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Closed loop optimal control

{ min J(u().x) = T 6(E) + 3lu(e) oo
subject to y(t) = f(y(t)) + g(y(t))u(t), y(0)=x
£(0) = f(0) =0, optimal value function

V(x):= umienUJ(u(-),x)

Hamilton-Jacobi-Bellman equation
min{ DV (x)(f(x) + g(x)u) + £(x) + %IUI2} =0, V(0)=0,
if U = linear space,
* 1 * *
u'(x) = —;g(X) DV(x)",

then
DV (x)f(x) — %DV(X)g(X)g(X)*DV(X)* +/4(x)=0.



Close the loop

y(t) = f(y(t)) - ig(y(t))g(y(t))*DV(y(t))* ,» y(0) =x

good properties, but ...

min J(u(). x) := } :fo|Dy(t)|2 +A|REu(t)[? dt

subject to  y(t) = Ay(t) + Bu(t), y(0)=x.
under stabilizability and detectability assumption:

NA+ AN —NBR!B*MN+D*D =0
u* = —R'B My
closed loop system
y(t) = Any(t) = (A— BRT'B'M)y(t). y(0) =x

A~ A(t) as linearization of f M.Badra, T. Breiten, S.Ervedoza, J.-P.
Raymond,. ..



Before we start the analysis

IS HJB WORTH THE EFFORT ?

and if yes, how to get it 7

vVvyvyVvVvyypy

solve it directly

solve using tensor calculus (TT-rank)
interpolate it from open loop data
Taylor expansion

Hopf formulas



Optimal HJB-based feedback stabilization of the
Newell-Whitehead equation

e = vy +y(1 = y?) + xw(x)u(t) in (=1,1) x (0,00),
yx(—1,t) = y(1,t) =0 for t >0,

y(x,0) = yo(x) in (—1,1),

Note: 0 is unstable, +1 are stable equilibria

describes excitable systems such as neurons or axons, relates to Schlégel model,

describing Rayleigh-Benard convection.

tensor train computations, jointly with S.Dolgov and D. Kalise, up
to dimension 100



Newell-Whitehead Equation d = 40

103 | 1

10!

107!

1073

1075

states controls



2-D Newell-Whitehead Equation , 121 DoFs
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Structure exploiting policy iteration

DV/(x)f(x) — ;yDV(x)g(x)g(x)*DV(x)* 4 U(x) =0,

i (x) = —ig(xrowx)*

» Solving nonlinear HJB: policy iteration (Howard's alg.), Newton
method, Newton-Kleinman iteration for Riccati equations.




Successive Approximation Algorithm

Data: Initialization:tol, stabilizing control u°(x)
while ||V" — V™| > tol do
1. Solve for V™1(x)

(f(x) 4+ gu") TV V" (x) + £(x) + 21fyHu"(x)H2 =0.

2. Update u"t1(x) = *%gTVV”“(X)_
3. n=n+1.

end
Result: V>°(x), u™(x)

» u%(x) must be asymptotically stabilizing or

» discounting




Two 'infinities’: the dynamical system

Meshfree discretization of dynamical system, e.g. pseudo-spectral
collocation based on Chebysheff polynomials

> The state x(t) = (xa(t),...,xq(t))t € RY.
» The free dynamics f(x) : R — R9 are C! and separable in
every coordinate f;(x)

Ny d
fi(x) =Y T Figr (%) »

j=1 k=1

where F(x) : RY — R9*Nrxd js 3 tensor-valued function.




Galerkin Approximation of the GHJB Equation

» Given u"(x), we solve the linear Generalized HJB equation

(F(x) + Bu™) TV V(x) +£(x) + [[u"|]* = 0.

> With {¢;(x)}72; a complete set of d-dimensional polynomial
basis functions, we approximate
N

V(x) = Y cioj(x)

=i

» u" (n>0) is expressed in the form

n 1 n 1 N n
u"(x) = —ZgTVV (x) = _ZgTchwj(x).
j=1

» Every term expanded, leads to dense linear system for V"1(x)

A(c™) " = b(c").




