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Diffuse interface approach
Setting: Two subdomains Ω1 and Ω2 separated by unknown Γε.
Assumption: Γε of small thickness O(ε) > 0 and components are mixed

inside.
Representation: Continuous order parameter ϕ for Ω1 and Ω2.
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The two-phase flow model [Abels, Garcke, Grün, 2012]
v velocity, p pressure,
ϕ phase field variable, µ chemical potential

ρ∂tv+ ((ρv + J) ⋅ ∇) v − div (2ηDv) +∇p = −ϕ∇µ + ρg,
div v = 0,

∂tϕ + v ⋅ ∇ϕ − div (m∇µ) = 0,−σε∆ϕ + σε−1W ′(ϕ) = µ,
where 2Dv = ∇v + (∇v)t , J = −ρ′(ϕ)m(ϕ)∇µ.

g gravity,

ε interfacial width,

σ surface tension,
σ = cWσphys ,

ρ(ϕ) density,

η(ϕ) viscosity,

m(ϕ) mobility.
ϕ

1

−1 1

W s
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The free energy density W
logarithmic:

W log(ϕ) = θ
2
((1 +ϕ) log(1 +ϕ) + (1 −ϕ) log(1 −ϕ)) + θϕ

2
(1 −ϕ2),

polynomial: W poly(ϕ) = 1
4
(1 −ϕ2)2,

double-obstacle: W∞(ϕ) = 1
2
(1 −ϕ2) iff ∣ϕ∣ ≤ 1, ∞ else,

relaxed double-obstacle:
W s(ϕ) = 1

2
(1 − (ξϕ)2) + s

2
(max(0, ξϕ − 1)2 +min(0, ξϕ + 1)2) + θ.

ϕ

1

−1 1

W log

ϕ

1

−1 1

W poly

ϕ

1

−1 1

W∞
∞

ϕ

1

−1 1

W s
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Functions depending on ϕ

ϕ ρ(ϕ) =
ρ1+ρ2
2

+ ρ2−ρ1
2
ϕ

η(ϕ) =
η1+η2
2

+ η2−η1
2
ϕ

W (ϕ)
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The formal energy inequality

Theorem
Let v ,ϕ,µ denote a sufficiently smooth solution (if exists) and let

E(t) = ∫
Ω

1

2
ρ(t)∣v(t)∣2 dx+σ∫

Ω

ε

2
∣∇ϕ(t)∣2 + 1

ε
W (ϕ(t)) dx

denote the energy of the system. Let v ∣∂Ω = 0 hold.
Then it holds

d

dt
E(t) = −∫

Ω
2η(ϕ)∣Dv ∣2 dx−∫

Ω
m(ϕ)∣∇µ∣2 dx+∫

Ω
gv dx,

E(t2) + ∫ t2

t1
∫
Ω
m(ϕ(s))∣∇µ(s)∣2 dxds+∫ t2

t1
∫
Ω
2η(ϕ(s))∣Dv(s)∣2 dxds

= E(t1) + ∫ t2

t1
∫
Ω
gv(s) dxds
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Applied Controls

BuV =∑sVi=1 fi(x)uV [i],
fi ∈ L2(Ω)n

BuB =∑sBi=1 gi(x)uB[i],
gi ∈ H1/2(∂Ω)n

ϕ0 = BuI = uI

uV ∈ L2(0, T ;RsV ) = UV ,
uB ∈ L2(0, T ;RsB) = UB,
uI ∈ K ∶= {v ∈ H1(Ω) ∩ L∞(Ω) ∣ ∣v ∣ ≤ 1, (v ,1) = const} = UI ,
u = (uV , uB, uI) ∈ U = UV × UB × UI .
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The two-phase flow model with controls
v velocity, p pressure,
ϕ phase field variable, µ chemical potential

