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Abstract

We analyze an algorithm for the calculation of travelling water waves in flows
with constant and variable vorticity. The algorithm is based on numerical continua-
tion techniques, which are suitably adapted to the water wave problem. Numerical
examples illustrate the performance of the algorithm for flows of constant vorticity,
where the results are compared with the literature. We observe agreement with
already existing results, but we also have some new qualitative and quantitative
results considering the characteristics of the water waves both for constant and
variable vorticity.

Keywords: Travelling water waves, vorticity, pressure, stagnation, numerical con-
tinuation.

1 Introduction

We are studying two-dimensional waves travelling at constant speed c, for different
vorticities. This problem has practical interest because it is related with the detection
of non-uniform underlying currents from the surface wave pattern. The characterization
‘travelling’ means that in a two-dimensional frame moving with the constant speed c, the
flow pattern — and, in particular, the shape of the surface of the fluid — does not change
over time. Two-dimensionality means that the waves propagate in a fixed horizontal
direction and the flow presents no variation in the horizontal direction orthogonal to the
direction of wave propagation. For this reason, it suffices to analyse a vertical cross-
section of the flow, parallel to the direction of wave propagation. To model sea waves
of large amplitude the assumptions of inviscid flow in a fluid of constant density are
appropriate and the effects of surface tension are negligible – see the discussion in [11].

It is worth highlighting the physical importance of flows with vorticity in modelling
wave-current interactions; general discussions of the physical implications of rotational
flow may be found in the references [11] and [53]. Recent studies have pointed out that
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periodic travelling waves which propagate at the surface of water with a flat bed in a
flow of constant vorticity must be symmetric if no flow-reversal occurs and if the wave
profile is monotone between successive crests and troughs, see [13, 14]. This means that
an underlying non-uniform current of constant vorticity does not break the symmetry
of irrotational wave trains. Thus, following this formulation, we make the assumption
of no flow-reversal in this work: In the absence of flow reversal, the approach developed
in [15] ensures the real-analyticity of all the streamlines; see also the discussion in the
survey [29]. In contrast to this, the available results on regularity for flow reversal (case
in which critical layers appear) are merely of class C∞, see the results in [21].

Prior to the establishment of any analytically rigorous mathematical results, numer-
ical investigations for large amplitude waves with vorticity, were initiated by the seminal
papers [50] and [22] for the infinite, and finite, depth cases respectively. Indeed, due
to significant technical complications, rigorous mathematical analysis establishing the
existence of large amplitude water waves has only recently been achieved. In the case
of irrotational waves this was achieved by the work of Toland and collaborators (where
[6, 52] represent nice surveys of this topic), and for waves with vorticity, following the
seminal paper [18], the existence of large amplitude waves was established for various
physical generalisations in [33, 35, 43, 58].

In this work, we follow the analytical formulation derived in [18], and reviewed in
several other works, see for example [51, 17]. In this approach, the curve of solutions is
extensively analyzed and a crucial ingredient is the existence of a branch of the bifur-
cating diagram, which contains flows beneath genuine waves1. In particular, this branch
starts from a special laminar solution, the existence of which is connected with the
so-called dispersion relation; this curve may be continued, using arguments from bifur-
cation theory, to a global continuum which contains at the limit a flow with a stagnation
point. The characteristic of the latter wave is that its horizontal velocity approaches the
constant speed of propagation c, being related to waves of maximal amplitude, hence
providing the analogue to the Stokes’ extreme wave. Computations which are based on
this approach are performed in [39, 38], with several interesting results which agree with
the relevant analytical predictions. Among the most important results of those works
we point out the following: The stagnation can occur, not only at the crest, but also at
the point on the bottom directly below the crest. Along the bifurcation curve, for fixed
relative mass flux2 p0, the amplitude of the wave is increasing, the depth d varies only
slightly and the hydraulic head3 Q has (in general) one turning point. Furthermore, the
waves of maximal amplitude are obtained at the end of the bifurcation curve and the
maximal amplitude is an increasing function of |p0|, in the case of constant vorticity. Fi-
nally, the shapes of the streamlines of the extreme waves depend on the vorticity, which
is a result observed also in several numerical works and indicates the importance of the
effect that the vorticity has on the features of water waves.

