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Detinition - SENERRE
A Scquence s callee! closee |, iH all
ranges arc closcel

v: Caooc LZ oy LZ,
rot: (Pc " — L°
cliv: i‘”c [t )

Lincar opc/a/wg ) C/m;Z/
clefricel ) oSS, unbounciee!

Zunclional Ao /)/S/J /oclbox

A D), > H, lncar
DCE): comam of C/C///7/}Z/C/'}
Ho W, = Hilber/ spcce s

G = L (x, Ax) € Hyx Hy ¢+ x e DAY
" f/ap/) of £

x A s C/(m(}/ cleFincel e W)HA: H,
x A s closee 1> GUH) closee!
> YY)y e DI, Xn = x in Hy,
Ax, — vy in H,
= xe DAY 4 /f)(:)/
(e V, rot, div as above are
/70/ c/oscc/)
v b s dosable = IR CH= G(BY,
&= A
&> Y (X,)n € OWU), X, 0 in Hy,
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A D) < H, - A, c/ms[)/ deFinced, binear
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4
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then « (A A% s callee] cual YoYoul

General assumplions
A Uncar, dm;//v cletince/, closce/
(= A% closed | 4*=A"-F)

Lecture 3, A0 40, A6

proj¢ cHon theorem

5 Hy s RUDOVUY |, K= RUD o)
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Q/)c/ (4, A4 dual DGr.
reducedd dpcrabrs: ( proj”cd Ldrndls awa\/)
A DU n RUAY) ¢« RUA*) — R
\____\/______,
= D(4)
AT DU A R ¢ RUA) = RUAM
ot SRR - o
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X (\i,u”} dua( pair
X uE'Jc* m\)‘c.ciivc (po&&ﬂbty unbounc/cc/)
= J At RUAY> DR
(A7 R - DAY

[F 1he ranges RUEY, RUA*) arc closee/
= JNUISCS Gl conbinuous

C/OSCC/ fanjc theorcrny -
RFH closcel e=> R A closec!

Lemma A

Vs c/msZ/ definedd | closce] lncer operater

Then the /ol/ocumj assertions arc

cga/w lent:

() Vxe D) Il € o L Axdy,

(D Yy ¢ DU« Iyl € cu LAY,

(i) RA = R dosel

Gi') RCAD =R LAY doscd

() 47 RO = D) bounddd

GitY) (U8 ™ s RUAY) = D™ bounded
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(samc for the ac//om/ CRUA) = R(AD)
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Lemma 2:
N ;C:,y?C,;(* |
Proof: |
[t ye DULT) = DUAT) n RUA).
>y~ Ax, xe D)

=> Iyl“ <y Axs

= < ATy 0o
< Ay 1 ey Lax|
b C/( I)Y*y[ ,y‘

The other Wiy crouncl 1 Cu€ Cypn

E[
Remark :
Fven the whole 5/><¢/m/77 coincicles.
A A/ccc/= e.g. RUA) closcel
( For solution Mcory)
Lemma S -
IF DY «> Uy | then Lemma A holels.
Provt :

Lile stanclarc! Poincarc proot with
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= AT R 2 DR = RUH T A,
Is compact.

(wluhon opcra/()r /5 com/aac/

- cliscrefe s/otc/ram, Zreclholm )

Ao DAY C H, = H,

/h; D(kl) . Hz B H;) C/U)JZ}/ c/u[/'/?(c/, C/oscc/

/(_z/b:o =) R(/{A)C/(/(/LL)
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= RUA™ < VAN
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H,= RUAS) @ VA
o= RUAY e V(A" = RUED @ 4/ (4")
- R ® VA = Vi) e RUAD
Hy = RUAD) O A (4))

= N = RN [ VA A V)]
o Uy s VU A VLAY Co}zom.j/oup
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A A

= D) = RG® U0 [ D) A RGN ]
= M(A)® DL
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Proof-
DUE) = DA n RUAD
c QWA A VA < Dy
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c DAY A VA <D,
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~ Zor other C///cc.//&/’)"
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SCQUCUCC d

