
www.oeaw.ac.at

www.ricam.oeaw.ac.at

Efficient Direct Space-Time
Finite Element Solvers for
Parabolic Initial-Boundary

Value Problems in
Anisotropic Sobolev Spaces

U. Langer, M. Zank

RICAM-Report 2020-34



Efficient Direct Space-Time Finite Element Solvers for
Parabolic Initial-Boundary Value Problems in

Anisotropic Sobolev Spaces

Ulrich Langer1, Marco Zank2

1Johann Radon Institute for Computational and Applied Mathematics,
Austrian Academy of Sciences,

Altenberger Straße 69, 4040 Linz, Austria
ulrich.langer@ricam.oeaw.ac.at

2Fakultät für Mathematik, Universität Wien,
Oskar-Morgenstern-Platz 1, 1090 Wien, Austria

marco.zank@univie.ac.at

Abstract

We consider a space-time variational formulation of parabolic initial-boundary
value problems in anisotropic Sobolev spaces in combination with a Hilbert-type
transformation. This variational setting is the starting point for the space-time
Galerkin finite element discretization that leads to a large global linear system of
algebraic equations. We propose and investigate new efficient direct solvers for this
system. In particular, we use a tensor-product approach with piecewise polynomial,
globally continuous ansatz and test functions. The developed solvers are based on
the Bartels-Stewart method and on the Fast Diagonalization method, which result in
solving a sequence of spatial subproblems. The solver based on the Fast Diagonal-
ization method allows to solve these spatial subproblems in parallel leading to a full
parallelization in time. We analyze the complexity of the proposed algorithms, and
give numerical examples for a two-dimensional spatial domain, where sparse direct
solvers for the spatial subproblems are used.

1 Introduction
Parabolic initial-boundary value problems are usually discretized by time-stepping schemes
and spatial finite element methods. These methods treat the time and spatial variables
differently, see, e.g., [45]. In addition, the resulting approximation methods are sequential
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in time. In contrast to these approaches, space-time methods discretize time-dependent
partial differential equations without separating the temporal and spatial directions. In
particular, they are based on space-time variational formulations. There exist various
space-time techniques for parabolic problems, which are based on variational formulations
in Bochner-Sobolev spaces, see, e.g., [3, 4, 14, 20, 23, 28, 31, 35, 39, 43, 46], or on dis-
continuous Galerkin methods, see, e.g., [19, 32, 33], or on discontinuous Petrov-Galerkin
methods, see, e.g., [13], and the references therein. We refer the reader to [15] and [40] for
a comprehensive overview of parallel-in-time and space-time methods, respectively. An al-
ternative is the discretization of space-time variational formulations in anisotropic Sobolev
spaces, see, e.g., [8, 24, 36, 41, 48]. These variational formulations allow the complete anal-
ysis of inhomogeneous Dirichlet or Neumann conditions, and were used for the analysis
of the resulting boundary integral operators, see [6, 9]. Hence, discretizations for varia-
tional formulations in anisotropic Sobolev spaces can be used for the interior problems of
FEM-BEM couplings for transmission problems.

In this work, the approach in anisotropic Sobolev spaces is applied in combination with
a novel Hilbert-type transformation operator HT , which has recently been introduced in
[41, 48]. This transformation operator HT maps the ansatz space to the test space, and
gives a symmetric and elliptic variational setting of the first-order time derivative. The
homogeneous Dirichlet problem for the nonstationary diffusion respectively heat equation

∂tu(x, t)−∆xu(x, t) = f(x, t) for (x, t) ∈ Q = Ω× (0, T ),

u(x, t) = 0 for (x, t) ∈ Σ = ∂Ω× [0, T ],

u(x, 0) = 0 for x ∈ Ω,

 (1)

serves as model problem for a parabolic initial-boundary value problem, where Ω ⊂ Rd,
d = 1, 2, 3, is a bounded Lipschitz domain with boundary ∂Ω, T > 0 is a given terminal
time, and f is a given right-hand side. With the help of the Hilbert-type transformation
operator HT , a Galerkin finite element method is derived, which results in one global linear
system

Khu = f. (2)

When using a tensor-product approach, the system matrix Kh can be represented as a sum
of Kronecker products. The purpose of this paper is the development of efficient direct
space-time solvers for the global linear system 2, exploiting the Kronecker structure of Kh.
Therefore, we apply the Bartels-Stewart method [5] and the Fast Diagonalization method
[29] to solve (2), see also [16, 37]. For both methods, we derive complexity estimates of
the resulting algorithms.

The rest of this paper is organized as follows: In Section 2, we consider the space-time
variational formulation in anisotropic Sobolev spaces and the Hilbert-type transformation
operatorHT with its main properties. In Section 3, we rephrase properties of the Kronecker
product and of sparse direct solvers, which are needed for the new space-time solver.
Section 4 is devoted to the construction of efficient space-time solvers. Numerical examples
for a two-dimensional spatial domain are presented in Section 5. Finally, we draw some
conclusions in Section 6.
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2 Space-Time Method in Anisotropic Sobolev Spaces
In this section, we give the variational setting for the parabolic model problem (1), which
is studied in greater detail in [6, 21, 25, 26, 41, 48]. We consider the space-time variational
formulation of (1) in anisotropic Sobolev spaces to find u ∈ H1,1/2

0;0, (Q) such that

a(u, v) = 〈f, v〉Q (3)

for all v ∈ H1,1/2
0; ,0 (Q), where f ∈ [H

1,1/2
0; ,0 (Q)]′ is a given right-hand side. Here, the bilinear

form a(·, ·) : H
1,1/2
0;0, (Q)×H1,1/2

0; ,0 (Q)→ R,

a(u, v) := 〈∂tu, v〉Q + 〈∇xu,∇xv〉L2(Q)

for u ∈ H1,1/2
0;0, (Q), v ∈ H1,1/2

0; ,0 (Q), is bounded, i.e. there exists a constant C > 0 such that

∀u ∈ H1,1/2
0;0, (Q) : ∀v ∈ H1,1/2

0; ,0 (Q) : |a(u, v)| ≤ C‖u‖
H

1,1/2
0;0, (Q)

‖v‖
H

1,1/2
0; ,0 (Q)

,

see [6, Lemma 2.6, p. 505]. The anisotropic Sobolev spaces

H
1,1/2
0;0, (Q) := H

1/2
0, (0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)),

H
1,1/2
0; ,0 (Q) := H

1/2
,0 (0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω))

are endowed with the Hilbertian norms

‖v‖
H

1,1/2
0;0, (Q)

:=

√
‖v‖2

H
1/2
0, (0,T ;L2(Ω))

+ ‖∇xv‖2
L2(Q),

‖w‖
H

1,1/2
0; ,0 (Q)

:=

√
‖w‖2

H
1/2
,0 (0,T ;L2(Ω))

+ ‖∇xw‖2
L2(Q)

with the usual Bochner-Sobolev norms

‖v‖
H

1/2
0, (0,T ;L2(Ω))

:=

√
‖v‖2

H1/2(0,T ;L2(Ω)) +

∫ T

0

‖v(·, t)‖2
L2(Ω)

t
dt,

‖w‖
H

1/2
,0 (0,T ;L2(Ω))

:=

√
‖w‖2

H1/2(0,T ;L2(Ω)) +

∫ T

0

‖w(·, t)‖2
L2(Ω)

T − t
dt,

see [25, 26, 41, 48] for more details. The dual space [H
1,1/2
0; ,0 (Q)]′ is characterized as com-

pletion of L2(Q) with respect to the Hilbertian norm

‖f‖
[H

1,1/2
0; ,0 (Q)]′

:= sup
0 6=w∈H1,1/2

0; ,0 (Q)

|〈f, w〉Q|
‖w‖

H
1,1/2
0; ,0 (Q)

,

where 〈·, ·〉Q denotes the duality pairing as extension of the inner product in L2(Q). In [6],
the following existence and uniqueness theorem is proven by a transposition and interpo-
lation argument as in [25, 26], see also [21].
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Theorem 2.1. Let the right-hand side f ∈ [H
1,1/2
0; ,0 (Q)]′ be given. Then, the variational

formulation (3) has a unique solution u ∈ H1,1/2
0;0, (Q), satisfying

‖u‖
H

1,1/2
0;0, (Q)

≤ C‖f‖
[H

1,1/2
0; ,0 (Q)]′

with a constant C > 0. Furthermore, the solution operator

L : [H
1,1/2
0; ,0 (Q)]′ → H

1,1/2
0;0, (Q), Lf := u,

is an isomorphism.

For simplicity, we only consider homogeneous Dirichlet conditions, where inhomoge-
neous Dirichlet conditions can be treated via homogenization as for the elliptic case, see
[38, p. 61-62], since for any Dirichlet data g ∈ H1/2,1/4(Σ), an extension ug ∈ H1,1/2

;0, (Q)
with ug|Σ = g exists, see [6, 9] for more details.

