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1 Multiobjective Optimization

1 Multiobjective Optimization [Banholzer / Beermann / Makarov / Reichle / Spura]

[M. Dellnitz / B. Gebken / S. Peitz]
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1 Multiobjective Optimization

Multiobjective / Multicriterial Optimization [e.g., Ehrgott’05]

Competing goals in many applications: e.g.
– production (quality←→ production costs)
– transport (travel costs←→ comfort←→ energy consumption)

Multiobjective optimization: Ĵ ∈C1(Uad,Rk), U Hilbert space

min Ĵ(u) =
(
Ĵ1(u), . . . , Ĵk(u)

)
subject to u ∈ Uad ⊂ U (P̂)

Pareto optimal points: ū ∈ Uad Pareto optimal, if there is no u ∈ Uad such that

Ĵ j(u)≤ Ĵ j(ū) for 1≤ j ≤ k and Ĵ j(u)< Ĵ j(ū) for at least one j ∈ {1, . . . ,k}

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}
, Pareto front Pf = Ĵ(Ps)⊂ Rk
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1 Multiobjective Optimization

Optimality Conditions and Optimization Methods

Karush-Kuhn-Tucker [Kuhn/Tucker’51]: ū ∈ Uad Pareto optimal, then there is µ̄ = (µ̄1, . . . , µ̄k) ∈ Rk

0≤ µ̄i ≤ 1,
k
∑

i=1
µ̄i = 1,

k
∑

i=1
µ̄i
⟨
Ĵ′i(ū),u− ū

⟩
U
=

⟨
k
∑

i=1
µ̄iĴ′i(ū),u− ū

⟩
U

≥ 0 for all u ∈ Uad

→ first-order (necessary) optimality conditions for min
u∈Uad

Ĝ(u; µ̄) =
k
∑

i=1
µ̄iĴi(u)

Weighted sum method: solve ūµ = argmin
u∈Uad

Ĝ(u; µ) with 0≤ µi ≤ 1 and
k
∑

i=1
µi = 1

Euclidean reference point method [Wierzbicki’79]: min
u∈Uad

F̂T (u) = 1
2 ∥T − Ĵ(u)∥2

2 for reference point T = (T1, . . . ,Tk)
⊤

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}
, Pareto front Pf = Ĵ(Ps)⊂ Rk
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2 The Reference Point Method

2 The Reference Point Method [Banholzer / Beermann / Makarov / Reichle / Spura]
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2 The Reference Point Method

Scalarization by Introduction of a Distance Function

Ideal vector: T̂ = (T̂1, . . . , T̂k)
⊤ ∈ Rk with T̂i = min

u∈Uad

Ĵi(u) for i = 1, . . . ,k

Define: g : Rk→ R, where, e.g., g(s) = 1
2∥s∥

2
2 or g(s) = ∥s∥∞

Reference point problem: for chosen T = (T1, . . . ,Tk)
⊤ ∈ Rk

≤T̂
=
{

T̃ ∈ Rk | T̃ ≤ T̂
}
consider

min
u∈Uad

F̂T (u) = g
(
T − Ĵ(u)

)
subject to u ∈ Uad (P̂T )

Example:

Ĵ1(u) = u2

10 −
2u
5 −

23
5

Ĵ2(u) = u4

40 +
2u3

15 −
u2

4
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2 The Reference Point Method

Euclidean Reference Point Method

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}

Sets: Pareto front Pf = Ĵ(Ps)⊂ Rk

Reference point: choose T = (T1, . . . ,Tk)
⊤ ∈Pf+Rk

≤0 =
{

z+x |z∈Pf and Rk ∋ x≤ 0
}

Reference point problem: consider

min
u∈Uad

F̂T (u) = 1
2

∥∥T − Ĵ(u)
∥∥2

2 =
1
2

k
∑

i=1

∣∣Ti− Ĵi(u)
∣∣2 subject to u ∈ Uad (P̂T )

First derivative: F̂ ′T (u) =
k
∑

i=1
(Ĵi(u)−Ti)⟨Ĵ′i(u),•⟩U ∈L (U,R)

First-order optimality conditions: If ūT solves (P̂T ) we have

k
∑

i=1

(
Ĵi(ūT )−Ti

)⟨
Ĵ′i(ūT ),u− ūT

⟩
U
≥ 0 for all u ∈ Uad
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2 The Reference Point Method