The Ingredients of Policy lteration

> Meshfree | eg pseudo-spectral collocation based on
Chebysheff polynomials

> separability of

» Galerkin approximation of GHJB using globally supported
polynomials (monomials, Legendre, ...)

» high dimensional integrals: introduce separable structure:

d
¢j(x) = ]:[ i) (.. M%)

» tensorize



Towards neural network based optimal feedback control

_ 1
(P) yew, 'u“efL2(,.Rm)2/,(\Dy(t)l2+ﬂ|u(t)|2) dt

s.t. y=1f(y)+ Bu, y(0)=yo,
Wa = {y € L’(I;R") | y € L2(I;R") }, I = (0,00), B € R™™,

our interest: optimal feedback stabilization
u(t) = F*(y*(t)) = =BT VV(y*(t))

for all yp in a compact set Yy C R” containing 0.



A.l
A.2

A.3
A4

Df: R" — R"*" is Lip. continuous on compacts, f(0) = 0.

There exists F*: R” — R™: the induced Nemitsky operator
satisfies F*: Wy, — L?(I;R™). Further

y=~fy)+BF(y), y(0)=xn
admits a unique solution y*(yp) € Ws, Yy € R”, and
(v*(¥0), F*(¥"(v0))) € argmin (Py) Vyo € R".

DF*: R" — R"™" is Lip. continuous on compacts, F*(0) = 0.
J My and a bounded neighborhood N (Yp) C R” :

Yy  N(Yo) = Wao,  yo = ¥ (30)
is continuously differentiable and

ly*(y0)lwee < Mo Vyo € N(Y0).



The learning problem

: 1
(Pyo) { };7__1’67161/%‘/!‘_;0’O J(y7}-) = §/I<’Dy(t)‘2 _|_/3‘Jr(y)(t)’2> dt

y=f(y)+BF(y), y(0)=yo,

where
H = {F(y)(t) = F(y(t) : F € Lip (Bowy (0):R™) , F(0) =0}
Yes, but .. ..
Bellman principle implies learn along: S = {y(F*(t)) : t € I}.
or better

FEM, y(¥))EWoo i=1

{ min S Jy(4). )

st y(y) = f(y(%)) + BF(y(%5)), ¥(0) = yp,



The learning problem

FEH,
yeLs® (YoiWoo)

y(j/o) = f(y(»)) + BF(y(yo)), for p-a.e.yp € Yo,
Y]l oo (Vo) < 2Mo

min (. F) = /Y J(y(y0) F(y(%0))) o),
(P)

where (Y0, A, 1) is a complete probability space.

Proposition

(P) admits a solution and we have equivalence to pi-a.e. solutions

of (Py,) on Yp.

Corollary

Let (F,¥) be an optimal solution to (P) and assume that A

contains the Borel o-algebra on Yy. Ify € Cp(supp ; W), then
Yo = {¥(»)(t) | yo € suppu, t € [0,+00) } C Ban, (0)

is compact and the previous proposition can be extended to SA/O.



Recap on neural networks

fio(x) = o(Wix + b;) vxeRN-1 =1, L-1
fLo(x) = Wix + by Vx € RN

o € CY(R,R) activation function

0= (Wi, by,..., W, by)

L
R = Nix N;— N;
_i>:<1(]R xR )’

which is uniquely determined by its architecture

arch(R) = (Ng, Ny, ..., N;) € NtFL

fL,e o fol,Q 0---0 fl,e(x)

Fo(x) =flgofi_190-0ofig(x)—fgofi190---0f4(0) VxeR"



Recap on neural networks

fio(x) = o(Wix + b;)+x VxeRN-1 =1, [-1
f[_ﬁ(X) = W;x+ by Vx € RN

o € CY{(R,R) activation function
0 = (lebla"' ) WLabL)

