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Teaser: CLAIRE

unknowns CPUs GPUs runtime

50M ( 2563) 512 — <2 sec
50M ( 2563) 1 1 ≈6 sec
200B (40963) 8192 — ≈3.5 min

http://andreasmang.github.io/claire

2[Mang et al., 2016,Gholami et al., 2017,Mang et al., 2019]

http://andreasmang.github.io/claire
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Inverse Problem
find a plausible map y : Rd → Rd such that

(m0 ◦ y)(x) = m1(x), for all x ∈ Rd

m0 m1

y
I

m0 ◦ y
5[Amit, 1994,Modersitzki, 2009,Modersitzki, 2004,Fischer and Modersitzki, 2008]



m1 m0

6[Amit, 1994,Modersitzki, 2009,Modersitzki, 2004,Fischer and Modersitzki, 2008]



m1 m0

y ∈ diff(Ω)
7[Amit, 1994,Modersitzki, 2009,Modersitzki, 2004,Fischer and Modersitzki, 2008]



m1 m0

y 6∈ diff(Ω)
8[Amit, 1994,Modersitzki, 2009,Modersitzki, 2004,Fischer and Modersitzki, 2008]



Building Blocks



Flows of Diffeomorphisms
introduce pseudo-time variable t ∈ [0, 1] and
parameterize y by v

∂ty = v(y), y(0) = idRd
•y(s, t, x)

x(s) = y(s, s, x) = y(t, s, y(s, t, x))•

10[Younes, 2010]



Optimal Control Problem (Prototype)

minimize
v , y

dist(y(1)·m0, m1) + reg(v)

subject to ∂ty = v(y), y(0) = idRd

Large Deformation Diffeomorphic Metric Mapping

11[Younes, 2010,Beg et al., 2005]
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Regularity

∂ty = v(y), y(0) = id

v ∈ L2([0, 1],V),V ↪→ W s,2(R3)3, s > 5/2

=⇒ y ∈ GV ⊆ diff(R3)

(smoothness class 1 ≤ r ≤ s − 3/2)

13[Beg et al., 2005,Trouve, 1998,Dupuis et al., 1998]



Regularity∫ 1

0

‖v(t)‖2
V dt =

∫ 1

0

〈Lv(t), v(t)〉L2(Ω)d dt

L : V → V∗, L := (1− γ2 ∇)κid, γ, κ > 0

distG(idRd ,φ)2 = inf
v

{∫ 1

0

‖v‖2
V dt : φ = y(1)

}
∂ty = v(y), y(0) = idRd

14[Beg et al., 2005]



Regularity (RKHS)
V ≡ Vκ (RKHS with associated kernel κ)

v(t, x) :=
∑q

j=1 κ(x j(t), x)αj(t)

‖v(t)‖2
V =

q∑
j=1

q∑
k=1

κ(x j(t), xk(t))αᵀj (t)αk(t)

κ(x , y) ∝ exp(−0.5‖x − y‖2
Σ−1)

15



Distance Functional

distSSD(m0, m1) = ‖m0 −m1‖2
L2(Ω)

m0 m1 1− |m0 −m1|

16[Sotiras et al., 2013,Modersitzki, 2009]



Distance Functional
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Distance Functional

distCC(m0, m1) =
〈m1, m0〉L2(Ω)

〈m1, m1〉L2(Ω)〈m0, m0〉L2(Ω)

distNGF(m0, m1) =

∫
Ω

1− ((∇̃m0)ᵀ∇̃m1)2 dx

18[Sotiras et al., 2013,Modersitzki, 2009,Haber and Modersitzki, 2006]



Distance Functional (RKHS)

s j := {x j1, . . . , x jk}, j = 1, 2, . . .
19[Azencott et al., 2010]



Distance Functional (RKHS)

dist(s1, s2) = 1
k2 (
∑k

i=1

∑k
j=1 κ(x1

i , x
1
j )

−∑k
i=1

∑m
j=1 2κ(x1

i , x
2
j )

+
∑k

i=1

∑k
j=1 κ(x2

i , x
2
j ))

κ(x , y) ∝ exp(−0.5‖x − y‖2
Σ−1)

20[Azencott et al., 2010]



Formulations



Optimal Control Problem

minimize
v , y

1

2
‖y(1)·m0 −m1‖2

L2(Ω) +
β

2
‖v‖2

L2([0,1],V)

subject to ∂ty = v(y), y(0) = idRd

22[Younes, 2010,Beg et al., 2005]



Deformation Model

∂tm + 〈v ,∇m〉 = 0 in Ω× (0, 1]
m = m0 in Ω× {0}

23



Optimization Problem

minimize
v , m

1

2
‖m(1)−m1‖2

L2(Ω) +
β

2
‖v‖2

L2([0,1],V)

subject to ∂tm + 〈v ,∇m〉 = 0

m = m0

(div v = 0)

24[Arguilière et al., 2016,Chen and Lorenz, 2012,Barbu and Marinoschi, 2016,Borzi et al.,
2002,Hart et al., 2009,Herzog et al., 2019, Jarde and Ulbrich, 2019,Vialard et al., 2012]



Solver



Numerical Optimization



Lagrangian

minimize
v ,m

J (v) subject to C(v , m) = 0

L(v , m, λ) := J (v) + 〈λ, C(v , m)〉L2(Ω)k

27[Biegler et al., 2003,Borzi and Schulz, 2012,Hinze et al., 2009,Lions, 1971]



Optimality Conditions

g(w?) =

gmgv
gλ

(w?) =0, w?=

m?

v?