Computation of the Pareto Set and Pareto Front

Sets: Pareto set Ps =
{

ū ∈ Uad

∣∣ ū Pareto optimal
}
, Pareto front Pf = Ĵ(P)⊂ Rk

Algorithm 1 (Euclidean reference point method)

1: Choose a reference point T (1) = (T (1)
1 , . . . ,T (1)

k )⊤ and set i = 1;
2: Compute for the distance function

F̂(i)(u) = 1
2

∥∥T (i)− Ĵ(u)
∥∥2

2 =
1
2

k
∑
j=1

∣∣T (i)
j − Ĵ j(u)

∣∣2 ≥ 0

the solution to the scalar reference point problem

ū(i)T = argmin
{

F̂(i)
T (u)

∣∣u ∈ Uad

}
(P̂(i)

T )

3: Choose a new reference point T (i+1) and go back to step 2.

Variation of the reference points: for Ĵi = Ĵ(ū(i)T ) set

T (i+1) := Ĵi +h|| · φ ||
∥φ ||∥ +h⊥ · φ⊥

∥φ⊥∥ for i≥ 1

and choose h||,h⊥ > 0 to control the coarseness of Pf points
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2 The Reference Point Method

Heat Equation with Convection

Bicriterial optimal control problem: minimize

J(y,u) =
1
2


∫ tf

0

∫
Ω

∣∣y(t,x)− yd(t,x)
∣∣2 dxdt

m

∑
i=1

∫ tf

0

∣∣ui(t)
∣∣2 dt

=
1
2

(
∥y− yd∥2

L2(Q)

∥u∥2
U

)

subject to the parabolic convection-diffusion PDE

yt(t,x)−∆y(t,x)+b(t,x) ·∇y(t,x) =
m
∑

i=1
ui(t)χΩi(x), (t,x) ∈ Q = (0, tf)×Ω, Ω = Ω1 ∪̇ . . . ∪̇Ωm

∂y
∂n (t,x)+αiy(t,x) = αiya(t), (t,x) ∈ Σi = (0, tf)×Γi, 1≤ i≤ r

y(0,x) = y◦(x), x ∈Ω⊂ Rd , d ∈ {1,2,3}

(SE)

and the bilateral control constraints u ∈ Uad =
{

u ∈ U= L2(0, tf ;Rm)
∣∣ua(t)≤ u(t)≤ ub(t) in [0, tf ]

}
Assumptions: yd ∈ L2(0, tf ;L2(Ω)), b bounded, χΩi ∈ L2(Ω), αi ≥ 0, ya ∈ L2(0, tf), y◦ ∈ L2(Ω), ua ≤ ub in U

Bilinear form for (SE): for φ,ψ ∈ H1(Ω) and t ∈ [0, tf ] define

a(t;φ,ψ) =
∫

Ω
∇φ ·∇ψ +

(
b(t, ·)∇φ

)
ψ dx +

r

∑
i=1

αi

∫
Γi

φψ dx , ⟨ga(t),φ⟩=
r

∑
i=1

αi

∫
Γi

ya(t)φ dx
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2 The Reference Point Method

Reduced Formulation for the Multiobjective Problem

Bilinear form for (SE): for φ,ψ ∈ H1(Ω) and t ∈ [0, tf ] define

a(t;φ,ψ) =
∫

Ω
∇φ ·∇ψ +

(
b(t, ·) ·∇φ

)
ψ dx +

r

∑
i=1

αi

∫
Γi

φψ dx , ⟨ga(t),φ⟩=
r

∑
i=1

αi

∫
Γi

ya(t)φ dx

Control-to-state operator: y = S (u) solves for given control u ∈ U= L2(0, tf ;Rm)

d
dt
⟨y(t),φ⟩L2(Ω)+a(t;y(t),φ) = ⟨ga(t),φ⟩+

m

∑
i=1

ui(t)
∫

Ωi

φ dx for all φ ∈ H1(Ω) and y(0) = y◦

Reduced cost functional: Ĵ(u) =
(

Ĵ1(u)
Ĵ2(u)

)
=

(
J1(S (u),u)

J2(S (u),u)

