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PARTIAL INVERSION OF THE 2D ATTENUATED RADON TRANSFORM WITH
DATA ON AN ARC

KAMRAN SADIQ AND ALEXANDRU TAMASAN

ABSTRACT. In two dimensions, we consider the problem of inversion of the attenuated X-ray trans-
form of a compactly supported function from data restricted to lines leaning on a given arc. We
provide a method to reconstruct the function on the subdomain encompassed by this arc. The atten-
uation is assumed known in this subdomain. The method of proof uses the range characterization in
terms of a Hilbert transform associated with A-analytic functions in the sense of Bukhgeim.

1. INTRODUCTION

Let Ω Ă R2 be a strictly convex domain and Λ be an arc of its boundary Γ . The chord L joining
the endpoints of the arc Λ partitions the domain in two subdomains Ω˘, where Ω` denotes the
domain enclosed by Λ Y L. For a function f compactly supported in Ω, we provide a method to
reconstruct f |Ω` from its attenuated X-ray transform over lines leaning on Λ; see Figure 1. The
attenuation a is assumed known in Ω`. Different partial data problems were studied in [2, 24].
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FIGURE 1. Geometric setup; Λ “ Ω` X BΩ
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For a real valued function a P L1pR2q, the attenuated X-ray transform of f is given by,

Xafpz, θq :“

ż 8

´8

fpz ` sθqe´Dapz`sθ,θqds, pz, θq P Ωˆ S1,(1)

where

Dapz, θq :“

ż 8

0

apz ` tθqdt(2)

is the divergence beam transform of a. For the non attenuated case a ” 0 we use the notation Xf .
We approach the inversion problem through the known equivalence between the attenuated X-

ray transform and the boundary value problems for the transport equation: Let Γ˘ :“ tpζ, θq P
Γ ˆ S1 : ˘νpζq ¨ θ ą 0u denote the outgoing p`q, respectively incoming p´q submanifolds of the
unit tangent bundle of Γ , with νpζq being the outer normal at ζ P Γ and θ is a direction in the unit
sphere S1. If upz, θq is the unique solution to

θ ¨∇upz, θq ` apzqupz, θq “ fpzq pz, θq P Ωˆ S1,(3a)

u|Γ´
“ 0,(3b)

then its trace on Γ` satisfies

u|Γ`
pζ, θq “ eDapζ,θqXafpζ, θq, pζ, θq P Γ`.(4)

Let Λ˘ Ă Γ˘ be the unit tangent subbundle on the arc Λ,

Λ˘ :“ tpζ, θq P Λˆ S1 : ˘νpζq ¨ θ ą 0u.(5)

In here, the data Xaf is only available on Λ`, which by (4) determines u|Λ`
. Our main result

(proven in Section 4.1) is the following.

Theorem 1.1. Let Ω Ă R2 be a bounded domain withC2 boundary Γ of strictly positive curvature,
and Λ Ă Γ be an arc of its boundary. Let Ω` Ă Ω be the subset enclosed by Λ and by the chord L
joining the endpoints of Λ. Let α ą 1{2, and a P C2,αpΩq, be a real valued function known in Ω`.
Let f P C2,α

0 pΩq be an unknown real valued function.
Then the restriction of f in Ω` is reconstructed from the partial data Xaf |Λ`

; see (36).

In the non-attenuated case, the uniqueness of f |Ω` follows as a consequence of the Helgason
support theorem [8]. In the attenuated case, however, the uniqueness does not follow directly from
Boman and Quinto [4] support theorem as the measure e´Da need not be real analytic in the spatial
variable.

The method of proof of Theorem 1.1 uses the range characterization in terms of a Hilbert trans-
form [25, 26, 27] associated with A-analytic functions in the sense of Bukhgeim [5].