In our work, we analyze a numerical continuation approach tailor-made for the above
1In the sense that they are not of zero amplitude.
2The flux p0 is defined in (9).
3This quantity, being indicative of the total mechanical energy of the wave, is defined in (12).
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described mathematical formulation, enriched with techniques appropriate to overcome
some particular obstacles of this problem (turning points, bifurcation points and stag-
nation points). The idea on reconstructing the bifurcation branch described in [18], via
numerical continuation techniques, was introduced in [39]. In our algorithm, among
other techniques which are described in more detail in section 4, we make explicit usage
of analytical results obtained in [18] — instead of evaluating numerically the relevant
features, through the solution of an eigenvalue problem. In more detail:

• The explicit position of the bifurcation point, which is the starting point of our
iterative numerical scheme is obtained analytically through [18], [17] and [37] for
different cases of vorticity.

• Starting from the above point, the favourable direction for the numerical continua-
tion, which will lead to the reconstruction of the branch containing the non-laminar
flows (as opposed to the trivial one), is obtained analytically in [18], [16] and [37],
for the different cases of vorticity.

• The careful refining of the mesh described in section 4 allows for the computation
of waves closer to stagnation than the ones obtained in [39].

• The adaptation (described in section 3) of the numerical continuation technique
on this formulation of the water wave problem allows the systematic study of the
main features of the wave and the improvement of the algorithm; as examples we
note the adaptation of the step-size in the ‘predictor stage’ of our method and the
interchange of the continuation parameter.

This has as a result an efficient and inexpensive algorithm, which, additionally, gives rise
to new parts of the interesting branch of the bifurcation diagram, i.e. to families of waves
with novel characteristics, see for example Section 4.2. Furthermore, we find agreement
with already existing numerical results while observing additional characteristics close to
stagnation, which in some cases is important enough to give an additional understanding
on the solutions of the problem. Finally, in order to show the generality of our algorithm,
we compute some cases of continuous and non-constant vorticity; this results in, also,
an interesting family of water waves, which is depicted in Figures 23-24.

We find worth-mentioning a series of computational works, for example [45, 55,
56, 46, 32], which are based on a different mathematical formulation of the problem.
In particular, they are based on the analysis of [23, 2]; see also [4, 31] and [30] for
extending the latter work in a domain with fixed and moving bottom, respectively. One
can observe that our computational results are in qualitative agreement with results of
the above-mentioned works.

In the recent work [47] an extensive numerical study of periodic travelling water
waves is made. This work is based on a conformal mapping which is described also in
[7, 44] and their results are obtained through a combination of analytical techniques and
spectral methods. This approach has the advantage over our work that the computation
of waves with stagnation points (both on the boundary and in the interior) are possible.
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On the other hand this approach treats only the case of constant vorticity; one could find
potential on extending this work to general vorticity using the analysis of [57] and [27].
Our approach, although having the disadvantage on stagnation points, provides results
for more general distributions of vorticity; as an example we provide some examples
in section 4.3. Moreover, our computation reveals some interesting behaviour of the
pressure for a particular family of waves which is discussed in Section 4.2 and it is novel,
up to our knowledge. Even though that for waves that do not have stagnation points
there is qualitative agreement between our work and the above-mentioned one, the most
interesting cases of that work involves waves with internal stagnation (which we do not
compute). Finally, the rigorous and exact correspondence of these two formulations –
the conformal mapping used in [47] and the semi-hodograph transformation used in [18]
and here – is still an open question.

The paper is organised as follows: In section 2, we make a brief review of the mathe-
matical formulation of the problem. In section 3, we present the numerical continuation
method, which we employ in order to compute the water waves along the bifurcating
curves. In section 4, we present the numerical results of the above procedure and we
discuss the special characteristics of the waves, depending on the different values of con-
stant vorticity. Moreover, in order to show the generality of our algorithm, we present
the relevant results for some case that the vorticity is not constant; in these examples
the vorticity varies linearly, as well as quadratically, with respect to the stream function.
In particular, we illustrate the wave profiles, as well as other characteristics such as
the velocity profile and the pressure throughout the fluid. The knowledge of these flow
characteristics is very useful in qualitative studies, see [10, 20]. Moreover, in practice
information on the state of the sea surface is often gathered from subsurface pressure
and/or velocity measurements; we refer to the discussions in [8, 9, 12, 33, 40, 46].