)
=

1
2

(
∥S (u)− yd∥2

L2(Q)

∥u∥2
U

)
for u ∈ U

Reduced multicriterial optimal control problem:

min Ĵ(u) subject to u ∈ Uad =
{

u ∈ U
∣∣ua ≤ u≤ ub in [0, tf ]

}
(P̂)
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2 The Reference Point Method

A-Posteriori Error Estimation

Euclidean reference point problem: for T = (T1,T2) ∈ R2 consider

min F̂T (u) =
1
2

∥∥T − Ĵ(u)
∥∥2

2 =
1
2
(
T1− Ĵ1(u)

)2
+

1
2
(
T2− Ĵ2(u)

)2 subject to u ∈ Uad (P̂T )

First-order sufficient optimality condition for (P̂T ): optimal ūT ∈ U satisfies

⟨F̂ ′T (ūT ),u− ūT ⟩U =
2

∑
i=1

(Ĵi(u)−Ti)⟨Ĵ′i(u),u− ūT ⟩U ≥ 0 for all u ∈ Uad (1)

Second-order sufficient optimality condition for (P̂T ): For any u ∈ Uad with Ĵ1(u)≥ T1 the hessian F̂ ′′T (u) satisfies

⟨F̂ ′′T (u)ũ, ũ⟩U ≥
(
Ĵ2(u)−T2

)
∥ũ∥2

U for all ũ ∈ U

If T2 < T̂2 = minũ∈Uad
Ĵ2(ũ): ⟨F̂ ′′T (u)ũ, ũ⟩U ≥ κ̄T ∥ũ∥2

U for all ũ ∈ U with κ̄T = min
u∈Uad

Ĵ2(u)−T2 = T̂2−T2 > 0

A-posteriori error estimate: for any ūapoT ∈ Uad there is a computable
”
perturbation“ ζ apo

T ∈ U satisfying

∥ūT − ūapoT ∥U ≤ ∆apo
T with ∆apo

T =
1

κ̄T
∥ζ apo

T ∥U −→ apply Reduced-Order Modeling (ROM)
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2 The Reference Point Method

Reduced-Order Modeling (ROM) using Proper Orthogonal Decomposition (POD)

Scalar reference point problem:

min F̂T (u) = 1
2

(
T1− Ĵ1(u)

)2
+ 1

2

(
T2− Ĵ2(u)

)2 s.t. u ∈ Uad (P̂T )

Discretization: finite elements (FE) for x , implicit Euler for t

ROM: apply POD model reduction for the spatial discretization

Algorithm 2 (POD method)

1: Determine yFE = S FE(ūT ) for a computed solution to (P̂T ) and solve (with, e.g., trapezoidal) weights α j > 0

min
n

∑
j=1

α j

∥∥∥yFE(t j)−
ℓ

∑
i=1
⟨yFE(t j),ψi⟩ψi

∥∥∥2
s.t. {ψi}ℓi=1 are orthonormal (ℓ≪ # FE degrees of freedom)

−→ {ψi}ℓi=1 given as a solution of an eigenvalue problem and
n

∑
j=1

α j

∥∥∥yFE(t j)−
ℓ

∑
i=1
⟨yFE(t j),ψi⟩ψi

∥∥∥2
= ∑

i>ℓ+1
λi, λ1 ≥ λ2 ≥ . . .≥ 0

2: Use POD basis in a spatial Galerkin discretization of the cost: Ĵℓ(u) = J(S ℓ(u),u);
3: Solve

min F̂ℓ
T (u) =

1
2

(
T1− Ĵℓ1(u)

)2
+ 1

2

(
T2− Ĵℓ2(u)

)2 s.t. u ∈ Uad (P̂ℓ
T )

to get POD suboptimal control ūℓT which satisfies ∥ūℓT − ūT∥U ≤ ∆apo
T with ∆apo

T = ∥ζ apo
T ∥U/κ̄T and computable ζ apo

T , κ̄T .
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2 The Reference Point Method

How can we ensure a small error?