In the Euclidean setting, range characterization of the Radon transform in terms of the moment
conditions has been long known [7, 8, 11]. Extension to non-Euclidean settings [28, 29] have
fairly recent found range characterization in terms of the scattering relation in [22, 30, 21]. Of
particular interest, the works in [13, 14] connect the moment conditions to the characterization
given in terms of the scattering relation. For breakthrough works on the inversion of the attenuated
X-ray transform in the Euclidean setting we refer to [1, 19]; see other approaches in [18, 3, 2].
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2. A NEW PROPERTY OF A-ANALYTIC MAPS

For z “ x` iy, let B “ pBx ` iByq {2, and B “ pBx ´ iByq {2 be the Cauchy-Riemann operators.
For 0 ă α ă 1, k “ 1, 2, and S some part of the boundary Γ , we use the Banach spaces:

l1,k8 pSq :“

#

u “ xu´1, u´2, ...y : sup
ξPS

8
ÿ

j“1

jk|u´jpξq| ă 8

+

,

YαpSq :“

$

&

%

u P l1,28 pSq : sup
ξ,µPS
ξ‰µ

8
ÿ

j“1

j
|u´jpξq ´ u´jpµq|

|ξ ´ µ|α
ă 8

,

.

-

,(6)

Cα
pS; l1q :“

$

&

%

u : sup
ξPS

‖upξq‖l1 ` sup
ξ,ηPS
ξ‰η

‖upξq ´ upηq‖l1
|ξ ´ η|α

ă 8

,

.

-

,

where l8, l1 are the space of bounded, respectively summable sequences. We similarly consider
CαpΩ; l1q, respectively, CαpΩ; l8q.

The following regularity result in [25, Proposition 4.1] is needed.

Proposition 2.1. [25, Proposition 4.1] Let α ą 1{2 and u “ xu0, u´1, u´2, ...y be the sequence
valued map of non-positive Fourier modes of u.

(i) If u P CαpΓ ;C1,αpS1qq, then u P l1,18 pΓ q X C
αpΓ ; l1q.

(ii) If u P CαpΓ ;C1,αpS1qq X CpΓ ;C2,αpS1q, then u P YαpΓ q.

A sequence valued map z ÞÑ upzq :“ xu0pzq, u´1pzq, u´2pzq, ...y is called L-analytic, if u P
CpΩ; l8q X C

1pΩ; l8q and

(7) Bupzq ` LBupzq “ 0, z P Ω,

where L : l8 Ñ l8 is the left shift: Lxu0, u´1, u´2, ...y “ xu´1, u´2, ...y.
Analogous to the analytic maps, the L-analytic maps also enjoy a Cauchy integral formula [5].

For u “ xu0, u´1, u´2, ...y P l
1,1
8 pΓ q X CαpΓ ; l1q, the Cauchy- Bukhgeim operator B acting on u

is defined component-wise for n ď 0 by

pBuqnpzq :“
1

2πi

ż

Γ

unpζq

ζ ´ z
dζ `

1

2πi

ż

Γ

"

dζ

ζ ´ z
´

dζ

ζ ´ z

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ z

ζ ´ z

˙j

, z P Ω;(8)

The explicit form above follows [6].
Associated with the traces of L-analytic maps, we recall the Hilbert-Bukhgeim transform H

acting on u P l1,18 pΓ q X C
αpΓ ; l1q defined in [25] component-wise for n ď 0 by

pHuqnpξq “
1

π

ż

Γ

unpζq

ζ ´ ξ
dζ `

1

π

ż

Γ

"

dζ

ζ ´ ξ
´

dζ

ζ ´ ξ

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ ξ

ζ ´ ξ

˙j

, ξ P Γ.(9)

The following result recalls the necessary and sufficient conditions for a sufficiently regular map
to be the boundary value of an L-analytic function.

Theorem 2.1. Let 0 ă α ă 1. Let u “ xu0, u´1, u´2, ...y be a sequence valued map defined at the
boundary Γ and B be the Cauchy-Bukhgeim operator acting on u as in (8).

(i) If u P l1,18 pΓ q X CαpΓ ; l1q, then Bu P C1,αpΩ; l8q X CpΩ; l8q is L-analytic in Ω.
(ii) If u P Yα, for α ą 1{2, then Bu P C1,αpΩ; l1q X C

αpΩ; l1q X C
2pΩ; l8q is L-analytic in Ω.
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Moreover, for u to be the boundary value of an L-analytic function it is necessary and sufficient
that

pI ` iHqu “ 0,(10)

where H is the Hilbert-Bukhgeim transform in (9).

