 +

2
n

n∑
j=1

〈
G(w0)−G(u), ηj

〉
+

1
n
‖u‖Z spacespacespace

Theorem. (AGAPIOU, BURGER, D, HELIN ’18)
Assume that

G : X → R+ is locally Lipschitz and
w0 ∈ Z.

Then
• G(un)→ G(w0) in probability.

• If G is injective ‖un − w0‖X → 0 in probability.

Otherwise, ∃u∗ ∈ Z and a subseq of {un}n∈N such that
‖un − w0‖X → 0 in probability. For any such u∗, G(u∗) = G(w0).

small noise limit similar y = G(w0) + δnη
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Consistency with contraction rates

µy is said to contract with rate εn at w0 if

µy
({

u ∈ X : ‖u − w0‖ ≥ Cεn
})
→ 0 in P(y |w0)-probability

GHOSAL, GOSH & VAN DER VAART ’00 give sufficient conditions on model
and prior to ensure this.

Conditions on prior
• µ0 puts sufficient mass around w0,

• distribution of mass under µ0 is ‘not too complex’

model: i.i.d sampling or white noise model
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Conditions on prior – Exponential case

AGAPIOU, MD & HELIN ’18:

For appropriate εn∗ there exists Xn ⊂ X s.t.

I µ0(‖u − w0‖X < 2εn) ≥ e−nε2n

I log N(ε̃n,Xn, ‖ · ‖X ) ≤ Cn ε̃2n (N: min # of balls needed to cover Xn)

µ0(X \ Xn) ≤ e−Cnε2n

————————————————–

(∗) εn satisfies

φw0(εn) ≤ nε2n with φw (ε) := inf
h∈Z :‖h−w‖X≤ε

1
p‖h‖

p
Z − logµ0(εBX )

(based on VAN DER VAART & VAN ZANTEN ’08 for Gaussian)
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• for h ∈ Z

µ0(εBX + h) ≥ e−
1
p ‖h‖

p
Zµ0(εBX )

• By two-level Talagrand’s inequality – 19941, ∀M > 0

µ(A + M
p
2 BQ + MBZ ) ≥ 1− 1

µ(A)
exp(−cMp)

→ choose Xn = εBX + M
p
2
n BQ + MnBZ

with Mn ∝ (nε2n)
1
p

1generalised Borell’s inequality



Contraction rates

Find the largest εn s.t. φw0 (εn) ≤ nε2n

• For White noise model yn =
∫ t

0 u(s) ds + 1√
n Bt , t ∈ [0,1]

with truth w0 ∈ Bβqq and prior B
α+ 1

p
pp -Besov measure

cεn =

{
n−

β
1+2β+p(α−β) , if β ≤ α,

n−
α

1+2α , if β > α

µy
({

u ∈ X : ‖u − w0‖ ≥ Cεn
})
→ 0 in P(y |w0)-probability

• Upper bounds on µ0(εBX + h) enables study of lower bounds on
concentration rates:

→ work in progress, recently established for p = 1
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Final remarks

• Convergence rates for MAPs
for Gaussian priors NICKL, VAN DE GEER, WANG ’19

• Posterior contraction for nonlinear forward operator

VOLLMER ’13 – pushforward µ0 with G: elliptic inverse problem

NICKL ’17 – Bernstein-von Mises theorem: elliptic inverse problem

• Generalised MAPs for discontinuous priors
(CLASON, HELIN, KRETSCHMANN, PIIROINEN ’19)
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