A-posteriori error estimate: ∥ūℓT − ūT∥U ≤ ∆apo
T with ∆apo

T = ∥ζ apo
T ∥U/κ̄T and ζ apo

T = ζ apo
T (ūℓT )

Algorithm 3 (POD-based reference point method)
Require: τ > 0 (upper bound on the a-posterior error estimate) and 0 < η ≪ 1 (scalar factor);
1: Compute the minimizers of Ĵ1 and Ĵ2;
2: Compute a POD basis with the optimal states and adjoints of the minimizers;
3: while end of Pareto front is not reached do
4: Generate a new reference point;
5: Compute solution ūℓT to (P̂ℓ

T );
6: Compute the a-posteriori error estimate ∆apo

T ;
7: if ∆apo

T < τ then
8: if ∆apo

T < ητ then
9: Reduce the number ℓ of POD basis functions;

10: end if
11: else
12: Extend (e.g., ℓ= ℓ+1) or even update POD basis and go back to 5;
13: end if
14: end while
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2 The Reference Point Method

Numerical Test 1: Two-Dimensional Example [Banholzer/Makarov/V.’18]

Speed-ups

Basis extension (BE) 14
Adaptive basis update ABU) 18
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2 The Reference Point Method

Numerical Test 2: Three-Dimensional Example [Banholzer / Spura / V.’18]

PDE constraint: yt(t,x)−κ∆y(t,x)+cbb(t,x) ·∇y(t,x) =
3
∑

i=1
ui(t)χi(x) in Q
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Figures: geometry Ω / cb = 1 / cb = 4

16 / 30 PDE-Constrained Multiobjective Optimization by ROM Stefan Volkwein



2 The Reference Point Method

Extension to More Than Two Objectives

Problem: min Ĵ(u) = 1
2


∥y(u)− yd1∥

2
L2(Ω)

∥y(u)− yd2∥
2
L2(Ω)

∥y(u)− yd3∥
2
L2(Ω)

u2
1 +u2

2

 s.t. u ∈ Uad ⊂ R2 and −u1∆y(x)+u2b(x) ·∇y(x)+0.5y(x) = f (x) in Ω + Robin-BC
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Left plot: Pareto set (FEM discretization) with two parameters and four objectives.
Middle plot: The six Pareto sets considering only two objectives can be computed significantly faster.
Right plot: Approximation via RB-based ROMs with a certified error bound (RB – Reduced Basis ... explained later)
17 / 30 PDE-Constrained Multiobjective Optimization by ROM Stefan Volkwein



2 The Reference Point Method

Set-Oriented Methods – Subdivision Algorithm

Global, gradient free subdivision algorithm:

Sampling Nondominance test Eliminate dominated boxes Next iteration

Gradient-based subdivision algorithm:

– Compute α̂ = argmin
{∥∥ k

∑
i=1

αiĴ′i(u)
∥∥2

2

∣∣∣α ∈ Rk,
k
∑

i=1
αi = 1, α1, . . . ,αk ≥ 0

}
.

→ q(u) =−∑k
i=1 α̂iĴ′i(u) is a descent direction or q(u) = 0

→ ODE u̇(t) = q(u(t)) has an attracting set containing all stationary points u

Continuation method:
(

∑k
i=1 αiĴ′i(u)

1−∑k
i=1 αi

)
=

(
0
0

)
and inexact gradients

→ talk of Stefan Banholzer on Thursday (11:00–11:30) Sample gradients Eliminate boxes
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3 ROM for Nonsmooth Optimization

3 ROM for Nonsmooth Optimization [Bernreuther / Müller]
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3 ROM for Nonsmooth Optimization

Reduced Basis (RB) Method for the Max-PDE

Consider the parametrized max-PDE: −∆y(x)+8πµ max
{

0,y(x)
}
= f (x ; µ) in D⊂ R2, µ ∈M= [0,3] and y(x) = 0 on D

Finite element (FE) Galerkin formulation:∫
D

∇yh ·∇φh +8πµ max
{

0,yh}φh dx =
∫
D

f (· ; µ)φh dx for all φh ∈V h = span{φ1, . . . ,φm} ⊂V = H1
0 (D)

Reduced basis (RB) approach: Find Mℓ = {µ1, . . . ,µℓ} ⊂M such that yh(µ)≈ yℓ(µ) =
ℓ

∑
i=1

αi(µ)yh(µi)