DA >Du>——~eH B Mﬁoﬁ
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DIAAY = xe DA Ax e DM*)}

A O
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[ A 0 J 1S S u:u)ﬂc[f- ac//O/ﬂ/
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j: :/Uv ot - ;il:& *;C/Zu clensly clefineel,
//V/u ya D Cju - /¢ closee!
jom/s

y Ee DU ) A ACE=-Felf
= Fel®* o JFelf l/(/(: O(/ﬂﬂrﬁl’
<£El\7(/5z:<’rl(/>z
=> E;—{‘AD/\ F-=-civeF

; . - Z‘ 2
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o AF s Clrob Relh = 43
¥ Ee DAY A AME=Fel?
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= FeH'r -VE=F
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- divD® A(V)

————

= [ ceR:¢c=0 auf Vf =(O]
- v O @ 1/ (D)

LS8 U S S

= IR

Je = |?‘An divD e divd — Vit
e N

= UF L*®
/; rob: R ¢ ot R ¢ ¢ of R - /u"‘roP R

Q

clw w0 VHI< VA" - R

L

. 4

= =dive s €D n VH e THY =5 ik
kL= e ot Rn/u "o I < /u "rob R - £ "rol R
AV R RD e RY —5 R

Joolbox c/c//'vus' Poincare Cé///?%(/éj
Vuwe A7 Iulé(»l%\ (ce=Cy)
VEeRnc™ rofR llle-c,O,riro%Fl |
V Eeu™0n UH" Bl ¢ eap lcﬁ,vw’“

VEee DaVH": 'F'lfCV‘C}I\/L’
Y EeRnu' ol k> IE( }roH"’C_A

: u ‘ Vul .,
VueH'n ul cPl R Rl
if WL assumec : Y H et
VH" doxd ot R iclosce) ,V 0 closcel
) ) 0
cliv D oscel ot Rodlosed div D closce

Vi
()O(cui SL&CZ/O}”) theorem s
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Reeall -
A DUE) e H, = i, (//7(6//, C/c’/%d)/ c/c;/./?&//
(./(,‘ic.c/
A DU et - #y bincar, C/U?SC[/ c/c//'ncc//
closced

by« A/UA Yo, RUAT).

swikch o 11
T Hy # 4 LK) &, ROE)

n . Opuahx‘&

—

s MY = RUAD

\V

G DL =D A RUAD c R = R
A D)= DAY A RUH) ¢ RUA) +5 R (49

= (A4 ¢ (k&) are cdual JALeTn
e =4 rap. k¥ - k]

DUAY = M(R) @, DLA) = RO = R(4)
DUAMD = V(A &, DULY) = R = R{LY)

cf exeraise A Problem 6 we have

DAY e Hy r DUA™) e H,

/\
i

UK = RUAY s closcl
&> 130 Yxe D)

iX‘HAé C’J"I/LX,HL)




Ru*): RGA*) is doscd
C.:vE(QA*>O \7’>/&DQJC¥(>
,Y‘Hgé C'A*[A.*y{'ﬂ
We even have sy = Cue
P owe deFine

/(/ = inF IA'XIBL /(/X:IF ’*)4
760 o T T by Ty

SCGuerces -

Lt Ay DUy = Ho ) Ay DR < Hy =
ko ke ek a8 above and  assumc

| *A /{o ,: O } SC?LLU)CC (COMPUXB P{‘Opu—f')/
|
(indecee here should be a . &

I
}

O hus @ é/yjcr omain oF C/cf/h.)

Since

& Rk e YUK,
<> RUAD e &/ (AT
| CWe can also put closurc 50/3)
SInce do&cd Opcra/“us have
closed Uemdls )

[heorem § 0 (CHHE = decompositions)

» Ho = M k) @, RUASY

xH,o= Mk e, U’"i')

> A - RGEYe,
zu Yo, mx *) i
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> H, - RUA) 04, U, 04, RTED)

IF additionally A - D) <, - Ity Lincar,
c/msd/ efined, closced with A, k=0, ax
have

x M= VA @Hlmﬂm
= RUAD oy, VAT

= M) = Rk &, W,

=> M, = RUAD ®, uzﬁbHLP\U’L)

¥ Hy=m RUEDY @y VA

The spoces Ups VOIS n M ED  and
Upi= VCATY A MVUAD) arc cellee!
) COAOMOZij__jL_OQ/)_S !