2 The basic equations and terminology

In this section we present the governing equations for periodic two-dimensional travelling
water waves in flows of constant and variable vorticity over a flat bed.

Let us denote the height function of the wave above the flat bottom by h(q, p). This
function satisfies the nonlinear boundary value problem, defined by (1)-(3). We omit
here the derivation of (1)-(3) from the physical problem which was described in the
Introduction. Instead, for the derivation of the constitutive equations (1)-(3) and the
mathematical formulation of the problem we refer to [18, 51] for a detailed construction,
to [17, 39] for an extended review and to [16, 36] for a brief review.

Definition 1. The constitutive equations for the height function h(q, p), which is even
and 2L-periodic in q, are the following:
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(1 + h2
q)hpp − 2hphqhqp + h2

phqq − γ(−p)h3
p = 0 in R, (1)

1 + h2
q + (2gh−Q)h2

p = 0 for p = 0, (2)
h = 0 for p = p0, (3)

where R is the rectangle defined by

R = {(q, p) : −L < q < L, p0 < p < 0}. (4)

Moreover, the free boundary of the wave is given by the expression h(q, 0).

In this equation γ denotes the vorticity as defined in (7), which is assumed a known
function, being indicative of underlying currents. Vanishing vorticity is the property
typical of uniform currents and a constant vorticity characterizes linearly sheared cur-
rents. We also recall that g is the gravitational constant of acceleration, and p0 is the
relative mass flux as defined in (9), and it is a constant, too. The parameter Q is called
the hydraulic head, it plays an important role in the profile of the waves, and is defined
in (12).

For the justification of the q evenness and periodicity of the water waves we refer to
the discussion in [13, 14]. Moreover, without loss of generality, me make the assumption
that the crest is at q = 0 and the trough at q = L. Thus, we define the wave height as
the maximal variation of the oscillations of the free surface, given by

a := max
q∈[−L,L]

h(q, 0)− min
q∈[−L,L]

h(q, 0) = h(0, 0)− h(L, 0). (5)

Following the methodology of [36], below we provide the sufficient terminology for
the fundamental boundary value problem (1)-(3).

Basic terminology

In the description of the physical problem in the Introduction, we emphasized the fact
that we are studying two-dimensional waves travelling at constant speed c. Moreover,
we made the assumption of no flow-reversals and no surface tension.

We denote:

• The free boundary of the wave by

S =
{
(x, y) : −L < x < L and y = η(x)

}
,

• The flat bottom by

B =
{
(x, y) : −L < x < L and y = −d

}
,

with d > 0, for the normalized wavelength 2L.
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• The velocity field of the flow by (
u(x, y), v(x, y)

)
,

with (x, y) ∈ D, where

D =
{
(x, y) : −L < x < L and − d < y < η(x)

}
.

• The pressure in the fluid by P (x, y), with (x, y) ∈ D. Neglecting the effects of
surface tension we impose that the water pressure is constant on S, P (x, η(x)) =
Patm, where Patm is the atmospheric pressure.

The assumption of no flow-reversals, which also excludes stagnation point throughout
the fluid domain, is formulated as the condition

u < c throughout the fluid. (6)

Let us recall the following definitions:

• The vorticity of the flow is defined by

γ := uy − vx. (7)

Furthermore, we define the following function

Γ(p) :=
∫ p

0
γ(−s)ds, (8)

which is useful for describing other quantities of the problem.

• The relative mass flux4 is defined by

p0 :=
∫ η(x)

−d

(
u(x, y)− c

)
dy < 0, (9)

which in fact is independent of x, see [17]. Moreover, condition (6) shows that p0
is negative. This relation shows that the amount of water passing any vertical line
is constant throughout D.

• The stream function ψ(x, y) is defined as the unique solution of the differential
equations

ψx = −v, ψy = u− c in D , (10)

subject to
ψ(x,−d) = −p0 . (11)

4The terminology ‘relative’ is due to the fact that (u − c) is the relative horizontal velocity of the
flow, with reference to the moving frame at speed c.
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• The hydraulic head, which is constant throughout the fluid, and denoted by Q, is
defined by

Q := (u− c)2 + v2 + 2g(y + d) + 2(P − Patm) + 2Γ(−ψ), (12)

where Γ was defined in (8). Indeed, it is proven in [18] and in [17], that the
expression

(u− c)2 + v2

2 + gy + P + Γ(−ψ)

is a constant throughout D, thus the expression in (12) is constant, too; this is a
form of conservation of energy.