λ?

∈ Rn, n�1e6

g(w) = ∂εL(w + εw̃)|ε=0

(optimize-then-discretize)
28[Biros and Ghattas, 2005a,Biros and Ghattas, 2005b,Haber and Ascher, 2001]



Full Space Method

wk+1 = wk + αkw̃kHmm Hmv AᵀHvm Hreg C
ᵀ

A C 0


k︸ ︷︷ ︸

Hk

m̃ṽ
λ̃


k︸ ︷︷ ︸

w̃k

= −

gmgv
gλ


k︸ ︷︷ ︸

gk

29[Biros and Ghattas, 2005a,Biros and Ghattas, 2005b,Haber and Ascher, 2001]



Reduced Space Method

gm = 0 and gλ = 0

=⇒ m̃ = −A−1Cṽ

λ̃ = −A−T(Hmmm̃+Hmv ṽ)

30[Biros and Ghattas, 2005a,Biros and Ghattas, 2005b,Haber and Ascher, 2001]



Reduced Space Method

vk+1 = vk + αk ṽk

ṽk = −((Hreg +Hmis)k)−1gvk

Hmis := CTA−T(HmmA
−1C−Hmv)−HvmA−1C

31[Biros and Ghattas, 2005a,Biros and Ghattas, 2005b,Haber and Ascher, 2001]



Problem Formulation (Reminder)

minimize
v ,m

1

2
‖m(1)−m1‖2

L2(Ω) +
β

2
〈Lv , v〉L2(Ω)d

subject to ∂tm + 〈v ,∇m〉 = 0

m = m0

32



Reduced Gradient

gv(v) := βLv +Q
∫ 1

0

λ∇m dt

∂tm + 〈v ,∇m〉 = 0 in Ω× (0, 1]

m = m0 in Ω× {0}
−∂tλ− divλv = 0 in Ω× [0, 1)

λ = m1 −m in Ω× {1}
33



Newton–Krylov Method

Hvk ṽk = −gvk, vk+1 = vk + αk ṽk

I globalized via Armijo line search
I (preconditioned) CG method
I matrix-free (only matvec required)
I inexactness (Eisenstat & Walker)

34



(Reduced) Hessian Matvec

Hv [ṽ ](v) := βLṽ +Q
∫ 1

0

λ∇m̃ + λ̃∇m dt

∂tm̃ + 〈v ,∇m̃〉+ 〈ṽ ,∇m〉 = 0 in Ω× (0, 1]

m̃ = 0 in Ω× {0}
−∂tλ̃− div(λ̃v + λṽ) = 0 in Ω× [0, 1)

λ̃ = −m̃ in Ω× {1}
35



Computational Bottlenecks

I evaluating objective: 1 PDE solve
I evaluating gradient: 2 PDE solves
I Hessian matvec: 2 PDE solves

36



Computational Bottlenecks

I efficient time integrator (fast PDE solves)

I effective preconditioner (few PDE solves)

37



PDE Solver



Time Integration

∂tu + v · ∇u = f (u, v)

dty = v(y) in [t j−1, t j)

y = x for t = t j
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Time Integration

∂tu + v · ∇u = f (u, v)

dtu(y) = f in (t j−1, t j ]

u = u0 for t = t j−1

x
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Preconditioner



Spectral Preconditioner

(Hreg +Hmis)ṽ = −gv

(I+H−1
regHmis)ṽ = −H−1

regg
v

41



2L Preconditioner
FH + FL = I

Hek = FHHFHek + FLHFLek

ṽ = ṽL + ṽH

HLṽL = (FLHFL)ṽL = −FLg
HHṽH = (FHHFH)ṽH = −FHg

42[Adavani and Biros, 2008,Biros and Doǧan, 2008,Giraud et al., 2006,Kaltenbacher,
2003,Kaltenbacher, 2001,King, 1990]



2L Preconditioner

H̃w = −H−1/2
reg g

w := H
1/2
regṽ, H̃ := (I+H

−1/2
reg HmisH

−1/2
reg )

43



2L Preconditioner

Hu = s, u = uL + uH ≈ FLQP ūL + FHs

ūL ≈ H̃−1
c QRFLs

44



2L Preconditioner

H̃Gc = QRH̃QP

H̃c = Ic +H
−1/2
reg,cHmis,cH

−1/2
reg,c

Hmis,c = CT
cA
−T
c (Hmm,cA

−1
c Cc −Hmv,c)−Hvm,cA−1

c Cc

45



Parallel Implementation



MPI Parallelism

I AccFFT
http://accfft.org

I PETSc + TAO
https://www.mcs.
anl.gov/petsc/

47[Gholami et al., 2016,Munson et al., 2015,Balay et al., 2014]

http://accfft.org
https://www.mcs.anl.gov/petsc/
https://www.mcs.anl.gov/petsc/
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Parallel Semi-Lagrangian
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GPU Implementation

tag variant

cpu-fft-cubic FP32, CPU, FFT, cubic IP
gpu-fft-cubic FP32, GPU, FFT, cubic IP
gpu-fd8-cubic FP32, GPU, FD8, cubic IP
gpu-fd8-linear FP32, GPU, FD8, trilinear IP

