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Turnpike phenomenon

Optimal control problem

min
u∈Uad

∫ T

0
f 0
(
x(t), u(t)

)
dt

ẋ(t) = f
(
x(t), u(t)

)
R(x(0), x(T )) = 0

Static problem

min
u∈Uad

f 0(x , u)

f (x , u) = 0

Figure: Turnpike property
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Shape design Problem

Ω

ω(t)

∂ty −4y = χω in Ω

y|∂Ω = 0

χω(t) =

{
1 if x ∈ ω(t)
0 else

Shape - source term

1
2T

∫ T

0
‖y(t)− yd‖2L2(Ω)dt +

1
2‖y(T )− yd‖2L2(Ω) → min
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Shape design Problem

I Ω ⊂ RN bounded, y0, yd ∈ L2(Ω), 0 < L < 1 and T > 0

I Set of admissible shapes : UL = {ω ⊂ Ω measurable | |ω| ≤ L|Ω|}

Optimal shape design problem (OSDT )

min
ω : (0,T )→ UL

γ1
2T

∫ T

0
‖y(t)− yd‖2L2(Ω)dt +

γ2
2 ‖y(T )− yd‖2L2(Ω)

∂ty −4y = χω(·) , y|∂Ω = 0, y(0) = y0

Static shape design problem (SSD)

min
ω ∈ UL

γ1
2 ‖y − yd‖2L2(Ω)

−4y = χω , y|∂Ω = 0
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Shape design Problem→Relaxed problem

Set of admissible shapes : UL = {ω ⊂ Ω measurable | |ω| ≤ L|Ω|}

Convexified set : UL =
{

a ∈ L∞
(
Ω; [0, 1]

)
|
∫

Ω

a(x) dx ≤ L|Ω|
}

ω ∈ UL a ∈ UL

χω a

|ω| ≤ L|Ω|
∫

Ω

a(x) dx ≤ L|Ω|

Convexification

Optimal control problem (OCPT )

min

a : (0,T )→ UL

γ1
2T

∫ T

0
‖y(t)− yd‖2L2(Ω)dt +

γ2
2 ‖y(T )− yd‖2L2(Ω)

∂ty −4y = a , y|∂Ω = 0, y(0) = y0
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Mayer Case - Final cost

min
ω:(0,T )→UL

1
2‖y(T )−yd‖2L2(Ω), ∂ty−4y = χω(·), y|∂Ω = 0, y(0) = y0

Theorem (Lance Trélat Zuazua)
I Static and time problems : existence and uniqueness of solution

(yT , pT , ωT ) and (ȳ , p̄, ω̄)
I Exponential turnpike :

∀T > 0, dH
(
ωT (t), ω̄

)
≤ Ce−µ(T−t)

Keyword’s proof :

I Existence : Pontryagin Maximum principle (Lions - 1971) and
Bathtub principle (Lieb & Loss - 2001)

I Turnpike : Adjoint equation, Weyl’s law, Hopf lemma
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Lagrange Case - Integral cost

min
ω:(0,T )→UL

1
2T

∫ T

0
‖y(t)−yd‖2L2(Ω) dt, ∂ty−4y = χω(·), y|∂Ω = 0, y(0) = y0

Theorem (Lance Trélat Zuazua, ongoing)
I Existence and uniqueness of solution (yT , pT , aT ) and (ȳ , p̄, ā) and :

− yd < y0 or yd > y1 =⇒ ā = χω̄ and aT = χωT
− yd convex =⇒ ā = χω̄

I Integral turnpike :

∀T > 0,
∫ T

0

(
‖yT (t)− ȳ‖2L2(Ω) + ‖pT (t)− p̄‖2L2(Ω)

)
dt < M

I Keyword’s proof of Turnpike : Strict dissipativity (Faulwasser - 2017,
Grüne - 2016, Trélat Zhang - 2018) or (Porretta Zuazua -
2013,2016)
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Numerical examples