For a discretization scheme, let the bounded Lipschitz domain Ω ⊂ Rd be an interval
Ω = (0, L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. For a tensor-product
ansatz, we consider admissible decompositions

Q = Ω× [0, T ] =
Nx⋃
i=1

ωi ×
Nt⋃
`=1

[t`−1, t`]

with N := Nx ·Nt space-time elements, where the time intervals (t`−1, t`) with mesh sizes
ht,` = t` − t`−1 are defined via the decomposition

0 = t0 < t1 < t2 < · · · < tNt−1 < tNt = T

of the time interval (0, T ). The maximal and the minimal time mesh sizes are denoted by
ht := ht,max := max` ht,` and ht,min := min` ht,`, respectively. For the spatial domain Ω, we
consider a shape-regular sequence (Tν)ν∈N of admissible decompositions

Tν := {ωi ⊂ Rd : i = 1, . . . , Nx}

of Ω into finite elements ωi ⊂ Rd with mesh sizes hx,i and the maximal mesh size hx :=
maxi hx,i. The spatial elements ωi are intervals for d = 1, triangles or quadrilaterals for
d = 2, and tetrahedra or hexahedra for d = 3. Next, we introduce the finite element space

Q1
h(Q) := V 1

hx,0(Ω)⊗ S1
ht(0, T ) (4)

of piecewise multilinear, continuous functions, i.e.

V 1
hx,0(Ω) = span{ψ1

j}Mx
j=1 ⊂ H1

0 (Ω), S1
ht(0, T ) = span{ϕ1

`}Nt
`=0 ⊂ H1(0, T ).

In fact, V 1
hx,0

(Ω) is either the space S1
hx

(Ω)∩H1
0 (Ω) of piecewise linear, continuous functions

on intervals (d = 1), triangles (d = 2), and tetrahedra (d = 3), or V 1
hx,0

(Ω) is the space
Q1
hx

(Ω) ∩ H1
0 (Ω) of piecewise linear/bilinear/trilinear, continuous functions on intervals
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(d = 1), quadrilaterals (d = 2), and hexahedra (d = 3). Analogously, for a fixed polynomial
degree p ∈ N, we consider the space of piecewise polynomial, continuous functions

Qp
h(Q) := V p

hx,0
(Ω)⊗ Spht(0, T ). (5)

Using the finite element space (4), it turns out that a discretization of (3) with the con-
forming ansatz space Q1

h(Q)∩H1,1/2
0;0, (Q) and the conforming test space Q1

h(Q)∩H1,1/2
0; ,0 (Q) is

not stable, see [48, Section 3.3]. A possible way out is the modified Hilbert transformation
HT defined by

(HTu)(x, t) :=
∞∑
i=1

∞∑
k=0

ui,k cos

((π
2

+ kπ
) t
T

)
φi(x), (x, t) ∈ Q,

where the given function u ∈ L2(Q) is represented by

u(x, t) =
∞∑
i=1

∞∑
k=0

ui,k sin

((π
2

+ kπ
) t
T

)
φi(x), (x, t) ∈ Q, (6)

with the eigenfunctions φi ∈ H1
0 (Ω) and eigenvalues µi ∈ R, satisfying

−∆φi = µiφi in Ω, φi = 0 on ∂Ω, ‖φi‖L2(Ω) = 1, i ∈ N.

This approach was introduced recently in [41] and [48, Section 3.4]. The novel trans-
formation HT acts on the finite terminal (0, T ), whereas analogous considerations of an
infinite time interval (0,∞) with the classical Hilbert transformation are investigated in
[8, 11, 12, 24]. The most important properties of HT are summarized in the following, see
[41, 42, 47, 48]. The map

HT : H
1,1/2
0;0, (Q)→ H

1,1/2
0; ,0 (Q)

is norm preserving, bijective and fulfills the coercivity property

〈∂tu,HTv〉Q =
1

2

∞∑
i=1

∞∑
k=0

(π
2

+ kπ
)
ui,k · vi,k =: 〈u, v〉

H
1/2
0, (0,T ;L2(Ω)),F

(7)

for functions u, v ∈ H1/2
0, (0, T ;L2(Ω)) with expansion coefficients ui,k, vi,k as in (6). Note

that the norm induced by the inner product 〈·, ·〉
H

1/2
0, (0,T ;L2(Ω)),F

is equivalent to the norm
‖·‖

H
1/2
0, (0,T ;L2(Ω))

. Moreover, the relations

∀v ∈ L2(Q) : 〈v,HTv〉L2(Q) ≥ 0,

∀s > 0: ∀v ∈ Hs
0,(0, T ;L2(Ω)), v 6= 0: 〈v,HTv〉L2(Q) > 0 (8)

hold true. With the modified Hilbert transformation HT , the variational formulation (3)
is equivalent to find u ∈ H1,1/2

0;0, (Q) such that

∀v ∈ H1,1/2
0;0, (Q) : a(u,HTv) = 〈f,HTv〉Q. (9)
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Hence, unique solvability of the variational formulation (9) follows from the unique solv-
ability of (3), which implies the stability estimate

∀u ∈ H1,1/2
0;0, (Q) : c ‖u‖

H
1,1/2
0;0, (Q)

≤ sup
06=v∈H1,1/2

0;0, (Q)

|a(u,HTv)|
‖v‖

H
1,1/2
0;0, (Q)

with a constant c > 0. When using some conforming space-time finite element space Vh ⊂
H

1,1/2
0;0, (Q), the Galerkin variational formulation of (9) is to find uh ∈ Vh such that

∀vh ∈ Vh : a(uh,HTvh) = 〈f,HTvh〉Q. (10)

Note that ansatz and test spaces are equal. In [48], the following theorem is proven.

Theorem 2.2. Let Vh ⊂ H
1,1/2
0;0, (Q) be a conforming space-time finite element space and

let f ∈ [H
1,1/2
0; ,0 (Q)]′ be a given right-hand side. Then, a unique solution uh ∈ Vh of the

Galerkin variational formulation (10) exists. If, in addition, the right-hand side fulfills
f ∈ [H

1/2
,0 (0, T ;L2(Ω))]′ ⊂ [H

1,1/2
0; ,0 (Q)]′, then the stability estimate

‖uh‖H1/2
0, (0,T ;L2(Ω))

≤ c‖f‖
[H

1/2
,0 (0,T ;L2(Ω))]′

is true with a constant c > 0.

Theorem 2.2 states that, under the assumption f ∈ [H
1/2
,0 (0, T ;L2(Ω))]′, any conforming

space-time finite element space Vh ⊂ H
1,1/2
0;0, (Q) leads to an unconditionally stable method,

i.e. no CFL condition is required. For the choice of the tensor-product space-time finite
element space

Vh = Qp
h(Q) ∩H1,1/2

0;0, (Q)

from (5), the Galerkin variational formulation (10) to find uh ∈ Qp
h(Q) ∩ H1,1/2

0;0, (Q) such
that

∀vh ∈ Qp
h(Q) ∩H1,1/2

0;0, (Q) : a(uh,HTvh) = 〈f,HTvh〉Q
fulfills the space-time error estimates

‖u− uh‖H1/2
0, (0,T ;L2(Ω))

≤ c hp+1/2, (11)

‖u− uh‖L2(Q) ≤ c hp+1, (12)

|u− uh|H1(Q) ≤ c hp (13)

with h = max{ht, hx} and with a constant c > 0 for a sufficiently smooth solution u ∈
H

1,1/2
0;0, (Q) of (3) and a sufficiently regular boundary ∂Ω, where for the H1(Q) error estimate

(13), the sequence (Tν)ν∈N of decompositions of Ω is additionally assumed to be globally
quasi-uniform, see [41, 48] for details.

In the remainder of this work, we consider p = 1, i.e. the tensor-product space of
piecewise linear, continuous functions Vh = Q1

h(Q) ∩ H1,1/2
0;0, (Q), where analogous results
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hold true for an arbitrary polynomial degree p > 1. So, the number of the degrees of
freedom is given by

dof = Nt ·Mx.