For the proof of part (i) and (ii) we refer to [26, Theorem 2.2 and Proposition 2.3]. For the proof
of the last statement of the Theorem we refer to [25, Theorem 3.2 and Corollary 4.1].

Let u “ xu0, u´1, u´2, ...y be the boundary value of an L-analytic function in Ω`. The new
ingredient (Theorem 2.2) allows to recover the trace u|L on L from u on Λ. The method of proof
recovers separately the projections P˘pun|Lq, where

P˘g :“
1

2
rI ˘ iHsg(11)

are the projections of g P CαpLq associated with the Hilbert transform

Hgpxq “
1

π

ż

L

gpsq

x´ s
ds.(12)

To simplify the statement of the result, let us introduce the functions Fnpzq defined on Λ for each
n ď 0, by

Fnpzq :“ πiunpzq ´

ż

Λ

unpζq

ζ ´ z
dζ ´

ż

Λ

"

dζ

ζ ´ z
´

dζ

ζ ´ z

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ z

ζ ´ z

˙j

, z P Λ,(13)

where the first integral is in the sense of principal value. Note that Fn is known since un|Λ are
known for all n ď 0. In the proof of the result below we shall see that Fn is the trace on Λ of an
analytic function in the upper half plane. The arc Λ and the chord L are considered without their
endpoints.

Theorem 2.2. Let Ω Ă R2 be a bounded domain withC2 boundary Γ of strictly positive curvature,
and Λ Ă Γ be an arc of its boundary. Let Ω` Ă Ω be the subset enclosed by Λ and by the chord L
joining the endpoints of Λ and 0 ă α ă 1.

Let u “ xu0, u´1, u´2, ...y P l
1,1
8 pBΩ

`q X CαpBΩ`; l1q be the boundary value of an L-analytic
function in Ω`. Then the trace u|L on L is recovered from the trace u|Λ on Λ as follows:

(i) For each n ď 0, the projection P´pun|Lq is recovered pointwise by

P´punqpxq “
i

2π

ż

Λ

unpζq

x´ ζ
dζ ´

i

2π

ż

Λ

"

dζ

ζ ´ x
´

dζ

ζ ´ x

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ x

ζ ´ x

˙j

, x P L.(14)

(ii) For each n ď 0, the projection gn :“ P`pun|Lq is the unique solution in the range P`pCαpLqq
to the integral equation

ż

L

gnpsq

s´ z
ds “ Fnpzq ´

ż

L

P´punqpsq

s´ z
ds, z P Λ,(15)

where the right hand side is determined by the data from (13) and (14).

Proof. Upon a rotation and translation of the domain Ω, we may assume without loss of generality
that the arc Λ lies in the upper half plane with the endpoints on the real axis. In particular, Ω X
tIm z “ 0u “ L.
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Since u P l1,18 pBΩ
`q X CαpBΩ`; l1q is the boundary value of an L-analytic function in Ω`, then

Theorem 2.1 (i) yields

rI ` iHspu|BΩ`q “ 0,(16)

where H is the Hilbert-Bukhgeim transform in (9).
To prove the formula (14) we consider (16) on L, where for each x P L and n ď 0, the n-th

component yields

unpxq ´
i

π

ż

L

unpsq

x´ s
ds “

i

π

ż

Λ

unpζq

x´ ζ
dζ ´

i

π

ż

Λ

"

dζ

ζ ´ x
´

dζ

ζ ´ x

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ x

ζ ´ x

˙j

´
i

π

ż

L

"

dζ

ζ ´ x
´

dζ

ζ ´ x

* 8
ÿ

j“1

un´jpζq

ˆ

ζ ´ x

ζ ´ x

˙j

.(17)

We note that the last integral in (17) ranges over the reals, and thus it vanishes. The remaining
integrals on the right hand side of (17) now depend only on the data on Λ, while the left hand side
is 2P´punq. The expression (14) follows.