Proof -
Fxercise Z, Problen; L

Primal & clual Stgueiees -

/4»0 A/\ 2 ¢
DU =D UL —5D ) — =M (primal)

Hoe 2 DUDLID )L DY) Celual )

Dctinition :
We call @ Stguece
¥  complex s> RUA) « MV An,)
¥ L(_Q_S(_C/’@ RUA) is closcee!
¥ exad e WKi= (0]
( then - m: A/Um)




Remars
W hawe |
¥ primu( sequence fs o complix

&> duu( &uw;mcc AR Coiﬂ/;)&x.
x prima( complex s closed
= cual complox is dosed.
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= D, DAY A DUAY)
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- C’/“o ‘/LO >/(Ho t C*‘(/‘Uyle
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< welpadfely Vypedltoh-R:
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= R(\ﬁ) Q_)LZ&/U (‘C(W&)

vk O a""D

rzw> Urbh) | @ RUEToF)
— 'L/(/(/u roU |
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Lecture 4 0. 116

(A)c /zavc Seen :
AMA) = 10T = RAD-L - div
A = IR - R uL> - nt - L

» C//‘\i D

“T fcc/uctc/ O/J(I'QZO/S (///cc//(/c>
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x DUAS) n DAY <> |,
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DUk ) > Hy RoC'rof R = L}
- Ra e Do R (D)
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DCAS) n DUA,) == H,

A

U

Ok ) <= [ Ho
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DA R e (2
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O

HY e [F (CL(/COC/V’[/)
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DAY A DUL) <« H,
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v
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ISV AURYY IV,
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Ra e rob R s Le
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= Yue e ' DaVH" lultf 49 !clivcul“
£

¥ R(}u%/u_irmllb s closcel > rOFR s
closce ( follows g From (Weck s
seleckion theorem )
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QC L U\(L p U L/u
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Ji Copen ) < //23) recadl -
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Ax:=< 0 —rgﬁ*> ( 0 ~roF)
ot o 1TV o .
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WA RKR e U= (i n i =0 Ly elhineed by
N BERRY O ~e7rol
M= 0N TAlx =] ( e ik )X
/UroL O
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@ //'/77( C/C/O(/’)J(/y/ ;
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@ Lime - barmenic

(W= whix = F |~ | Frelbolr ilitraa/in

© s/a le case -

AUx = F € chv- concitions

2 750/50)(

for casc @

s R c,(mcc/ B (Ccn/r&[poﬁ#)
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M- DY e Uy — Ly, DLW = RxR
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l%x
R n
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4
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(725 we will shows in the lost lector )
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(ESPY | A E=robE = Te RGN = R(A)
/u==/{ AJE = -diveE = FeRidiv)= RUAS
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Ci=lA /‘rH‘clvv uH' CR(C/;?\/> RCAD
uH-nA/H‘/Cy(/ K,

N .,

) N H,I;O
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- dliv ‘Dl '>LZ e divuht
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F b Rl Lt E e ek £
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Yy R .
u&,—u A Con////c(aaj /(ompac/...
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Proof of Theorem 2
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Xpi= bige B e DUkin) = DUk n RUAT)
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\b ¢,
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= RUkiy) ® Riy, = Rk, ® 807
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Theorem. § ¢ Csolubion ///(O/}/ for (ESP))
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U/?/?ac.// solvadle in Rae”0 Iff Fe bR,
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B g o1 Z R
[E1, < Coy |T1 t e LR+ 101

&
- 2z 3 —p T z sd
H"EM“D ¢ (e, ) 1Tl + (e, >|HL1 t lDl&.
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é//‘w'ald ( 5//77/3% connectee! 15 C/way/é ).
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