Ω = [−1, 1]2, L = 1
8 , T ∈ {1..5}, yd = Cst = 0.1 and y0 = 0

Time shape t = 0 t = 0.5 1 ≤ t ≤ 4 t = 4.5 t = 5

t → ‖yT (t) − ȳ‖+‖pT (t) − p̄‖+‖χωT (t) − χω̄‖
Static shape

(computed with FreeFem++and IpOpt)
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t → ‖yT (t) − ȳ‖+‖pT (t) − p̄‖+‖χωT (t) − χω̄‖
Static shape

(computed with FreeFem++and IpOpt)

Gontran Lance | Turnpike in shape design



8

Numerical examples

Ω = [−1, 1]2, L = 1
8 , T ∈ {1..5}, yd = Cst = 0.1 and y0 = 0

Time shape t = 0 t = 0.5 1 ≤ t ≤ 4 t = 4.5 t = 5
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Numerical examples (2D)

Ω = [−1, 1]2, L = 1
8 , T = {1, 2}, yd = Cst = 0.1 and y0 = 0

(computed with FreeFem++and IpOpt)
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Numerical examples (2D)

Ω = [−1, 1]2, L = 3
16 , T = 2, yd = 1

20 (xy + 1) and y0 = 0

(computed with FreeFem++and IpOpt)
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Numerical examples (2D)

Ω stadium, L = 3
16 , T = 2, yd = 0.1 and y0 = 0

(computed with FreeFem++and IpOpt)
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Numerical examples (3D)

Ω = [0, 1]3, L = 1
40 , T = 1, yd = 0.1 and y0 = 0

(computed with FreeFem++and IpOpt)
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Relaxation phenomenon (Lagrange case)

Ω = [−1, 1]2, L = 1
8 , T ∈ {1..5}, yd = − 1

20 (x2 + y2 − 2) and y0 = 0

t = 0 t = 0.5 1 ≤ t ≤ 4 t = 4.5 t = 5

t → ‖yT (t) − ȳ‖+‖pT (t) − p̄‖+‖aT (t) − ā‖

Static control

(ā, aT ) ∈ (0, 1)

(computed with FreeFem++and IpOpt)
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Static control
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Static control
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Relaxation phenomenon (Lagrange case)

Maximum principle - parabolic equations

∂t yT −4yT = aT , yT|∂Ω
= 0, yT (0) = y0

∂t pT +4pT = yT − yd , pT|∂Ω
= 0, pT (T ) = 0∫

Ω

pT (t, x)aT (t, x) dx = max
u∈UL

∫
Ω

pT (t, x)u(x) dx

Maximum principle - elliptic equations

−4ȳ = ā, ȳ|∂Ω = 0
4p̄ = ȳ − yd , p̄|∂Ω = 0∫

Ω

p̄(x)ā(x) dx = max
u∈UL

∫
Ω

p̄(x)u(x) dx

UL =
{

u ∈ L∞(Ω), 0 ≤ u(x) ≤ 1 |
∫

Ω
a(x) dx ≤ L|Ω|

}

µ

p̄

xω̄

ā(x) =

{
1 if p̄(x) > µ
0 if p̄(x) < µ

µ s.t.
∫

Ω

ā(x) dx = L|Ω|

aT (t)(x) =

{
1 if pT (t)(x) > µ(t)
0 if pT (t)(x) < µ(t)

µ(t) s.t.
∫

Ω

aT (t)(x)(x) dx = L|Ω|
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−4ȳ = ā, ȳ|∂Ω = 0
4p̄ = ȳ − yd , p̄|∂Ω = 0∫

Ω

p̄(x)ā(x) dx = max
u∈UL

∫
Ω

p̄(x)u(x) dx

UL =
{

u ∈ L∞(Ω), 0 ≤ u(x) ≤ 1 |
∫

Ω
a(x) dx ≤ L|Ω|

}

µ

p̄

xω̄

ā(x) =

 1 if p̄(x) > µ
∈ (0, 1) if p̄(x) = µ
0 if p̄(x) < µ

µ s.t.
∫

Ω

ā(x) dx = L|Ω|

if |{p̄ = µ}| > 0 then −4yd = ā

so yd convex =⇒ ā = χ{p̄>µ}
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Future prospects

Lagrange case :

I Existence of optimal shapes :

• sufficient conditions for existence of time shape ?