For an easier implementation, we approximate the right-hand side f ∈ L2(Q) by

f ≈ Q0
hf =

Nx∑
j=1

Nt∑
`=1

fj,` ψ
0
jϕ

0
` ∈ S0

hx(Ω)⊗ S0
ht(0, T ) (14)

with coefficients fj,` ∈ R, where Q0
h : L2(Q)→ S0

hx
(Ω)⊗ S0

ht
(0, T ) is the L2(Q) projection

on the piecewise constant functions S0
hx

(Ω) ⊗ S0
ht

(0, T ) with S0
hx

(Ω) = span{ψ0
j}Nx

j=1 and
S0
ht

(0, T ) = span{ϕ0
`}
Nt
`=1. So, we consider the perturbed variational formulation to find

ũh ∈ Q1
h(Q) ∩H1,1/2

0;0, (Q) such that

∀vh ∈ Q1
h(Q) ∩H1,1/2

0;0, (Q) : a(ũh,HTvh) =
〈
Q0
hf,HTvh

〉
L2(Q)

. (15)

Note that, for piecewise linear functions, i.e. p = 1, the space-time error estimates (11),
(12), (13) are not spoilt. Note additionally that, for p > 1, a projection on polynomials of
degree p−1 should be used instead of Q0

h for preserving the space-time error estimates (11),
(12), (13). After an appropriate ordering of the degrees of freedom, the discrete variational
formulation (15) is equivalent to the global linear system

Khu = F̃
HT (16)

with the system matrix

Kh = AHT
ht
⊗Mhx +MHT

ht
⊗ Ahx ∈ RNt·Mx×Nt·Mx ,

where Mhx ∈ RMx×Mx and Ahx ∈ RMx×Mx denote spatial mass and stiffness matrices given
by

Mhx [i, j] = 〈ψ1
j , ψ

1
i 〉L2(Ω), Ahx [i, j] = 〈∇xψ

1
j ,∇xψ

1
i 〉L2(Ω), i, j = 1, . . . ,Mx, (17)

and MHT
ht
∈ RNt×Nt and AHT

ht
∈ RNt×Nt are defined by

MHT
ht

[`, k] :=
〈
ϕ1
k,HTϕ

1
`

〉
L2(0,T )

, AHT
ht

[`, k] :=
〈
∂tϕ

1
k,HTϕ

1
`

〉
L2(0,T )

for `, k = 1, . . . , Nt. Note that the matrix AHT
ht

is dense, symmetric and positive definite,
see (7), whereas the matrix MHT

ht
is dense, nonsymmetric and positive definite, see (8).

Additionally, the vector of the right-hand side in (16) is given by

F̃
HT

:=
(
f̃

1
, . . . , f̃

Mx

)>
∈ RNt·Mx
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with the vectors f̃
i
∈ RNt , i = 1, . . . ,Mx, where, with the help of (14),

f̃
i
[k] :=

〈
Q0
hf, ψ

1
i HTϕ

1
k

〉
L2(Q)

=
Nx∑
j=1

Nt∑
`=1

fj,`
〈
ψ0
j , ψ

1
i

〉
L2(Ω)

〈
ϕ0
` ,HTϕ

1
k

〉
L2(0,T )

,

k = 1, . . . , Nt. To assemble the vector of the right-hand side in (16), the relation

f̃
i
[k] := F̃ [i, k], i = 1, . . . ,Mx, k = 1, . . . , Nt,

holds true with F̃ := M1,0
hx
F (CHT

ht
)> ∈ RMx×Nt , where

M1,0
hx

[i, j] :=
〈
ψ0
j , ψ

1
i

〉
L2(Ω)

, i = 1, . . . ,Mx, j = 1, . . . , Nx,

F [j, `] := fj,`, j = 1, . . . , Nx, ` = 1, . . . , Nt,

CHT
ht

[k, `] :=
〈
ϕ0
` ,HTϕ

1
k

〉
L2(0,T )

, k = 1, . . . , Nt, ` = 1, . . . , Nt.

3 Preliminaries for the Space-Time Solvers
In this section, some properties of the Kronecker product and direct solvers, which are
needed in Section 4, are summarized.

3.1 Kronecker Product

In this subsection, some basic properties of the Kronecker product are stated, see, e.g.,
[18, 37]. Let A,C ∈ CNA×NA , B,D ∈ CNB×NB and X ∈ CNA×NB be given matrices for
NA, NB ∈ N. The Kronecker product is defined as the matrix

A⊗B :=


A[1, 1]B A[1, 2]B · · · A[1, NA]B
A[2, 1]B A[2, 2]B · · · A[2, NA]B

...
... . . . ...

A[NA, 1]B A[NA, 2]B · · · A[NA, NA]B

 ∈ CNA·NB×NA·NB .

Furthermore, the vectorization of a matrix converts the matrix into a column vector, i.e.
we define

vec(X) := (X[1, 1], X[2, 1], . . . , X[NA, 1], X[1, 2], . . . , X[NA, NB])> ∈ CNA·NB×1.

In the remainder of this work, we use the following properties of the Kronecker product
and the vectorization of a matrix:

• For the conjugate transposition and transposition, it holds true that

(A⊗B)∗ = A∗ ⊗B∗ and (A⊗B)> = A> ⊗B>.
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• For regular matrices A,B, we have

(A⊗B)−1 = A−1 ⊗B−1.

• The mixed-product property

(A⊗B)(C ⊗D) = (AC)⊗ (BD)

is valid.

• It holds true that
vec(AXB) = (B> ⊗ A)vec(X), (18)

where also in the case of complex matrices, only the transposition is applied.

For a given vector v ∈ CNA·NB , define the matrix

V :=
(
v1 v2 · · · vNB

)
∈ CNA×NB

with vi ∈ CNA given by vi[k] = v[(i − 1)NA + k] for k = 1, . . . , NA, i = 1, . . . , NB, i.e.
vec(V ) = v. Then, the equality (18) yields

(B> ⊗ A)v = (B> ⊗ A)vec(V ) = vec(AV B). (19)

3.2 Sparse Direct Solver

In this subsection, we repeat some properties of sparse direct solver, like left-looking/right-
looking/multifrontal methods, for solving linear systems Khxz = g, see, e.g., [7, 10, 17, 22,
27, 30, 34]. Here, Khx ∈ Cn×n is a sparse matrix coming from finite element/difference
discretizations of a physical domain Ω ⊂ Rd, d = 1, 2, 3, like the spatial mass or stiffness
matrix (17). Sparse direct solvers exploit the sparsity pattern of the system matrix Khx ,
and are based on a divide-and-conquer technique, which can be interpreted as procedure
of subdividing the physical domain Ω, which leads also to a subdivision of the degrees of
freedom. Usually, the following steps have to be applied in such a method:

1. Ordering Step, e.g., minimum degree or nested dissection methods,

2. Symbolic Factorization Step,

3. Numerical Factorization Step,

4. Solving Step.

For structured grids, the complexity of these methods is summarized in Table 1.
There are several open-source software packages for sparse direct solvers. In this paper,

we use only the sparse direct solver MUMPS 5.3.3 [1, 2].
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d Ordering and Factorization Steps Solving Step Memory
1 O(n) O(n) O(n)
2 O(n3/2) O(n lnn) O(n lnn)
3 O(n2) O(n4/3) O(n4/3)

Table 1: Summary of the complexity of sparse direct solver for sparse matrices coming
from structured grids.

4 Space-Time Solvers
In this section, efficient solvers for the large-scale space-time system (16) are developed.
Our new solver is based on [19, Section 3] and [44, Section 4], where analogous results are
derived for methods in isogeometric analysis. In greater detail, we state solvers for the
global linear system

(AHT
ht
⊗Mhx +MHT

ht
⊗ Ahx)u = F̃

HT (20)

given in (16) with the symmetric, positive definite matricesMhx ∈ RMx×Mx , Ahx ∈ RMx×Mx ,
AHT
ht
∈ RNt×Nt and the nonsymmetric, positive definite matrix MHT

ht
∈ RNt×Nt . Since (20)

is a (generalized) Sylvester equation, we can apply the Bartels-Stewart method [5] with
real- or complex-Schur decomposition and the Fast Diagonalization method [29] to solve
(20), see also [16, 37]. In all three cases, the matrix pencil (MHT

ht
, AHT

ht
) is decomposed in

the form
(AHT

ht
)−1MHT

ht
= XtZtX

−1
t

with real, regular matrices Xt, Zt ∈ RNt×Nt , where Zt is an upper (quasi-)triangular matrix,
or complex, regular matrices Xt, Zt ∈ CNt×Nt , where Zt is an upper triangular or diagonal
matrix. Defining

Yt := (AHT
ht
Xt)

−1

gives the representations

AHT
ht

= Y −1
t X−1

t and MHT
ht

= AHT
ht︸︷︷︸

=Y −1
t X−1

t

XtZtX
−1
t = Y −1

t ZtX
−1
t .

Hence, the global linear system is equivalent to solving

(Y −1
t ⊗ IMx)(INt ⊗Mhx + Zt ⊗ Ahx)(X−1

t ⊗ IMx)u = F̃
HT

with the identity matrices INt ∈ RNt×Nt and IMx ∈ RMx×Mx . Thus, the solution of (20) is
given by

u = (Xt ⊗ IMx)(INt ⊗Mhx + Zt ⊗ Ahx)−1(Yt ⊗ IMx)F̃
HT
. (21)

The first step in (21) is the calculation of the vector

g := (g
1
, g

2
, . . . , g

Nt
)> := (Yt ⊗ IMx)F̃

HT
= vec

(
F̂ (AHT

ht
)−1X−>t

)
∈ CNt·Mx (22)

10



with a matrix F̂ ∈ RMx×Nt corresponding to the relation (19), satisfying vec(F̂ ) = F̃
HT
,

where g
i
∈ CMx . The second step in (21) is to solve the linear system

(INt ⊗Mhx + Zt ⊗ Ahx)−1z = g

for the vector
z = (z1, z2, . . . , zNt

)> ∈ CNt·Mx ,

where z` ∈ CMx , ` = 1, . . . , Nt, which is analyzed in greater detail in the following subsec-
tions. The third step in (21) is the calculation of the desired unknown

u = (Xt ⊗ IMx)z = vec
(
ZX>t

)
∈ RNt·Mx (23)

with a matrix Z ∈ CMx×Nt corresponding to the relation (19), satisfying vec(Z) = z.