49



Results



reference image mR template image mT

volume rendering axial slices

reference image mR template image mT

mean max min
5.2e−1 5.6e−1 (na08) 4.4e−1 (na14)

RCDC’s Opuntia system (Intel ten-core Xeon E5-2680v2 at 2.8 GHz with 64GB
memory (2 sockets for a total of 20 cores))
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dice det∇y runtime

na02 5.5e−1 8.6e−1 4.7e−1 3.9 2.1e2
na03 5.0e−1 8.3e−1 4.8e−1 7.2 2.2e2
na04 5.2e−1 8.3e−1 3.4e−1 2.4e1 2.1e2
na05 5.6e−1 8.5e−1 4.2e−1 5.2 2.0e2
na06 5.6e−1 8.4e−1 5.2e−1 7.6 3.0e2
na07 5.3e−1 8.5e−1 2.9e−1 3.7 2.2e2
na08 5.6e−1 8.5e−1 3.3e−1 3.9 3.2e2
na09 5.1e−1 8.4e−1 5.3e−1 1.0e1 2.2e2
na10 4.8e−1 8.2e−1 6.0e−1 7.7 2.3e2
na11 4.6e−1 8.3e−1 3.4e−1 2.2e1 2.3e2
na12 5.2e−1 8.4e−1 5.1e−1 3.3e1 4.3e2
na13 5.3e−1 8.1e−1 3.3e−1 8.1 2.1e2
na14 4.4e−1 8.3e−1 3.3e−1 4.3 2.4e2
na15 5.0e−1 8.3e−1 3.3e−1 4.3 2.0e2
na16 5.5e−1 8.4e−1 3.7e−1 2.0e1 2.1e2

mean 5.2e−1 8.4e−1 4.1e−1 1.1e1 2.4e2
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βv #PDE mismatch runtime speedup

1e−2 — 187 8.5e−2 6.0e2
PC 46 9.8e−2 9.3e1 6.5
SC 67 8.8e−2 1.2e2 5.2
GC 15,11,11 8.7e−2 3.5e1 17.1

1e−3 — 273 2.9e−2 9.0e2
PC 56 3.4e−2 1.6e2 5.6
SC 83 2.8e−2 3.2e2 2.8
GC 35,19,17 2.7e−2 1.4e2 6.3
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Strong Scaling (Lonestar)

tasks FFT IP sec eff

2 48.0 43.4 2.4e2 100.0
8 48.0 44.5 6.7e1 87.6

32 51.8 41.3 1.8e1 81.4
128 58.6 36.5 4.6 79.5
512 53.1 42.2 1.5 60.5
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Weak Scaling (Hazel Hen)

size tasks FFT IP sec eff

10243 128 60.9 35.0 196.9 100.0
20483 1024 65.0 34.3 210.4 100.0
40963 8192 72.9 26.3 237.5 93.1
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GPU Implementation (643)
dice ‖g‖rel #iter #mv sec
0.56 0.62 7.7e−3 12 58 1.82

0.63 1.1e−2 12 54 0.23 ( 8)
0.50 0.61 8.0e−3 13 64 1.97

0.61 1.6e−2 12 42 0.18 (11)
0.48 0.68 1.2e−2 12 48 1.61

0.68 1.3e−2 12 44 0.18 ( 8)

63CPU: dual socket Intel Skylake (Xeon Gold 5120); GPU: 32GB NVIDIA Tesla V100



GPU Implementation (1283)
dice ‖g‖rel #iter #mv sec
0.55 0.79 1.8e−2 14 70 13.36

0.80 1.7e−2 12 63 0.75 (18)
0.51 0.79 1.8e−2 15 77 14.62

0.79 1.7e−2 13 68 0.81 (18)
0.48 0.78 1.7e−2 15 84 15.93

0.78 1.7e−2 15 82 0.96 (17)

64CPU: dual socket Intel Skylake (Xeon Gold 5120); GPU: 32GB NVIDIA Tesla V100



GPU Implementation (2563)
dice ‖g‖rel #iter #mv sec
0.55 0.86 3.7e−2 14 81 146.69

0.86 3.1e−2 14 75 5.87 (25)
0.50 0.83 3.6e−2 17 95 169.46

0.83 3.1e−2 17 93 7.22 (24)
0.48 0.82 3.5e−2 18 103 184.78

0.82 2.9e−2 17 94 7.29 (25)

65CPU: dual socket Intel Skylake (Xeon Gold 5120); GPU: 32GB NVIDIA Tesla V100
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