Let us consider now (16) on Λ. With Fn as in (13), n ď 0, the n-th component of (16) reads

Fnpzq “

ż

L

unpsq

s´ z
ds “

ż

L

P`punqpsq

s´ z
ds`

ż

L

P´punqpsq

s´ z
ds, z P Λ.(18)

This shows that gn :“ P`punq is indeed a solution to the Fredholm integral equation (15). More-
over, (18) also shows that Fn is the trace on Λ of a function rFn analytic in the upper half plane,
and that

ż

L

gnpsq

s´ x´ iy
ds “ rFnpx` iyq ´

ż

L

P´punqpsq

s´ x´ iy
ds, x P L, y ą 0.

By letting y ÞÑ 0`, and using the Sokhotski-Plemelj formula (e.g., [16] ) we obtain

P`pgnqpxq “
1

2πi
rFnpx` i0q ´ P

`P´punqpxq.

Moreover, since gn is in the range of P`, we get

gnpxq “
1

2πi
rFnpx` i0q, x P L,(19)

which shows uniqueness.
�

We remark that the recovery of P´pun|Lq is well-posed, whereas the recovery of P`pun|Lq
is ill-posed. However, in recovering P`pun|Lq we do not use the unique continuation formula
(19) but rather solve the Fredholm integral equation of first kind (15). Since the kernel is infinitely
smoothing, this amounts to inverting a compact operator, which is an ill posed problem. In practice
some regularization is necessary.

3. INVERSION IN THE NON-ATTENUATED CASE

The reconstruction ideas can be easily understood in the non-attenuated case, a ” 0, which we
treat separately.
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Let us define (the negative divergence beam in the direction ´θ)

vpz, θq :“

ż 0

´8

fpz ` sθqds, pz, θq P Ωˆ S1,(20)

so that it satisfies the transport equation

θ ¨∇zvpz, θq “ fpzq, z P Ω.(21)

Since f is supported in Ω, the trace v|Λ`
yields the X-ray transform of f on lines intersecting Λ,

vpζ, θq “ Xfpζ, θq “

ż 8

´8

fpζ ` sθqds, pζ, θq P Λ`,(22)

whereas the trace v|Λ´
“ 0.

Let vpz, θq “ vevenpz, θq ` voddpz, θq be the decomposition of θ ÞÑ vpz, θq into the even and odd
part with respect to θ, for each z P Ω. Since the trace of v on the incoming unit tangent bundle
Γ´ is zero, so are the traces of veven and vodd. Moreover, since the right hand side of (21) is an
even (constant) function of θ, then so is the left hand side, yielding θ ¨∇zvevenpz, θq “ 0. As veven
also vanish on the incoming tangent bundle it must be that veven ” 0. Therefore v “ vodd and f
depends only on the odd Fourier modes of vpz, ¨q. Furthermore, as f is real valued, then so is v,
and

vpz, θpϕqq “ 2Re

#

ÿ

nď´1

v2n`1pzqe
ip2n`1qϕ

+

.(23)

For v as in (20), let us consider the sequence valued map

Ω Q z ÞÑ vpzq :“ xv´1pzq, v´3pzq, ...y(24)

of its odd negative Fourier modes.
The connection between the Radon transform and the theory of L-analytic functions comes from

the fact that v defined above is an L-analytic map in Ω, see [5].
To reconstruct f in Ω` in this non-attenuated case, we apply Theorem 2.2 to the sequence valued

map v in (24) playing the role of u. i.e.,

un “ v2n´1, n ď 0.

As a result we now know v on ΛY L.
By using the Cauchy-Bukhgeim integral formula (8) we extend the Fourier mode v´1 from

Λ Y L to Ω`. From the uniqueness of an L-analytic map with a given trace, we recover v´1 “

Bpv|ΛYLq´1. The restriction of f in Ω` is then determined as in [5] by

f |Ω`pzq “ 2RetBv´1pzqu, z P Ω`.(25)

We note that recovery of v on L requires inversion of a compact operator (15), which is an ill
posed problem. This ill-posedness is natural, since the support theorems of both Helgason (in even
dimensions) and Boman-Quinto are based on an unique analytic continuation argument.
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4. RECONSTRUCTION IN THE ATTENUATED CASE