ρ∂tv+ ((ρv + J) ⋅ ∇) v − div (2ηDv) +∇p = −ϕ∇µ + ρg + BuV ,
div v = 0,

∂tϕ + v ⋅ ∇ϕ − div (m∇µ) = 0,−σε∆ϕ + σε−1W ′(ϕ) = µ,
where 2Dv = ∇v + (∇v)t , J = −ρ′(ϕ)m(ϕ)∇µ,
v ∣∂Ω = BuB, ϕ(0) = uI .

g gravity,

ε interfacial width,

σ surface tension,
σ = cWσphys ,

ρ(ϕ) density,

η(ϕ) viscosity,

m(ϕ) mobility.
ϕ

1

−1 1

W s
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The optimal control problem

The optimal control problem
ϕd : desired distribution,
αV +αB +αI = 1
min J(uI , uV , uB, ϕ) ∶=1

2
∥ϕ(T ) −ϕd∥2
+ α
2

(αI ∫
Ω

ε

2
∣∇uI ∣2 + ε−1Wu(uI) dx

αV ∥uV ∥2L2(0,T ;RsV ) +αB∥uB∥2L2(0,T ;RsB ))
s.t. two-phase fluid dynamics,

i.e. ϕ ≡ ϕ(uV , uB, uI)

(P)
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A weak formulation
Abbreviate

a(u, v ,w) ∶= 1
2
((u ⋅ ∇)v ,w) − 1

2
((u ⋅ ∇)w, v)

The model satisfies

∂tρ(ϕ) + div(ρ(ϕ)v + J) = −∇µ ⋅ ∇ρ′(ϕ)
If ρ(ϕ) is linear (mass conservation)

ρ∂tv + ((ρv + J) ⋅ ∇)v − div(2ηDv) = µ∇ϕ,
∂t(ρv) + div(ρv ⊗ v) + div(v ⊗ J) − div(2ηDv) = µ∇ϕ.

Then a weak formulation is

1

2
(ρ∂tv + ∂t(ρv), w) + a(ρv + J, v ,w) + 2(ηDv,Dw) = (µ∇ϕ,w) ∀w ∈ Hσ
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An energy stable time discretization [Garcke, Hinze, K. 2016]
uk⋆ ∶= 1τ ∫ tktk−1 u⋆(t) dt, v k ∣∂Ω = BukB, ϕ0 = uI

1

τ
∫
Ω
(ρk−1 + ρk−2

2
v k − ρk−2v k−1)w dx

+a(ρk−1v k−1 + Jk−1, v k , w) + ∫
Ω
2ηk−1Dv k ∶ Dw dx

+∫
Ω
ϕk−1∇µk ⋅w dx−∫

Ω
ρk−1g ⋅w dx−∫

Ω
BukV w dx = 0∀w ∈ Hσ(Ω),

1

τ
∫
Ω
(ϕk −ϕk−1)Ψ dx−∫

Ω
ϕk−1v k ⋅ ∇Ψ dx

+∫
Ω
m∇µk ⋅ ∇Ψ dx = 0∀Ψ ∈ H1(Ω),

σε∫
Ω
∇ϕk ⋅ ∇Φ dx−∫

Ω
µkΦ dx

+σ
ε
∫
Ω
((W+)′(ϕk) + (W−)′(ϕk−1))Φ dx = 0∀Φ ∈ H1(Ω).
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Energy inequality

Theorem

Let k ≥ 2, ϕk , µk , v k be a solution to (CHNSτ ), and uB ≡ 0.
Then the following energy inequality holds

1

2
∫
Ω
ρk−1 ∣v k ∣2 dx+σ∫

Ω

ε

2
∣∇ϕk ∣2 + 1

ε
W (ϕk) dx

+1
2
∫
Ω
ρk−2∣v k − v k−1∣2 dx+σε

2
∫
Ω
∣∇ϕk −∇ϕk−1∣2 dx

+τ ∫
Ω
2ηk−1∣Dv k ∣2 dx+τ ∫

Ω
m∣∇µk ∣2 dx

≤ 1
2
∫
Ω
ρk−2 ∣v k−1∣2 dx+σ∫

Ω

ε

2
∣∇ϕk−1∣2 + 1

ε
W (ϕk−1) dx

+∫
Ω
ρk−1gv k dx+∫

Ω
(BukV )v k dx
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Existence of a unique solution