4.1 Eigenvalues of the Matrix Pencil (MHT

ht
, AHT

ht
)

In this subsection, we investigate the generalized eigenvalue problem

MHT
ht
z = λAHT

ht
z (24)

with eigenvalues λ = α + ιβ ∈ C and eigenvectors z = x + ιy ∈ CNt . As the matrix MHT
ht

is nonsymmetric, we have =(λ) = β 6= 0 in general, where the complex eigenvalues occur
in conjugate pairs λ = α ± ιβ. On the other hand, since the matrices MHT

ht
and AHT

ht
are

positive definite, and AHT
ht

is symmetric, it follows immediately from [19, Lemma 3.2] that

<(λ) = α > 0 (25)

without any restriction on the mesh. Additionally, this property remains true for any
conforming tensor-product ansatz space Vh in (10), e.g., any polynomial degree p ∈ N. In
Subsection 5.1, numerical examples, which investigate the eigenvalues λ, are given.

4.2 Bartels-Stewart Method with Real-Schur Decomposition

The aim of this subsection is to derive an algorithm on the basis of the Bartels-Stewart
method with real-Schur decomposition [5, 16, 37]. Therefore, a real-Schur decomposition
of the matrix pencil (MHT

ht
, AHT

ht
) is used in the form

(AHT
ht

)−1MHT
ht

= QtRtQ
>
t (26)

with the orthogonal matrixQt := Xt ∈ RNt×Nt and the upper quasi-triangular matrix Rt :=
Zt ∈ RNt×Nt , where the diagonals of Rt have 2×2 and 1×1 blocks, corresponding to complex
and real eigenvalues of the matrix (AHT

ht
)−1MHT

ht
. In greater detail, let λ1, . . . , λNt ∈ C be

the eigenvalues of the matrix (AHT
ht

)−1MHT
ht
∈ RNt×Nt . To each real eigenvalue λ ∈ R, we

11



can relate a 1× 1 block given as
(
λ
)
∈ R1×1. The complex eigenvalues occur in conjugate

pairs. Thus, each conjugate pair α± ιβ corresponds to a 2× 2 block(
α b1

b2 α

)
∈ R2×2,

satisfying |β| =
√
|b1b2| > 0 with b1 and b2 having different signs. With the real-Schur

decomposition (26) and (21), the solution of (20) can be represented in the form

u = (Qt ⊗ IMx)(INt ⊗Mhx +Rt ⊗ Ahx)−1(Yt ⊗ IMx)F̃
HT
,

where Yt = Q>t (AHT
ht

)−1. The applications of the transformation matrices Yt ⊗ IMx =

Q>t (AHT
ht

)−1 ⊗ IMx and Qt ⊗ IMx are given by (22) and (23). Hence, it remains to solve

(INt ⊗Mhx +Rt ⊗ Ahx)z = g := (Yt ⊗ IMx)F̃
HT (27)

with the unknown
z = (z1, z2, . . . , zNt

)> ∈ RNt·Mx ,

where z` ∈ RMx , ` = 1, . . . , Nt. In addition, let the vector of the right-hand side

g = (g
1
, g

2
, . . . , g

Nt
)> ∈ RNt·Mx

be decomposed, where g
`
∈ RMx , ` = 1, . . . , Nt. Since the global linear system (27) has

a special triangular structure, this system can be solved by a backward substitution tech-
nique, which is described in the following in more detail. Therefore, let k ∈ {1, . . . , Nt−1}
be such that zk+1, . . . , zNt

are already computed, or let k = Nt, where we set
∑Nt

j=Nt+1(·) :=
0. Then, two cases occur, as the diagonals of Rt have 2× 2 and 1× 1 blocks:

1. In the case of a 1× 1 block of Rt, i.e. k = 1 or Rt[k − 1, k] = 0, the linear system

(Mhx +Rt[k, k]Ahx)zk = g
k
−

Nt∑
j=k+1

Rt[k, j]Ahxzj (28)

has to be solved for zk.

2. In the case of a 2× 2 block of Rt, i.e. k > 1 and Rt[k − 1, k] 6= 0, the linear system(
Mhx + αAhx b1Ahx

b2Ahx Mhx + αAhx

)(
zk−1

zk

)
=

(
g
k−1
−
∑Nt

j=k+1Rt[k − 1, j]Ahxzj
g
k
−
∑Nt

j=k+1Rt[k, j]Ahxzj

)
(29)

with

α = Rt[k − 1, k − 1] = Rt[k, k] > 0, b1 = Rt[k − 1, k] 6= 0, b2 = Rt[k, k − 1] 6= 0

has to be solved for zk−1 and zk.

12



The system matrix of the linear system (28) is symmetric and positive definite, since
Rt[k, k] > 0 is a real eigenvalue of the matrix (AHT

ht
)−1MHT

ht
. The linear system (29) is

equivalent to the linear system(
|b2| (Mhx + αAhx) −b1 |b2|Ahx
|b1| b2Ahx − |b1| (Mhx + αAhx)

)(
zk−1

−zk

)

=

|b2|
(
g
k−1
−
∑Nt

j=k+1Rt[k − 1, j]Ahxzj

)
|b1|
(
g
k
−
∑Nt

j=k+1Rt[k, j]Ahxzj

)  , (30)

where the system matrix is symmetric, but indefinite due to the property b1 |b2| = − |b1| b2.
Note that the linear systems (29), (30) are uniquely solvable, since multiplying the second
equation in (30) by −1 leads to a nonsymmetric, but positive definite system matrix. The
spatial linear systems (28) and (30) can be solved by (preconditioned) iterative solvers
or by direct solvers. In this work, we consider sparse direct solvers only. The resulting
algorithm of the Bartels-Stewart method with real-Schur decomposition is summarized in
Algorithm 1.

Numerical examples, which investigate the Bartels-Stewart method with real-Schur
decomposition, are given in Subsection 5.2.

4.2.1 Computational Cost and Memory Requirement

The computational cost of step 1 in Algorithm 1, i.e. the real-Schur decomposition in
(26), is O(N3

t ), whereas the memory demand is O(N2
t ). To perform step 2 in Algorithm 1

for calculating the vector g in (22), Mx linear systems of the size Nt have to be solved
for the same system matrix AHT

ht
, and a matrix multiplication with Qt has to be applied.

Using a Cholesky factorization of AHT
ht

of costs O(N3
t ) yields total computational costs of

O(MxN
2
t +N3

t ) and a memory demand ofO(N2
t +MxNt) for step 2 in Algorithm 1. Also step

4 in Algorithm 1 requires computational costs of O(MxN
2
t ) and a memory consumption of

O(N2
t + MxNt). The most expensive part of Algorithm 1 is step 3, i.e. solving Nt spatial

linear systems of the form (28) or (30). Assume that solving a spatial linear systems of
the form (28) or (30) requires O(CC(Mx)) operations and O(CS(Mx)) storage with the
cost function CC(·) and the storage function CS(·) defined by the spatial solver for the
corresponding linear systems. Then, step 3 costs O(CC(Mx) · Nt) for computations and
O(CS(Mx) + MxNt) for storage, where the calculation of the right-hand sides in (28) or
(30) is of costs of lower order due to Ahx is sparse. Hence, the overall computational cost
and memory consumption of Algorithm 1 are

O(N3
t +MxN

2
t + CC(Mx) ·Nt) and O(N2

t +MxNt + CS(Mx)). (31)

Note that the calculations corresponding to the termMxN
2
t are few matrix multiplications,

which are parallelizable and can be written as highly efficient BLAS-3 operations. For the
case of a uniform refinement strategy in temporal and spatial direction, i.e. Nt doubles and

13



Algorithm 1 Bartels-Stewart method with real-Schur decomposition with output u.
1: Compute the real-Schur decomposition (AHT

ht
)−1MHT

ht
= QtRtQ

>
t in (26).

2: Solve g = (g
1
, g

2
, . . . , g

Nt
)> := (Yt ⊗ IMx)F̃

HT
= vec

(
F̂ (AHT

ht
)−1Qt

)
in (22).