• Replacing |ω| ≤ L|Ω| by P(ω) ≤ α =⇒ existence of time and static
shape.

I Turnpike on state, adjoint and control:

t → ‖yT (t) − ȳ‖ + ‖pT (t) − p̄‖ + ‖χωT (t) − χω̄‖

∀T > 0,
∫ T

0

(
‖yT (t)− ȳ‖+ ‖pT (t)− p̄‖ + ‖χωT (t) − χω̄‖

)
dt < M
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Future prospects

Lagrange case :

I Existence of optimal shapes :

• sufficient conditions for existence of time shape ?

• Replacing |ω| ≤ L|Ω| by P(ω) ≤ α =⇒ existence of time and static
shape.

I Turnpike on state, adjoint and control:

t → ‖yT (t) − ȳ‖ + ‖pT (t) − p̄‖ + ‖χωT (t) − χω̄‖

∀T > 0, t ∈ (0, T )

‖yT (t)− ȳ‖+ ‖pT (t)− p̄‖ +‖χωT (t) − χω̄‖ < C
(
e−µt + e−µ(T−t)

)
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Future prospects

Mayer case - terminal cost :

Figure: Hausdorff distance dH(A,B)

We have

dH
(
ωT (t), ω̄

)
≤ Ce−µ(T−t)

Figure: Symmetric difference A4B

We would like

|ωT (t)4ω̄| ≤ Ce−µ(T−t)

Then state and control Turnpike:

‖yT (t)− ȳ‖L2(Ω) + ‖χωT (t) − χω̄‖L1(Ω) ≤ Ce−µ(T−t)
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Future prospects : Other PDEs

I Generalize to parabolic equations and general semilinear PDEs

∂ty − Ay = χω(·) or ∂ty − Ay − f (y) = χω(·)

I Wavemaker thanks to shape moving bottom : (Dalphin - 2017,
Nersisyan Dutykh Zuazua - 2015)
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Future prospects : shallow water

• h : water’s height
• u : water’s velocity
• q = hu : flow
• z : shape of the bottom
• Sf : viscous effects

min
z

JT (z) =

∫ T

0
‖h(t)− hobs‖2 dt

ht + qx = 0

qt + ( g
2 h2 + q2

h )x = −ghzx + Sf

h(0) = h0, q(0) = q0

Static wave
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Future prospects : shallow water

Kinetic interpretation of shallow water equations (Perthame Simeoni -
2001)

χ : R→ R, χ(ξ) = χ(−ξ)∫
R
χ(ξ) dξ = 1∫

R
ξ2χ(ξ) dξ =

g
2

writing M(h, ξ − u) = h
cχ
(
ξ−u

c

)
c =

√
gh
2

 h
q

g
2h2 + q2

h

 =

∫
R

 1
ξ
ξ2

M(ξ) dξ
∫
R

Q dξ =

∫
R
ξQ dξ = 0

→ (h, hu) strong solution of the shallow water system iff M(h, ξ − u)
satisfies the kinetic equation

Mt + ξ.Mx − gzx .Mξ = Q
Gontran Lance | Turnpike in shape design
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Future prospects : shallow water

Shallow water description
ht + qx = 0

qt + ( g
2 h2 + q2

h )x = −ghzx
h(0) = h0, q(0) = q0

Perthame Simeoni - 2001

PMP
Adjoint representation

(ph)t − (gh − q2

h2
)(pq)x − gzx pq = h − hobs

(pq)t − (ph)x − 2q
h (pq)x = 0

ph(T ) = 0, pq(T ) = 0

Kinetic description
Mt + ξ.Mx − gzx .Mξ = Q, M(0) = M0

Kinetic adjoint
Pt + ξ.Px − gzx Pξ = M −Mobs + ∂Q

∂M , P(T ) = 0

?

(Joint work with Jacques Sainte-Marie)

Optimization process :ph, pq needed to find a gradient descent
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