Theorem
Let Ω denote a polygonally / polyhedrally bounded Lipschitz domain.
Let v k−1 ∈ Hσ(Ω), ϕk−2 ∈ H1(Ω) ∩ L∞(Ω), ϕk−1 ∈ H1(Ω) ∩ L∞(Ω),
and µk−1 ∈W 1,3(Ω) be given data. Further let BukV ∈ L2(Ω)n,BukB ∈ H 1

2 (∂Ω), BuI ∈ H1(Ω) ∩ L∞(Ω) be given data.
Then there exists a weak solution ϕk ∈ H1(Ω) ∩ C(Ω), µk ∈W 1,3(Ω),
v k ∈ Hσ(Ω) to (CHNSτ ).
Furthermore, it can be found by Newton’s method.
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Initialization step
For k = 1 we solve: v1∣∂Ω = Bu1B, ϕ0 = uI

1

τ
∫
Ω
(ρ1 + ρ0
2

v1 − ρ0v0)w dx+a(ρ1v0 + J1, v1, w)
+∫

Ω
2η1Dv1 ∶ Dw dx−∫

Ω
µ1∇ϕ0w dx−∫

Ω
Bu1V w dx−∫

Ω
ρ0g ⋅w = 0∀w ∈ Hσ(Ω),

1

τ
∫
Ω
(ϕ1 −ϕ0)Ψ dx−∫

Ω
ϕ0v0 ⋅ ∇Ψ dx

+∫
Ω
m∇µ1 ⋅ ∇Ψ dx = 0∀Ψ ∈ H1(Ω),

σε∫
Ω
∇ϕ1 ⋅ ∇Φ dx−∫

Ω
µ1Φ dx

+σ
ε
∫
Ω
((W+)′(ϕ1) + (W−)′(ϕ0))Φ dx = 0∀Φ ∈ H1(Ω).

(CHNSIτ )
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Stability

Theorem

Let Ω denote a polygonally / polyhedrally bounded Lipschitz domain.
Let v0 ∈ Hσ(Ω), (uI , uV , uB) ∈ U be given. Then there exist sequences(v k)Kk=1 ∈ Hσ(Ω)K , (ϕk)Kk=1 ∈ (H1(Ω) ∩ C(Ω))K , (µk)Kk=1 ∈W 1,3(Ω)K
such that (v k , ϕk , µk) is the unique solution to (CHNSIτ ) for k = 1 and
to (CHNSτ ) for k = 2, . . . ,K. Moreover there holds

∥(v k)Kk=1∥`∞(H1(Ω)) ≤ C (v0, uI , uV , uB) ,
∥(ϕk)Kk=1∥`∞(H1(Ω)∩C(Ω)) ≤ C (v0, uI , uV , uB) ,

∥(µk)Kk=1∥`∞(W 1,3(Ω)) ≤ C (v0, uI , uV , uB) .
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Stability in stronger norms

Theorem

Let Ω be polygonally / polyhedrally bounded and convex or of class C1,1.
Let v0 ∈ Hσ(Ω) ∩ L∞(Ω)n, (uI , uV , uB) ∈ U be given. Then there exist
sequences (v k)Kk=1 ∈ Hσ(Ω)K , (ϕk)Kk=1 ∈ H2(Ω)K , (µk)Kk=1 ∈ H2(Ω)K
such that (v k , ϕk , µk) is the unique solution to (CHNSIτ ) for k = 1 and
to (CHNSτ ) for k = 2, . . . ,K. Moreover there holds