3: Set k = Nt and compute z = (z1, z2, . . . , zNt
)> sequentially by

while k > 0 do
if k = 1 or Rt[k − 1, k] = 0 then

Solve

(Mhx +Rt[k, k]Ahx)zk = g
k
−

Nt∑
j=k+1

Rt[k, j]Ahxzj

for zk in (28). Set k = k − 1.
else

Set
α = Rt[k − 1, k − 1], b1 = Rt[k − 1, k], b2 = Rt[k, k − 1]

and solve(
|b2| (Mhx + αAhx) −b1 |b2|Ahx
|b1| b2Ahx − |b1| (Mhx + αAhx)

)(
zk−1

−zk

)

=

|b2|
(
g
k−1
−
∑Nt

j=k+1Rt[k − 1, j]Ahxzj

)
|b1|
(
g
k
−
∑Nt

j=k+1Rt[k, j]Ahxzj

) 
for (zk−1,−zk)> in (30). Set k = k − 2.

end if
end while

4: Compute the matrix-vector product u = (Qt ⊗ IMx)z = vec
(
ZQ>t

)
in (23).
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Mx grows by a factor O(2d) in each refinement step, the number of the degrees of freedom
dof = Nt · Mx increases by a factor O(2d+1). Hence, we have Nt ∼ M

1/d
x ∼ dof1/(d+1),

which results in the complexity of Algorithm 1, given in Table 2, when a sparse direct
solver of Subsection 3.2 is applied for the spatial problems of step 3 in Algorithm 1 in the
case of structured grids. Note that the sparsity patterns of the system matrices in step 3
of Algorithm 1 remain the same for k = 1, . . . , Nt, which can be exploited by the sparse
direct solver of Subsection 3.2, i.e. it is sufficient to perform the ordering and symbolic
factorization steps only once.

d Computations Memory
1 O(dof3/2) O(dof)

2 O(dof4/3) O(dof)

3 O(dof7/4) O(dof)

Table 2: Summary of the complexity of the Bartels-Stewart methods (Algorithm 1, Algo-
rithm 2) or the Fast Diagonalization method (Algorithm 3), using a sparse direct solver
for spatial structured grids given in Subsection 3.2.

4.3 Bartels-Stewart Method with Complex-Schur Decomposition

In this subsection, an algorithm, using the Bartels-Stewart method with complex-Schur
decomposition [5, 16, 37], is derived. Therefore, a complex-Schur decomposition of the
matrix pencil (MHT

ht
, AHT

ht
) is used in the form

(AHT
ht

)−1MHT
ht

= WtStW
∗
t (32)

with the unitary matrix Wt := Xt ∈ CNt×Nt and the upper triangular matrix St := Zt ∈
CNt×Nt , where the generalized eigenvalues λ1, . . . , λNt ∈ C of the matrix pencil (MHT

ht
, AHT

ht
)

are on the diagonal of St, i.e. St[k, k] = λk for k = 1, . . . , Nt. Note that the real parts
of the complex eigenvalues fulfill <(λ`) > 0 for all ` = 1, . . . , Nt, see (25). With the
complex-Schur decomposition (32) and (21), the solution of (20) is given by

u = (Wt ⊗ IMx)(INt ⊗Mhx + St ⊗ Ahx)−1(Yt ⊗ IMx)F̃
HT
,

where Yt = W ∗
t (AHT

ht
)−1. The applications of the transformation matrices Yt ⊗ IMx =

W ∗
t (AHT

ht
)−1 ⊗ IMx and Wt ⊗ IMx are given by (22) and (23). Hence, it remains to solve

(INt ⊗Mhx + St ⊗ Ahx)z = g := (Yt ⊗ IMx)F̃
HT (33)

with the unknown
z = (z1, z2, . . . , zNt

)> ∈ CNt·Mx ,
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where z` ∈ CMx , ` = 1, . . . , Nt. In addition, let the vector of the right-hand side

g = (g
1
, g

2
, . . . , g

Nt
)> ∈ CNt·Mx

be decomposed, where g
`
∈ CMx , ` = 1, . . . , Nt. Since the global linear system (33) has a

block triangular structure, this system can be solved by a backward substitution technique,
which is described in the following in more detail. For k = Nt, Nt − 1, . . . , 1, the linear
system

(Mhx + St[k, k]︸ ︷︷ ︸
=λk

Ahx)zk = g
k
−

Nt∑
j=k+1

St[k, j]Ahxzj (34)

has to be solved for zk, where we set
∑Nt

j=Nt+1(·) := 0. Note that the system matrix of
the linear system (34) is symmetric, but not Hermitian for =(St[k, k]) = =(λk) 6= 0. With
separating the real and the imaginary parts λk = αk + ιβk, the complex linear system (34)
is equivalent to a real linear system of doubled size with a system matrix(

Mhx + αkAhx −βkAhx
βkAhx Mhx + αkAhx

)
,

which is nonsymmetric, but positive definite due to αk > 0, see (25). Hence, the spatial
linear systems (34) are uniquely solvable, which can be solved by (preconditioned) iterative
solvers or by direct solvers. In this work, we consider sparse direct solvers only. The
resulting algorithm of the Bartels-Stewart method with complex-Schur decomposition is
summarized in Algorithm 2, where Wt is the element-by-element conjugation of Wt.

Algorithm 2 Bartels-Stewart method with complex-Schur decomposition with output u.
1: Compute the complex-Schur decomposition (AHT

ht
)−1MHT

ht
= WtStW

∗
t in (32).

2: Solve g = (g
1
, g

2
, . . . , g

Nt
)> := (Yt ⊗ IMx)F̃

HT
= vec

(
F̂ (AHT

ht
)−1Wt

)
in (22).

3: Compute z = (z1, z2, . . . , zNt
)> sequentially by

for k = Nt, Nt − 1, . . . , 1 do
Solve

(Mhx + St[k, k]Ahx)zk = g
k
−

Nt∑
j=k+1

St[k, j]Ahxzj

for zk in (34).
end for

4: Compute the matrix-vector product u = (Wt ⊗ IMx)z = vec
(
ZW>

t

)
in (23).

Numerical examples, which investigate the Bartels-Stewart method with complex-Schur
decomposition, are given in Subsection 5.3.
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4.3.1 Computational Cost and Memory Requirement

The computational cost and memory requirement of Algorithm 2 can be analyzed in the
same way as for the Bartels-Stewart method with real-Schur decomposition (Algorithm 1).
Hence, the overall computational cost and memory consumption of Algorithm 2 are

O(N3
t +MxN

2
t + CC(Mx) ·Nt) and O(N2

t +MxNt + CS(Mx)),

which are of the same order as for the Bartels-Stewart method with real-Schur decomposi-
tion, see (31). Note that the calculations corresponding to the term MxN

2
t are few matrix

multiplications, which are parallelizable and can be written as highly efficient BLAS-3 op-
erations. For the case of a uniform refinement strategy in temporal and spatial direction
for spatial structured grids, the complexity of Algorithm 2 is again given in Table 2. Note
that the sparsity patterns of the system matrices in step 3 of Algorithm 2 remain the same
for k = 1, . . . , Nt, which can be exploited by the sparse direct solver of Subsection 3.2, i.e.
it is sufficient to perform the ordering and symbolic factorization steps only once.

4.4 Fast Diagonalization Method

This subsection deals with the development of an algorithm that is based on the Fast
Diagonalization method [29, 37]. Therefore, an eigenvalue decomposition of the matrix
pencil (MHT

ht
, AHT

ht
) is used in the form

(AHT
ht

)−1MHT
ht

= XtDtX
−1
t (35)

with the complex matrix Xt ∈ CNt×Nt of generalized eigenvectors and the complex diagonal
matrix

Dt := Zt := diag(λ1, . . . , λNt) ∈ CNt×Nt

with the complex generalized eigenvalues λ` ∈ C, ` = 1, . . . , Nt. The real parts of the
complex eigenvalues fulfill <(λ`) > 0 for all ` = 1, . . . , Nt, see (25). Since the matrixMHT

ht
is

nonsymmetric, the matrixXt of generalized eigenvectors is not unitary and so, its condition
number is not 1. As the condition number of Xt may be large, numerical instabilities may
occur by applying the inverse of Xt, which may be damped by an additional singular
decomposition of Xt. Hence, we apply the singular value decomposition

Xt = UtΣtV
∗
t (36)

with unitary matrices Ut, Vt ∈ CNt×Nt and the diagonal matrix Σt ∈ RNt×Nt . With the
diagonalization (35) and (21), the solution of (20) is given by

u = (Xt ⊗ IMx)(INt ⊗Mhx +Dt ⊗ Ahx)−1(Yt ⊗ IMx)F̃
HT
.

With the singular value decomposition (36), the representation

Yt = X−1
t (AHT

ht
)−1 = VtΣ

−1
t U∗t (AHT

ht
)−1
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gives the transformation matrices Yt ⊗ IMx = VtΣ
−1
t U∗t (AHT

ht
)−1 ⊗ IMx and Xt ⊗ IMx =

UtΣtV
∗
t ⊗ IMx for the calculations in (22) and (23). Hence, it remains to solve Nt spatial

problems with the complex system matrix

Mhx + λ`Ahx ∈ CMx×Mx (37)

for ` = 1, . . . , Nt, which can be done independently, i.e. a parallelization in the time direc-
tion is possible. The system matrices (37) are the same as in (34) for the Bartels-Stewart
method with complex-Schur decomposition, i.e. they are regular and symmetric, but not
Hermitian for =(λk) 6= 0. The spatial linear systems with the system matrix (37) can be
solved by (preconditioned) iterative solvers or by direct solvers. In this work, we consider
sparse direct solvers only. The resulting algorithm of the Fast Diagonalization method is
summarized in Algorithm 3, where Ut, Vt are the element-by-element conjugations of Ut, Vt.