We assume an attenuation a P C2,αpΩq, α ą 1{2. As in [25] we start by the reduction to the
non-attenuated case via the special integrating factor e´h, where h is explicitly defined in terms of
a by

hpz, θq :“ Dapz, θq ´
1

2
pI ´ iHqRapz ¨ θK, θq,(26)

where θK is orthogonal to θ, Raps, θq “
ż 8

´8

a
`

sθK ` tθ
˘

dt is the Radon transform of the atten-

uation, and the Hilbert transform H is taken in the first variable and evaluated at s “ z¨ θK. The
function hpz, ¨q extends analytically from S1 inside the unit disk as noted by Natterrer in [17]; see
also [6, 3]. We use the properties of h summarized in the two lemmas below.

Lemma 4.1. [27, Lemma 4.1] Assume a P Cp,αpΩq, p “ 1, 2, α ą 1{2, and h defined in (26).
Then h P Cp,αpΩˆ S1q and the following hold

(i) h satisfies

θ ¨∇hpz, θq “ ´apzq, pz, θq P Ωˆ S1.(27)

(ii) h has vanishing negative Fourier modes yielding the expansions

e´hpz,θq :“
8
ÿ

k“0

αkpzqe
ikϕ, ehpz,θq :“

8
ÿ

k“0

βkpzqe
ikϕ, pz, θq P Ωˆ S1,(28)

with (iii)

z ÞÑ xα1pzq, α2pzq, α3pzq, ..., y P C
p,α
pΩ; l1q X CpΩ; l1q,

z ÞÑ xβ1pzq, β2pzq, β3pzq, ..., y P C
p,α
pΩ; l1q X CpΩ; l1q.

In our problem a is assumed known in Ω`, which yields h is known in Ω` ˆ S1. In particular,
αn and βn are known in Ω` for all n ě 0.

From (27) it is easy to see that u is the unique solution of (3) if and only if

vpz, θq “ e´hpz,θqupz, θq, pz, θq P Ωˆ S1,(29)

is the unique solution of

θ ¨∇vpz, θq “ fpzqe´hpz,θq pz, θq P Ωˆ S1,(30a)

v|Γ´
“ 0.(30b)

If upz, θq “
ř8

n“´8 unpzqe
inϕ solves (3), then its Fourier modes satisfy

Bu1pzq ` Bu´1pzq ` apzqu0pzq “ fpzq,(31)

Bunpzq ` Bun´2pzq ` apzqun´1pzq “ 0, n ď 0.(32)

If vpz, θq “
ř8

n“´8 vnpzqe
inϕ solves (30), then its Fourier modes satisfy

Bv1pzq ` Bv´1pzq “ α0pzqfpzq,

Bvnpzq ` Bvn´2pzq “ 0, n ď 0,(33)

where α0 is the Fourier mode in (28).
The connection between (32) and (33) is intrinsic to negative Fourier modes only:
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Lemma 4.2. [27, Lemma 4.2] Assume a P C1,αpΩq, α ą 1{2.
(i) Let v “ xv0, v´1, v´2, ...y P C

1pΩ, l1q satisfy (33), and u “ xu0, u´1, u´2, ...y be defined
componentwise by the convolution

un :“
8
ÿ

j“0

βjvn´j, n ď 0.(34)

where β1js are the Fourier modes in (28). Then u P C1pΩ, l1q solves (32).
(ii) Conversely, let u “ xu0, u´1, u´2, ...y P C

1pΩ, l1q satisfy (32), and v “ xv0, v´1, v´2, ...y be
defined componentwise by the convolution

vn :“
8
ÿ

j“0

αjun´j, n ď 0.(35)

where α1js are the Fourier modes in (28). Then v P C1pΩ, l1q solves (33).

4.1. Proof of the Theorem 1.1. Recall that

upz, θq “
8
ÿ

n“´8

unpzqe
inϕ and vpz, θq “

8
ÿ

n“´8

vnpzqe
inϕ

are the solution in Ω ˆ S1 to the boundary value problem (3), respectively (30), with v “ e´hu.
Let u “ xu0, u´1, u´2, ...y be the sequence valued map of non-positive Fourier modes of u, and
let vodd “ xv´1, v´3, v´5, ...y, veven “ xv0, v´2, v´4, ...y be the subsequences of negative odd,
respectively, even Fourier modes of v.