L
R =X (RNIXNI—I % RNi) ’
i=1
which is uniquely determined by its architecture
arch(R) = (No, Ny, ..., N;) e NFL

fL,e o fL—l,a 0---0 fl,e(X)

Fo(x)=figofi_190-ofig(x)—figofi_190---0fg(0) VxeR"



Approximation by neural networks

Theorem

Let n1 > 0,m2 > 0, and assume that the activation function o is
not a polynomial. Then for each ¢ > 0 there

exist L. € N, arch(R.) € Nt<*1 and a neural network

0. = (Wi, bi,...,W[ b)) € R.
such that |Ws|loo <M1, |bfloo <o, i=1,..., L., as well as
[F*(x) = Fo.(x)| + IDF*(x) = DFg.(x)|| < &

for all |x| < 2Mp.

Thus, approximate F by Fy_ !



Approximation by neural networks:cont

Assumption

3 C > 0, such that for all yy € N(Yp), dyo € R"
and 6v € L?(I;R") there exists a unique dy € W:

3y = Df(y*(y0))dy + BDF*(y*(y0))dy + dv, dy(0) = dyo

1oy llwee < CCUIOVIlL2¢srn) + [00])-

Theorem
There exist e1 > 0, ¢ such that for ¢ € (0,¢1), yo € Yo

Ye = f()/e) —+ B]:gf()/e)a YF(O) = Yo

admits a unique solution y. = y:(y0) € Yaq and
Ily*(vo) — ye(»0)|lw.. < ce. Moreover y. € Lff(Yo; W)
with ||y5”Lﬁ°(Y0;Woo) < %MO'



Optimal neural network feedback law

o Iin iy, Fo) + Gr.(0),

yeLs® (Yo; Woo)

y(j/o) = f(y(yo)) + BF(y(w)), for u-a.e.yp € Yo,
191l 250 (vo: W) < 2Mo

(Pr.)

Rad,a :{HZ(lebla oy WL57bL5) . || W1H00§7717|bi|00§7727i:1; ey Ls}CRE

L
Gr.(0) = IRe(0) + ar. > [ Wil]?
i=2

Theorem
There exists €1 > 0 such that (Pr_) admits a global minimizer
(0%,¥7) € Rade ¥ Li7(Yo; Weo) for every 0 < e <ey.



Convergence

Theorem

&
If  0<ap, < ——f—,
235 WP

0 <j(yor, 7o) + Gr.(67) —jly", F7) < ce

0 < e < ey, then

for some constant ¢ > 0 independent of . In particular

i(yex, For) — j(y*, F*) ase — 0.

Theorem
Each weak accumulation point (y,u) of { (yox, Fo:(ye:)) } in
L3 (Yo; Woo) x Li(Yoi L2(I,R™)) fulfills |[¥]] 120 (vo;we) < 2My, and

¥(v0) = f(3(%0)) + Bi(y0), ¥(%0)(0) = yo,
(¥(v0), U(yo)) € argmin (Py’)

for p-a.e. yo € Yo. If D > 0 the convergence is strong.



NN optimal feedback control for a Van der Pol oscillator

Consider

i\ _ y2
Y2 L5(L—y2)y2 —y1+yi +u

» Finite set of training initial conditions

{¥6¥oey = {£(1,0), £(0,1), (6, Zéyo

» Parameters in objective functional:

_ (10 _10-3 _
D<0 O),ﬁlo . =0.



Numerical realization

» Replace infinite time horizon by T > 0 sufficiently large.
» Fix L. =8, N; = 2 and o(x) = max{|x|%!x, 0}.
» Add residual connections:

fio(x) = o(Wix + b;) + x

» Assumption: Constraints are inactive.

v

Solved by Barzilai-Borwein.



Validation for yp = (—2,1), T =3

J(yLgr(¥0), FLgr) = 0.686,  J(ys:(v0), For) = 0.815
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Validation for yy = (7,—2), T =3

J(yLor(0), FLor) = 759.112, J(ygg (yo),fgg) = 76.185
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