Algorithm 3 Fast Diagonalization method with output u.
1a: Compute the eigenvalue decomposition (AHT

ht
)−1MHT

ht
= XtDtX

−1
t in (35).

1b: Compute the singular value decomposition Xt = UtΣtV
∗
t in (36).

2: Solve g = (g
1
, g

2
, . . . , g

Nt
)> := (Yt ⊗ IMx)F̃

HT
= vec

(
F̂ (AHT

ht
)−1UtΣ

−1
t V >t

)
in (22).

3: Compute z = (z1, z2, . . . , zNt
)> in parallel by

for k = 1, . . . , Nt do
Solve

(Mhx + λkAhx)zk = g
k

for zk.
end for

4: Compute the matrix-vector product u = (UtΣtV
∗
t ⊗ IMx)z = vec

(
ZVtΣtU

>
t

)
in (23).

Numerical examples, which investigate the Fast Diagonalization method, are given in
Subsection 5.4.

4.4.1 Computational Cost and Memory Requirement

The computational cost of step 1a and step 1b in Algorithm 3, i.e. the eigenvalue decom-
position in (35) and the singular value decomposition (36), is O(N3

t ), whereas the memory
demand is O(N2

t ). To perform step 2 in Algorithm 3 for calculating the vector g in (22),
Mx linear systems of the size Nt have to be solved for the same system matrix AHT

ht
, and

matrix multiplications with UtΣ−1
t V >t have to be applied. Using a Cholesky factorization

of AHT
ht

of costs O(N3
t ) yields total computational costs of O(MxN

2
t +N3

t ) and a memory
demand of O(N2

t + MxNt) for step 2 in Algorithm 3. Also step 4 in Algorithm 3 requires
computational costs of O(MxN

2
t ) and a memory consumption of O(N2

t + MxNt). The
most expensive part of Algorithm 3 is step 3, i.e. solving Nt spatial linear systems with
the system matrix (37), which can be done in parallel. Assume that solving a spatial lin-
ear systems with the system matrix (37) requires O(CC(Mx)) operations and O(CS(Mx))
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storage with some cost function CC(·) and some storage function CS(·). Then, step 3 costs
O(CC(Mx) ·Nt) for computations and O(CS(Mx) +MxNt) for storage. Hence, the overall
computational cost and memory consumption of Algorithm 3 are

O(N3
t +MxN

2
t + CC(Mx) ·Nt) and O(N2

t +MxNt + CS(Mx)),

which are of the same order as for the Bartels-Stewart method with real-Schur decomposi-
tion, see (31). Note that the calculations corresponding to the term MxN

2
t are few matrix

multiplications, which are parallelizable and can be written as highly efficient BLAS-3 op-
erations. For the case of a uniform refinement strategy in temporal and spatial direction
for spatial structured grids, the complexity of Algorithm 3 is again given in Table 2. Note
that the sparsity patterns of the system matrices in step 3 of Algorithm 3 remain the same
for k = 1, . . . , Nt, which can be exploited by the sparse direct solver of Subsection 3.2, i.e.
it is sufficient to perform the ordering and symbolic factorization steps only once.

5 Numerical Examples
In this section, numerical examples for the generalized eigenvalue problem (24) and for
the Galerkin finite element method (15) using the Bartels-Stewart methods (Algorithm 1
and Algorithm 2) and the Fast Diagonalization method (Algorithm 3) are given. As nu-
merical example, we consider the parabolic initial-boundary value problem (1) in the two-
dimensional spatial L-shaped domain

Ω := (−1, 1)2 \ ([0, 1]× [−1, 0]) ⊂ R2 (38)

and with the terminal time T = 1
2
. We use the manufactured solution

u(x1, x2, t) =
5

2πt
e
−(x1−

1
4)

2
−(x2+

1
4)

2

4t sin(πx1x2), (x1, x2, t) ∈ Q = Ω× (0, T ), (39)

defining the right-hand side f and the inhomogeneous Dirichlet data on Σ. The inhomoge-
neous Dirichlet boundary condition is treated via homogenization as for the elliptic case,
see [38, p. 246]. The spatial domain Ω is decomposed into uniform triangles with the
uniform mesh size hx as given in Figure 1 for level 0.

The temporal domain (0, 1/2) = (0, T ) is decomposed into nonuniform elements with
the nodes

t0 = 0.0, t1 = 1/32, t2 = 1/16, t3 = 1/8, t4 = 1/2 = T. (40)

The assembling of the matrices AHT
ht

, MHT
ht

, and CHT
ht

is done as proposed in [47]. The
integrals for computing the projection Q0

hf in (14) are calculated by using high-order
quadrature rules. The solution u of the global linear system (16) is solved in MATLAB by
using the Bartels-Stewart methods (Algorithm 1 and Algorithm 2) and the Fast Diagonal-
ization method (Algorithm 3), where the occurring spatial linear systems in Algorithm 1,
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Figure 1: Uniform refinement strategy: Starting mesh, the meshes after one and two
uniform refinement steps.

Algorithm 2 and Algorithm 3 are solved with the help of the sparse direct solver MUMPS
5.3.3 [1, 2] in the standard configuration. The other steps of Algorithm 1, Algorithm 2
and Algorithm 3, i.e. the real-Schur, complex-Schur, eigenvalue, singular value decompo-
sitions, and applying the transformation matrices, are realized by MATLAB routines. All
calculations presented in this section were performed on a PC with two Intel Xeon CPUs
E5-2687W v4 @ 3.00GHz, i.e. in sum 24 cores, and 512 GB main memory.

5.1 Numerical Example for the Real Part of the Eigenvalues λ`
and the Condition of the Transformation Matrix Xt

In this subsection, we investigate the eigenvalues λ` of (AHT
ht

)−1MHT
ht

and the condition
number of the transformation matrix Xt, occurring in the Fast Diagonalization method in
Subsection 4.4, of the corresponding eigenvectors of (AHT

ht
)−1MHT

ht
. In Table 3, the smallest

real part min`=1,...,Nt <(λ`) of the complex eigenvalues λ` of the eigenvalue decomposition
(24), the minimal singular value σmin(Xt), the maximal singular value σmax(Xt), and the
spectral condition number κ2(Xt) of the transformation matrix Xt ∈ CNt×Nt of the eigen-
value decomposition (35) are given for the nonuniform time mesh (40) with a uniform
refinement strategy. The smallest real part min`=1,...,Nt <(λ`) is small but still strictly pos-
itive, see (25). The spectral condition number κ2(Xt) grows fast, which leads to numerical
instability. However, the additional singular value decomposition (36) damps these in-
stabilities, see Table 6. Further investigations of this issue are needed and will be done
elsewhere.

5.2 Bartels-Stewart Method with Real-Schur Decomposition

This subsection deals with a numerical example for the Bartels-Stewart method with real-
Schur decomposition, developed in Subsection 4.2, i.e. Algorithm 1. We consider the
setting, which is described at the beginning of this section. In addition to this situation,
the ordering and symbolic factorization steps of the sparse direct solver MUMPS 5.3.3
[1, 2] are performed only once, since the sparsity patterns of the system matrices in step 3
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Nt ht,max ht,min min`=1,...,Nt <(λ`) σmin(Xt) σmax(Xt) κ2(Xt)
4 0.37500 0.03125 1.514e-02 2.041e-01 1.954e+00 9.576e+00
8 0.18750 0.01562 4.991e-03 4.049e-02 3.109e+00 7.678e+01
16 0.09375 0.00781 1.727e-03 2.174e-03 4.235e+00 1.948e+03
32 0.04688 0.00391 5.529e-04 1.566e-04 5.978e+00 3.816e+04
64 0.02344 0.00195 1.735e-04 1.377e-05 8.936e+00 6.488e+05
128 0.01172 0.00098 5.241e-05 1.416e-06 1.301e+01 9.187e+06
256 0.00586 0.00049 1.540e-05 1.640e-07 1.966e+01 1.199e+08
512 0.00293 0.00024 3.769e-06 1.705e-08 2.827e+01 1.658e+09
1024 0.00146 0.00012 7.281e-07 4.131e-09 3.812e+01 9.229e+09

Table 3: Numerical results for the smallest real part min`=1,...,Nt <(λ`) of the eigenvalue
decomposition (24) and for the condition of the transformation matrix Xt of the eigenvalue
decomposition (35) for T = 1

2
for a uniform refinement strategy.

of Algorithm 1 remain the same for k = 1, . . . , Nt.
In Table 4, the numerical results for the smooth solution u in (39), when a uniform

refinement strategy is applied as in Figure 1, are given, where unconditional stability is
observed and the convergence rates in ‖ · ‖L2(Q) and | · |H1(Q) are as expected from the
error estimates (12) and (13). The last column of Table 4 states the computation times
in seconds of the Bartels-Stewart method with real-Schur decomposition (Algorithm 1),
where the computing time for assembling the matrices AHT

ht
,MHT

ht
, Ahx ,Mhx , and CHT

ht
is

not included. We observe that the calculating time in Table 4 grows with factors 11.3,
9.6, 10.9 for the last three levels, which are smaller than the factor 16 resulting from the
complexity O(dof4/3) in Table 2.