Since f P C2,α
0 pΩq and a P C2,αpΩq, then u, h, v P C2,αpΩ ˆ S1q. The traces u|BΩ`ˆS1P

C2,αpBΩ`;C2,αpS1qq and v|BΩ`ˆS1P C2,αpBΩ`;C2,αpS1qq. By applying Proposition 2.1 (ii) we
obtain u,veven,vodd P YαpBΩ

`q where Yα is defined in (6).
By (4), the attenuated X-ray transform Xaf on Λ` determines u on Λ. By formula (35), u|Λ

determines the traces vodd|ΛP YαpΛq and veven|ΛP YαpΛq on Λ.
The equations (33) show that vodd and veven are L-analytic in Ω, thus in Ω`. By applying

Theorem 2.2 to vodd|ΛP YαpΛq we recover the trace vodd|L on L. Similarly, we recover the trace
veven|L on L.

The Cauchy-Bukhgeim integral formula (8) extends vodd and veven from Λ Y L to Ω` as L-
analytic maps. From the uniqueness of an L-analytic map with a given trace, we recovered

vevenpzq “ Brveven|ΛYLspzq, and voddpzq “ Brvodd|ΛYLspzq, z P Ω`.

Thus v “ xv0, v´1, v´2, v´3, ...y is recovered in Ω`.
Now use the convolution formula (34) for n “ 0 and ´1 to recover u0 and u´1 in Ω`.
Finally, f is reconstructed in Ω` by

f |Ω`pzq “ 2RetBu´1pzqu ` apzqu0pzq, z P Ω`.(36)
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[24] H. Rullgård, Stability of the inverse problem for the attenuated Radon transform with 180˝ data, Inverse Problems

20(2004), 781–797.
[25] K. Sadiq and A. Tamasan, On the range of the attenuated Radon transform in strictly convex sets, Trans. Amer.

Math. Soc., 367(8) (2015), 5375–5398.
[26] K. Sadiq and A. Tamasan, On the range characterization of the two dimensional attenuated Doppler transform,

SIAM J. Math.Anal., 47(3) (2015), 2001–2021.
[27] K. Sadiq, O. Scherzer, and A. Tamasan, On the X-ray transform of planar symmetric 2-tensors, J. Math. Anal.

Appl. 442(1) (2016), 31–49.
[28] V. A. Sharafutdinov, Integral geometry of tensor fields, VSP, Utrecht, 1994.
[29] V. A. Sharafutdinov, The finiteness theorem for the ray transform on a Riemannian manifold, Inverse Problems

11 (1995), pp. 1039-1050.



10 KAMRAN SADIQ AND ALEXANDRU TAMASAN

[30] M. Salo and G. Uhlmann, The attenuated ray transform on simple surfaces, J. Differential Geom. 88 (2011), no.
1, 161-187.

[31] P. Stefanov, G. Uhlmann, and A. Vasy, Local and global boundary rigidity and the geodesic X-ray transform in
the normal gauge, preprint, arXiv:1702.03638v2, (2017).

[32] A. Tamasan, Optical tomography in weakly anisotropic scattering media, Contemporary Mathematics 333
(2003), 199–207.

[33] A. Tamasan, Tomographic reconstruction of vector fields in variable background media Inverse Problems 23
(2007), 2197–2205.

[34] G. Uhlmann and A. Vasy, The inverse problem for the local geodesic ray transform, Invent. Math., 205 (2016),
83–120.

JOHANN RADON INSTITUTE OF COMPUTATIONAL AND APPLIED MATHEMATICS (RICAM), ALTENBERGER-
STRASSE 69, 4040 LINZ, AUSTRIA

E-mail address: kamran.sadiq@ricam.oeaw.ac.at

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CENTRAL FLORIDA, ORLANDO, 32816 FLORIDA, USA
E-mail address: tamasan@math.ucf.edu