∥(v k)Kk=1∥`∞(H1(Ω)) ≤ C (v0, uI , uV , uB) ,
∥(ϕk)Kk=1∥`∞(H2(Ω)) ≤ C (v0, uI , uV , uB) ,
∥(µk)Kk=1∥`∞(H2(Ω)) ≤ C (v0, uI , uV , uB) .
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The optimal control problem

Theorem
Let Ω be polygonally / polyhedrally bounded and convex or of class C1,1.
The optimization problem

min J(uI , uV , uB, (ϕk)Kk=1) ∶=12∥ϕK −ϕd∥2
+ α
2

(αI ∫
Ω

ε

2
∣∇uI ∣2 + ε−1Wu(uI) dx

αV ∥uV ∥2L2(0,T ;RsV ) +αB∥uB∥2L2(0,T ;RsB ))
s.t. (CHNSIτ ) and (CHNSτ )

(Pτ )
has at least one solution and first order optimality conditions can be
derived by Lagrangian calculus.
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Finite element approximation

T kh triangulation of Ω at time instance tk ,

V k1 ∶= {v ∈ C(Ω) ∣ v ∣T ∈ P 1 ∀T ∈ T kh },
V k2 ∶= {v ∈ C(Ω)n ∣ v ∣T ∈ (P 2)n ∀T ∈ T kh , (div(v), q) = 0∀q ∈ V k1 },

P k ∶ H1(Ω)→ V k1 prolongation, e.g. H1-prolongation.

ϕkh , µ
k
h ∈ V k1 ,

v kh ∈ V k2
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The fully discrete setting
uk⋆ ∶= ⨏ tktk−1 u⋆(t) dt, v kh ∣∂Ω = Πh(BukB), ϕ0h = uI

1

τ
∫
Ω
(ρk−1h + ρk−2h

2
v kh − ρk−2h v k−1h )w dx

+a(ρk−1h v k−1h + Jk−1h , v kh , w) + ∫
Ω
2ηk−1h Dv kh ∶ Dw dx

−∫
Ω
µkh∇ϕk−1h w dx−∫

Ω
ρk−1h g ⋅w dx−∫

Ω
(BukV )w dx = 0∀w ∈ V k2 ,

1

τ
∫
Ω
(ϕkh − P kϕk−1h )Ψ dx+∫

Ω
(v kh ⋅ ∇ϕk−1h )Ψ dx

+∫
Ω
m∇µkh ⋅ ∇Ψ dx = 0∀Ψ ∈ V k1 ,

σε∫
Ω
∇ϕkh ⋅ ∇Φ dx−∫

Ω
µkhΦ dx

+σ
ε
∫
Ω
((W+)′(ϕkh) + (W−)′(P kϕk−1h ))Φ dx = 0∀Φ ∈ V k1 .
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Energy inequality in the fully discrete setting

Theorem

Let k ≥ 2, ϕkh , µkh , v kh be a solution to (CHNSh), and uB ≡ 0.
Then the following energy inequality holds

1

2
∫
Ω
ρk−1h ∣v kh ∣2 dx+σ∫

Ω

ε

2
∣∇ϕkh ∣2 + 1εW (ϕkh) dx

+1
2
∫
Ω
ρk−2h ∣v kh − v k−1h ∣2 dx+σε

2
∫
Ω
∣∇ϕkh −∇P kϕk−1h ∣2 dx

+τ ∫
Ω
2ηk−1h ∣Dv kh ∣2 dx+τ ∫

Ω
m∣∇µkh ∣2 dx

≤ 1
2
∫
Ω
ρk−2h ∣v k−1h ∣2 dx+σ∫

Ω

ε

2
∣∇P kϕk−1h ∣2 + 1

ε
W (P kϕk−1h ) dx

+∫
Ω
ρk−1h gv kh dx+∫

Ω
(BukV )v kh dx
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Stability in the fully discrete setting