RB Galerkin formulation: V ℓ = span{ψ1, . . . ,ψℓ} ⊂V h with {ψi}ℓi=1 := orth{yh(µ1), . . . ,yh(µℓ)}∫
D

∇yℓ ·∇ψ +8πµ max
{

0,yℓ
}

ψ dx =
∫
D

f (· ; µ)ψ dx for all ψ ∈V ℓ

Error estimate: ∥yh(µ)− yℓ(µ)∥V ≤ ∆ℓ
apo(µ) := c∥∆yℓ−8πµ max

{
0,yℓ

}
+ f (· ; µ)∥(V h)′ for every µ ∈M

Greedy basis updates: Improve approximation by

µℓ+1 ∈ argmax
µ∈Strain

{
∆s = ∥yh(µ)− yℓ(µ)∥V (strong)
∆w = ∆ℓ

apo(µ) (weak)

}
, Mℓ+1 =Mℓ∪{µℓ+1}, {ψi}ℓ+1

i=1 = orth
(
{ψi}ℓi=1,y

h(µℓ+1)
)
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3 ROM for Nonsmooth Optimization

Numerical Results for the Max-PDE

Figure: Error estimators ∆s = ∥yh(µ)− yℓ(µ)∥V (strong greedy) and ∆w = ∆ℓ
apo(µ) offline (left) and online (right)
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Speed-ups by the RB method compared to FE:

nx1×nx2 RB with ∆s RB with ∆w RB-DEIM with ∆s RB-DEIM with ∆w

20×20 5.1 5.0 6.5 6.5
30×30 16.1 13.4 23.2 19.2
40×40 39.9 32.1 60.5 47.6
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3 ROM for Nonsmooth Optimization

Extensions

Two-dimensional parameter space: even larger speed-ups

Scalar optimization:
– good approximation results
– large speed-ups
– mesh independence for the ROM-based semismooth Newton method

Multiobjective optimization: first results by Christof / Müller for

minJ(y,u) =


j1(y)+

σ1

2
∥u∥2

L2

...
jk(y)+

σk

2
∥u∥2

L2

 s.t. −∆y+max{0,y}= u in D, y = 0 on ∂D

with σ1, . . . ,σk−1 ≥ 0 and σk > 0

→ more at Workshop 4: Nonsmooth optimization in November 2019
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4 Greedy Controllability of Parametrized Linear Systems

4 Greedy Controllability [Fabrini / Iapichino / Lazar / Zuazua]

M. Lazar / E. Zuazua: Greedy controllability of finite dimensional linear systems, Automatica, 2016
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4 Greedy Controllability of Parametrized Linear Systems

Problem Formulation

Finite-dimensional linear control system (e.g., after spatial discretization of a PDE):

ẋ(t) = Aµx(t)+Bµu(t) for t ∈ (0, tf ] and x(0) = x◦ (DSµ )

State variable: x = xµ : [0, tf ]→ Rn with large n

Control variable: u = uµ : [0, tf ]→ Rm with m≤ n

Parameter set: Dad =
{

µ ∈ R℘
∣∣µa ≤ µ ≤ µb in R℘}, i.e., compact

System matrices: Dad ∋ µ 7→ Aµ ∈ Rn×n and Dad ∋ µ 7→ Bµ ∈ Rn×m Lipschitz-continuous

Controllability problem for every µ ∈∈∈Dad

Given a final target x1 ∈ Rn find a control u = uµ such that the state x = xµ of (DSµ ) satisfies

xµ(tf) = x1 for every µ ∈Dad

Assumption: System (DSµ ) is controllable for all values of µ ∈Dad.
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4 Greedy Controllability of Parametrized Linear Systems

Solution of the Controllability Problem

Solution approach: If (φµ ,φ◦µ) solves the linear-quadratic problemminJµ(φ,φ◦) = 1
2

tf∫
0
∥B⊤µ φ(t)∥2 dt + ⟨x1,φ◦⟩+ ⟨x◦,φ(0)⟩

s.t. φ̇(t) =−A⊤µ φ(t) for t ∈ [0, tf) and φ(tf) = φ◦

then uµ = B⊤µ φµ is the control that steers the solution x = xµ of

ẋ(t) = Aµx(t)+Bµuµ(t) for t ∈ (0, tf ] and x(0) = x◦

to the desired target x1; see, e.g., [Mica/Zuazua’05]