dof hx ht,max ht,min ‖u− ũh‖L2(Q) eoc |u− ũh|H1(Q) eoc Solving
20 0.354 0.375 0.0313 3.326e-01 0.00 4.314e+00 0.0 ≈ 0.0
264 0.177 0.188 0.0156 1.089e-01 1.30 2.702e+00 0.5 ≈ 0.0
2576 0.088 0.094 0.0078 3.136e-02 1.64 1.440e+00 0.8 ≈ 0.0
22560 0.044 0.047 0.0039 8.309e-03 1.84 6.984e-01 1.0 0.1
188480 0.022 0.023 0.0020 2.127e-03 1.93 3.447e-01 1.0 0.6
1540224 0.011 0.012 0.0010 5.376e-04 1.96 1.707e-01 1.0 5.7
12452096 0.006 0.006 0.0005 1.352e-04 1.98 8.502e-02 1.0 64.3
100139520 0.003 0.003 0.0002 3.393e-05 1.99 4.244e-02 1.0 615.7
803210240 0.001 0.001 0.0001 8.500e-06 1.99 2.120e-02 1.0 6681.0

Table 4: Numerical results of the Galerkin finite element discretization (15) for the L-
shape (38) and T = 1

2
for the function u in (39) for a uniform refinement strategy solved

by the Bartels-Stewart method with real-Schur decomposition (Algorithm 1) using the
sparse direct solver MUMPS 5.3.3, where the computation times are given in seconds.
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5.3 Bartels-Stewart Method with Complex-Schur Decomposition

In this subsection, a numerical example for the Bartels-Stewart method with complex-
Schur decomposition, developed in Subsection 4.3, i.e. Algorithm 2, is investigated. We
consider the setting, which is described at the beginning of this section. In addition to this
situation, the ordering and symbolic factorization steps of the sparse direct solver MUMPS
5.3.3 [1, 2] are performed only once, since the sparsity patterns of the system matrices in
step 3 of Algorithm 2 remain the same for k = 1, . . . , Nt.

In Table 5, the numerical results for the smooth solution u in (39), when a uniform
refinement strategy is applied as in Figure 1, are given, where errors and convergence rates
are the same as for the Bartels-Stewart method with real-Schur decomposition (Table 4).
The last column of Table 5 states the computation times in seconds of the Bartels-Stewart
method with complex-Schur decomposition (Algorithm 2), where the computing time for
assembling the matrices AHT

ht
,MHT

ht
, Ahx ,Mhx , and C

HT
ht

is not included. We observe that
the calculating time in Table 5 grows with factors 9.3, 10.7, 12.2 for the last three levels,
which are smaller than the factor 16 resulting from the complexity O(dof4/3) in Table 2.
Moreover, we see that the Bartels-Stewart method with complex-Schur decomposition is
slower than the real version, see Table 4.

dof hx ht,max ht,min ‖u− ũh‖L2(Q) eoc |u− ũh|H1(Q) eoc Solving
20 0.354 0.375 0.0313 3.326e-01 0.00 4.314e+00 0.0 ≈ 0.0
264 0.177 0.188 0.0156 1.089e-01 1.30 2.702e+00 0.5 ≈ 0.0
2576 0.088 0.094 0.0078 3.136e-02 1.64 1.440e+00 0.8 ≈ 0.0
22560 0.044 0.047 0.0039 8.309e-03 1.84 6.984e-01 1.0 0.4
188480 0.022 0.023 0.0020 2.127e-03 1.93 3.447e-01 1.0 0.9
1540224 0.011 0.012 0.0010 5.376e-04 1.96 1.707e-01 1.0 9.7
12452096 0.006 0.006 0.0005 1.352e-04 1.98 8.502e-02 1.0 90.6
100139520 0.003 0.003 0.0002 3.393e-05 1.99 4.244e-02 1.0 975.0
803210240 0.001 0.001 0.0001 8.500e-06 1.99 2.120e-02 1.0 11872.6

Table 5: Numerical results of the Galerkin finite element discretization (15) for the L-shape
(38) and T = 1

2
for the function u in (39) for a uniform refinement strategy solved by the

Bartels-Stewart method with complex-Schur decomposition (Algorithm 2) using the sparse
direct solver MUMPS 5.3.3, where the computation times are given in seconds.

5.4 Fast Diagonalization Method

In this subsection, a numerical example for the Fast Diagonalization method, developed
in Subsection 4.4, i.e. Algorithm 3, is given. We consider the setting, which is described
at the beginning of this section. In addition to this situation, time parallelization, but no
spatial parallelization is applied, i.e. the Nt spatial problems of step 3 in Algorithm 3 can
be solved in parallel if Nt cores are available.
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In Table 6, the numerical results for the smooth solution u in (39), when a uniform
refinement strategy is applied as in Figure 1, are given, where errors and convergence rates
are the same as for the Bartels-Stewart methods (Tables 4 and 5). For the last level in
Table 6, the L2 error is slightly larger than the corresponding error for the Bartels-Stewart
methods in Table 4 and Table 5, due to the large condition number of the transformation
matrix Xt, see Table 3. The last column of Table 6 states the computation times in
seconds of the Fast Diagonalization method (Algorithm 3), where the computing time
for assembling the matrices AHT

ht
,MHT

ht
, Ahx ,Mhx , and CHT

ht
is not included. We observe

that the calculating time in Table 6 grows with factors 8.2, 8.8, 10.1 for the last three
levels, which are smaller than the factor 16 resulting from the complexity O(dof4/3) in
Table 2. Additionally, we see that the Fast Diagonalization method is much faster than
the Bartels-Stewart methods (Table 4, Table 5) due to the time parallelization.

dof hx ht,max ht,min ‖u− ũh‖L2(Q) eoc |u− ũh|H1(Q) eoc Solving
20 0.354 0.375 0.0313 3.326e-01 0.00 4.314e+00 0.0 ≈ 0.0
264 0.177 0.188 0.0156 1.089e-01 1.30 2.702e+00 0.5 ≈ 0.0
2576 0.088 0.094 0.0078 3.136e-02 1.64 1.440e+00 0.8 ≈ 0.0
22560 0.044 0.047 0.0039 8.309e-03 1.84 6.984e-01 1.0 0.1
188480 0.022 0.023 0.0020 2.127e-03 1.93 3.447e-01 1.0 0.3
1540224 0.011 0.012 0.0010 5.376e-04 1.96 1.707e-01 1.0 0.9
12452096 0.006 0.006 0.0005 1.352e-04 1.98 8.502e-02 1.0 7.4
100139520 0.003 0.003 0.0002 3.393e-05 1.99 4.244e-02 1.0 64.9
803210240 0.001 0.001 0.0001 8.855e-06 1.94 2.121e-02 1.0 652.8

Table 6: Numerical results of the Galerkin finite element discretization (15) for the L-shape
(38) and T = 1

2
for the function u in (39) for a uniform refinement strategy solved by the

Fast Diagonalization method (Algorithm 3) using the sparse direct solver MUMPS 5.3.3,
where the computation times are given in seconds.

6 Conclusions
In this work, we studied efficient direct solvers for the global linear system arising from the
space-time Galerkin finite element discretization of parabolic initial-boundary value prob-
lems in anisotropic Sobolev spaces in combination with the Hilbert-type transformation
operator HT . Two algorithms based on the Bartels-Stewart method and one algorithm
based on the Fast Diagonalization method were developed and analyzed. The latter allows
a complete parallelization in time. We gave complexity estimates for these three algo-
rithms. We presented numerical experiments for a two-dimensional spatial domain, where
the spatial subproblems were solved by sparse direct solvers. These numerical results con-
firmed the efficient applicability of the space-time approach in anisotropic Sobolev spaces
in connection with the direct space-time solvers proposed in the paper.
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For the spatial subproblems occurring in the algorithms, (preconditioned) iterative
solvers can also be used. We only used piecewise linear ansatz and test functions, but the
approach can easily be generalized to shape functions of an arbitrary polynomial degree,
and to graded or even adaptive meshes in space. Furthermore, the space-time approach
presented in this paper also works for autonomous parabolic problems with diffusion co-
efficients depending on the spatial variable only, and even for non-autonomous parabolic
problems with diffusion coefficients being a product of a function in x and a function in
t. Moreover, the direct solvers proposed in this paper can be used in connection with a
preconditioner for more general linear and even non-linear parabolic problems.

References

[1] Amestoy, P. R., Buttari, A., L’Excellent, J.-Y., and Mary, T. Perfor-
mance and scalability of the block low-rank multifrontal factorization on multicore
architectures. ACM Trans. Math. Softw. 45, 1 (2019), 26. Id/No 2.