Theorem

Let Ω be polygonally / polyhedrally bounded and convex.
Let v0 ∈ Hσ(Ω) ∩ L∞(Ω), u ∈ U be given. Then there exist sequences(v kh )Kk=1 ∈ (V k2 )Kk=1, (ϕkh)Kk=1, (µkh)Kk=1 ∈ (V k1 )Kk=1, such that (v kh , ϕkh , µkh) is
the unique solution to (CHNSh) for k = 1, . . . ,K. Moreover it holds

∥(v kh )Kk=1∥`∞(H1(Ω)) ≤ C (v0, uI , uV , uB) ,
∥(ϕkh)Kk=1∥`∞(W 1,4(Ω)) ≤ C (v0, uI , uV , uB) ,
∥(µkh)Kk=1∥`∞(W 1,3(Ω)) ≤ C (v0, uI , uV , uB) .
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The optimal control problem in the fully discrete setting

Theorem
The optimization problem

min J(uI , uV , uB, (ϕkh)Kk=1) ∶=12∥ϕKh −ϕd∥2
+ α
2

(αI ∫
Ω

ε

2
∣∇uI ∣2 + ε−1Wu(uI) dx

αV ∥uV ∥2L2(0,T ;RsV ) +αB∥uB∥2L2(0,T ;RsB ))
s.t. (CHNSh)

(Ph)
has at least one solution and first order optimality conditions can be
derived by Lagrangian calculus.
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The limit h → 0

Theorem
Let (u⋆h , v⋆h , ϕ⋆h , µ⋆h) denote a stationary point of (Ph). Then there
exists a stationary point (u⋆, v⋆, ϕ⋆, µ⋆) of (Pτ ), such that

u⋆V,h ⇀ u⋆V ∈ UV , u⋆B,h ⇀ u⋆B ∈ UB, ϕk,⋆h ⇀ ϕk,⋆ ∈W 1,4(Ω),
u⋆I,h → u⋆I ∈ H1(Ω), ϕk,⋆h → ϕk,⋆ ∈ H1(Ω),

µk,⋆h → µk,⋆ ∈W 1,3(Ω), v k,⋆h → v k,⋆ ∈ Hσ(Ω).
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Validity of the energy inequality

10−2 10−1
10−0.5
100 E(t)O(t−1)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−4−2
0
⋅10−6

ζ
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Rising Bubble, setup

Boundary control, setup from first [Hysing et al, 2009] Benchmark,
ρ1 = 1000, ρ2 = 100, η1 = 10, η2 = 1, σ = 15.6, T = 1.0

Figure: left to right: ϕ0, ϕd , four Ansatzfunctions
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Rising Bubble, results

0 0.2 0.4 0.6 0.8 1
0

5
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0.5
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0.8

time

Center of mass
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Initial value identification

Optimization with a phase field as control works best with non-smooth
free energy densities.

Wu(ϕ) =W∞(ϕ) = ⎧⎪⎪⎨⎪⎪⎩
1
2
(1 −ϕ2) if ∣ϕ∣ ≤ 1,∞ else.

ϕ

1

−1 1

W∞
∞

Results in constraint minimization problem

min
uI∈H1(Ω)∩L∞(Ω),∣uI ∣≤1 J(uI)

Solved by VMPT [Blank, Rupprecht, SICON 2017].
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Initial value problem, setup
Initial value control, setup from second [Hysing et al] Benchmark,
ρ1 = 1000, ρ2 = 1, η1 = 10, η2 = 0.1, σ = 1.96, T = 1.0

Figure: left to right: ϕd , ϕ0 = u0I = −0.8
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Initial value problem, result

Figure: left to right: uoptI , ϕ(uoptI ) at final time with zero level line of ϕd
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Summary

Energy stable time discretization concept for two-phase flow
time discrete
fully discrete

Time discrete optimal control of two-phase flow with three kinds of
control actions

time discrete
fully discrete

Convergence analysis for h → 0.

Thank you for your attention.

christian.kahle@uni-koblenz.de
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