Numerical strategy: apply CG method to minimize Ĵµ(φ◦) = Jµ(φµ(φ◦),φ◦)

Problem: computationally too expensive in the multi-query context

Goal [Lazar/Zuazua’16]

For ε > 0 find offline N(ε) parameters µ j and associated controls u j = uµ j , so that uµ =
N(ε)
∑
j=1

α j
µu j can be rapidly computed online with

∥xµ(tf)− x1∥ ≤ ε for any µ ∈Dad.
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4 Greedy Controllability of Parametrized Linear Systems

Main Idea

Goal [Lazar/Zuazua’16]

Given a tolerance ε > 0 find N(ε) parameters µ1, . . . ,µN(ε), so that for all µ ∈Dad the associated control u⋆µ = ∑N(ε)
j=1 α j

µu j yields

∥x⋆µ(tf)− x1∥ ≤ ε for any chosen µ ∈Dad

for the state x = x⋆µ solving ẋ(t) = Aµx(t)+Bµu⋆µ(t). → N(ε) a.small a.p.

Greedy controllability – Offline

For given tolerance ε > 0 select (with a greedy approach) µ1, . . . ,µN(ε) ∈D
gr
ad (D

gr
ad ⊂Dad discrete training set) and compute

associated u1, . . . ,uN(ε).

Greedy controllability – Online

For any µ ∈Dad set u⋆µ =
N(ε)
∑
j=1

α j
µu j and solve ẋ⋆µ(t) = Aµx⋆µ(t)+Bµu⋆µ(t)⇒ ∥x⋆µ(tf)− x1∥ ≤ ε

→ α j
µ projection of x1− etfAµ x◦ onto the j-th basis element for span{Λµ φ◦1 , . . . ,Λµ φ◦N(ε)}
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4 Greedy Controllability of Parametrized Linear Systems

Selection of the parameter values

Linear-quadratic optimal control problem:minJµ(φ,φ◦) =
1
2

∫ tf

0
∥B⊤µ φ(t)∥2 dt + ⟨x1,φ◦⟩+ ⟨x◦,φ(0)⟩

s.t. φ̇(t) =−A⊤µ φ(t) for t ∈ [0, tf) and φ(tf) = φ◦
(QPµ )

Control choice: uµ = B⊤µ φµ steers the state x = xµ to the desired target x1

Greedy algorithm (offline)

[1] Choose µ1 ∈D
gr
ad;

[2] Compute (φ1,φ◦1 ) by solving (QPµ ) with µ = µ1; set u1 = B⊤µ1
φ1, Φ◦1 = span{φ◦1};

[3] Find µ2 = argmax{dist(φ◦µ ,Φ◦1) |µ ∈D
gr
ad};

[4] Compute (φ2,φ◦2 ) by solving (QPµ ) with µ = µ2; set u2 = B⊤µ2
φ2, Φ◦2 = span{φ◦1 ,φ◦2};

...
[n] until dist(φ◦µ ,Φ◦N)≤ ϵ for all µ ∈D

gr
ad
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4 Greedy Controllability of Parametrized Linear Systems

Numerical Example

State equation: for µ ∈Dad = [0.5,4]⊂ R consider

ẏ(t,x)−µ∆y(t,x)+β ·∇y(t,x) = 0, (t,x) ∈ Q = (0, tf)×Ω

µ ∂y
∂n (t,s) = u(t,s), (t,s) ∈ Σ = (0, tf)×∂Ω

y(0,x) = y◦(x), x ∈Ω = (0,2)× (0,1)⊂ R2

(Sµ )

FE Galerkin discretization of (Sµ ): ẋ(t) = Aµx(t)+Bu(t) for t ∈ (0, tf ], x(0) = x◦

– utilize ROM for the dynamical systems
– weak greedy approximation property
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5 Conclusions

ROM-based multiobjective optimization:

– multicriterial PDE-constrained optimization problems

– scalarization by the reference point method (for instance)

– apply (tailored and certified) reduced-order methods

– use of a-posteriori error analysis and basis update strategies to ensure required accuracy

Greedy controllability of parametrized linear systems:

– Greedy controllability approach for parametrized linear dynamical systems

– significant speed-up by the reduced-order greedy controllability
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