[2] Amestoy, P. R., Duff, I. S., L’Excellent, J.-Y., and Koster, J. A fully asyn-
chronous multifrontal solver using distributed dynamic scheduling. SIAM J. Matrix
Anal. Appl. 23, 1 (2001), 15–41.

[3] Andreev, R. Stability of sparse space-time finite element discretizations of linear
parabolic evolution equations. IMA J. Numer. Anal. 33, 1 (2013), 242–260.

[4] Bank, R. E., Vassilevski, P. S., and Zikatanov, L. T. Arbitrary dimension
convection-diffusion schemes for space-time discretizations. J. Comput. Appl. Math.
310 (2017), 19–31.

[5] Bartels, R. H., and Stewart, G. W. Algorithm 432: Solution of the matrix
equation AX +XB = C. Commun. ACM 15 (1972), 820–826.

[6] Costabel, M. Boundary integral operators for the heat equation. Integral Equations
and Operator Theory 13, 4 (1990), 498–552.

[7] Davis, T. A., Rajamanickam, S., and Sid-Lakhdar, W. M. A survey of direct
methods for sparse linear systems. Acta Numerica 25 (2016), 383–566.

[8] Devaud, D. Petrov–Galerkin space-time hp-approximation of parabolic equations in
H1/2. IMA Journal of Numerical Analysis (10 2019).

[9] Dohr, S., Steinbach, O., and Niino, K. Space-time boundary element methods
for the heat equation. De Gruyter, Berlin, Boston, 2019, pp. 1–60.

[10] Duff, I. S., Erisman, A. M., and Reid, J. K. Direct methods for sparse matrices.
2nd edition., 2nd ed. Oxford: Oxford University Press, 2017.

24



[11] Fontes, M. Parabolic equations with low regularity. PhD thesis, Lunds universitet,
1996.

[12] Fontes, M. Initial-boundary value problems for parabolic equations. Ann. Acad.
Sci. Fenn., Math. 34, 2 (2009), 583–605.

[13] Führer, T., Heuer, N., and Gupta, J. S. A time–stepping dpg scheme for the
heat equation. Comput. Methods Appl. Math. 17, 2 (2017), 237—-252.

[14] Führer, T., and Karkulik, M. Space-time least-squares finite elements for
parabolic equations. [math.NA] arXiv:1911.01942, arXiv.org, 2019.

[15] Gander, M. J. 50 years of time parallel time integration. In Multiple Shooting and
Time Domain Decomposition, T. Carraro, M. Geiger, S. Körkel, and R. Rannacher,
Eds. Springer-Verlag, Heidelberg, Berlin, 2015, pp. 69–114.

[16] Gardiner, J. D., Laub, A. J., Amato, J. J., and Moler, C. B. Solution of
the Sylvester matrix equation AXBT +CXDT = E. ACM Trans. Math. Softw. 18, 2
(1992), 223–231.

[17] Gould, N. I. M., Scott, J. A., and Hu, Y. A numerical evaluation of sparse
direct solvers for the solution of large sparse symmetric linear systems of equations.
ACM Trans. Math. Softw. 33, 2 (2007), 32. Id/No 10.

[18] Hardy, Y., and Steeb, W.-H. Matrix calculus, Kronecker product and tensor
product. A practical approach to linear algebra, multilinear algebra and tensor calculus
with software implementations. 3rd edition., 3rd ed. World Scientific, 2019.

[19] Hofer, C., Langer, U., Neumüller, M., and Schneckenleitner, R. Parallel
and robust preconditioning for Space-Time isogeometric analysis of parabolic evolution
problems. SIAM J. Sci. Comput. 41, 3 (2019), A1793–A1821.

[20] Hughes, T., Franca, L., and Hulbert, G. A new finite element formula-
tion for computational fluid dynamics: VIII. The Galerkin/least-squares method for
advection-diffusive equations. Comput. Methods Appl. Mech. Engrg. 73 (1989), 173–
189.

[21] Ladyzhenskaya, O. A., Solonnikov, V. A., and Ural’tseva, N. N. Linear
and quasi-linear equations of parabolic type., vol. 23. American Mathematical Society
(AMS), Providence, RI, 1968.

[22] Langer, U., and Neumüller, M. Direct and Iterative Solvers. Springer Interna-
tional Publishing, Cham, 2018, pp. 205–251.

[23] Larsson, S., and Molteni, M. Numerical solution of parabolic problems based on
a weak space-time formulation. Comput. Methods Appl. Math. 17, 1 (2017), 65–84.

25



[24] Larsson, S., and Schwab, C. Compressive space-time galerkin discretizations of
parabolic partial differential equations. [math.NA] arXiv:1501.04514, arXiv.org, 2015.

[25] Lions, J.-L., and Magenes, E. Problèmes aux limites non homogènes et applica-
tions. Vol. 1. Travaux et Recherches Mathématiques, No. 17. Dunod, Paris, 1968.

[26] Lions, J.-L., and Magenes, E. Problèmes aux limites non homogènes et applica-
tions. Vol. 2. Travaux et Recherches Mathématiques, No. 18. Dunod, Paris, 1968.

[27] Liu, J. W. H. The multifrontal method for sparse matrix solution: Theory and
practice. SIAM Rev. 34, 1 (1992), 82–109.

[28] Loli, G., Montardini, M., Sangalli, G., and Tani, M. Space-time
Galerkin isogeometric method and efficient solver for parabolic problems. [math.NA]
arXiv:1909.07309, arXiv.org, 2019.

[29] Lynch, R., Rice, J. R., and Thomas, D. H. Direct solution of partial difference
equations by tensor product methods. Numer. Math. 6 (1964), 185–199.

[30] Martinsson, P.-G. Fast direct solvers for elliptic PDEs., vol. 96. Philadelphia, PA:
Society for Industrial and Applied Mathematics (SIAM), 2020.

[31] Mollet, C. Stability of Petrov-Galerkin discretizations: application to the space-
time weak formulation for parabolic evolution problems. Comput. Methods Appl.
Math. 14, 2 (2014), 231–255.

[32] Neumüller, M. Space-Time Methods: Fast Solvers and Applications. volume 20 of
Monographic Series TU Graz: Computation in Engineering and Science. 2013.

[33] Neumüller, M., and Smears, I. Time-parallel iterative solvers for parabolic evo-
lution equations. SIAM J. Sci. Comput. 41, 1 (2019), C28–C51.

[34] Pardo, D., Paszynski, M., Collier, N., Alvarez, J., Dalcin, L., and Calo,
V. M. A survey on direct solvers for Galerkin methods. SeMA J. 57 (2012), 107–134.

[35] Schwab, C., and Stevenson, R. Space-time adaptive wavelet methods for
parabolic evolution problems. Math. Comp. 78, 267 (2009), 1293–1318.

[36] Schwab, C., and Stevenson, R. Fractional space-time variational formulations of
(Navier-) Stokes equations. SIAM J. Math. Anal. 49, 4 (2017), 2442–2467.

[37] Simoncini, V. Computational methods for linear matrix equations. SIAM Rev. 58,
3 (2016), 377–441.

[38] Steinbach, O. Numerical approximation methods for elliptic boundary value prob-
lems. Finite and boundary elements. New York, NY: Springer, 2008.

26



[39] Steinbach, O. Space-time finite element methods for parabolic problems. Comput.
Methods Appl. Math. 15, 4 (2015), 551–566.

[40] Steinbach, O., and Yang, H. Space–time finite element methods for parabolic
evolution equations: Discretization, a posteriori error estimation, adaptivity and solu-
tion. In Space-Time Methods: Application to Partial Differential Equations, vol. 25 of
Radon Series on Computational and Applied Mathematics. de Gruyter, 2019, pp. 207–
248.

[41] Steinbach, O., and Zank, M. Coercive space-time finite element methods for
initial boundary value problems. Electron. Trans. Numer. Anal. 52 (2020), 154–194.

[42] Steinbach, O., and Zank, M. A note on the efficient evaluation of a modified
Hilbert transformation. Journal of Numerical Mathematics (published online ahead of
print), 0 (2020), 000010151520190099.

[43] Stevenson, R., and Westerdiep, J. Stability of Galerkin discretizations of a
mixed space–time variational formulation of parabolic evolution equations. IMA Jour-
nal of Numerical Analysis (02 2020).

[44] Tani, M. A preconditioning strategy for linear systems arising from nonsymmetric
schemes in isogeometric analysis. Comput. Math. Appl. 74, 7 (2017), 1690–1702.

[45] Thomée, V. Galerkin finite element methods for parabolic problems., 2nd revised and
expanded ed. Berlin: Springer, 2006.

[46] Urban, K., and Patera, A. T. An improved error bound for reduced basis ap-
proximation of linear parabolic problems. Math. Comput. 83, 288 (2014), 1599–1615.

[47] Zank, M. An exact realization of a modified Hilbert transformation for space–time
methods for parabolic evolution equations. Submitted. (2020).

[48] Zank, M. Inf–sup stable space–time methods for time–dependent partial differential
equations. volume 36 of Monographic Series TU Graz: Computation in Engineering
and Science. Feb 2020.

27