The Dubreil-Jacotin transformation, see Figure 1, maps the unknown domain D
to the rectangle R, defined in (4). The independent variables as they appear in the
Dubreil-Jacotin transformation [25] are

q = x, p = −ψ.

x

y

−L L

η(x)

−d

q = x
p = −ψ

q

p

−L L

0

p0

Figure 1: Dubreil-Jacotin transformation

Finally, we recall that:

• The height function h(q, p) is defined by

h := y(q, p) + d, (13)

where y is assumed to depend implicitly on new semi-Lagrangian q, p−variables.

• The velocity field is given by

(c− u, v) =
(

1
hp
,−hq

hp

)
. (14)

• The water pressure is given by

P = Patm −
1 + h2

q

2h2
p

− gh− Γ(p) + Q

2 , (15)

with Γ being defined in (8).
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• The coordinates are chosen such that the mean-water level is located at y = 0;

then
∫ L

−L
η(x)dx = 0 and accordingly, from the definition of h, the mean-depth of

the fluid is recovered by the expression

d = 1
2L

∫ L

−L
h(q, 0)dq. (16)

Remark 1. The mean-depth of the fluid can only be recovered a posteriori following
bifurcation from the standard Dubreil-Jacotin formulation of the water wave problem –
indeed, in [39] it was shown that the depth d varies along the bifurcation continuum;
similar results are presented also here in Figure 15.

A novel approach to overcome this issue was initiated in [33, 34]. Based on this
formulation one may proceed through a similar numerical continuation technique and
compute families of non-laminar water waves of fixed depth, where the relative mass flux
p0 will be varying. We consider this a very fruitful approach in order to see, among other
interesting features, how the variation of the quantity p0 will affect important character-
istics of waves. In our opinion, a systematic numerical study of this formulation, can be
presented independently of the current work and certainly deserves an article of similar
length of this one. Recalling that in our computations, waves of maximal amplitude are
obtained at the limiting points of the bifurcation curve, we observe that maximal ampli-
tude increases as |p0| increases. For a brief overview on the influence of p0 on the wave
characteristics we refer to Remark 2 in Section 4.2.

3 Numerical Continuation

Discretization of (1)–(3) leads to a system of nonlinear equations

F (θ,h) = 0 (17)

with a given mapping F : R×RN → RN and unknowns h ∈ RN and θ ∈ R. To overcome
the two major problems in solving (17), the underdetermined system and the need for a
good initial guess, we employ a numerical continuation strategy. We consider the case
that at least one solution is known and the goal is to compute additional solutions.
Parametrization of the solution curve and fixing the step size results in a well defined
problem and the known solutions are used to predict an initial guess. As a corrector we
use a Newton algorithm to solve the system of nonlinear equations.

This section gives a short introduction into this topic, putting it in a more general
frame, but also giving some specific details of the problem, where needed. For a more
elaborate study we refer to [3, 24].

3.1 Predictor Corrector method

Let C be the set of all pairs satisfying (17) and (θk,hk) ∈ C a known solution, then the
problem is to find a new solution

F (θk+1,hk+1) = 0.
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Since this is an underdetermined system we first have to find an additional equation.
Assume that a parametrization of the solution curve C in a neighbourhood of (θk,hk) is
given such that

F (θ(s),h(s)) = 0 for |s| < s0,

θ(0) = θk and h(0) = hk,

for some s0 > 0. Using the equation p(θ,h, s) = 0 to describe the above parametrization,
we can append this to (17) for a fixed step size s resulting in(

F (θk+1,hk+1)
p(θk+1,hk+1, s)

)
=
(

0
0

)
. (18)

The existence and uniqueness of a solution to (18) depends on the choice of p and the
solution set C. We now discuss two choices for p and properties of the resulting systems.

Parametrization of C by θ is called natural parametrization and equates to fixing the
value of θ. The corresponding function is

p(θ,h, s) = θ − (θk + s). (19)

In a similar way, instead of θ we can choose any entry of h as parameter. Let i be an
index of h, then the so called local parametrization is given by

p(θ,h, s) = h[i]− (hk[i] + s).

Figure 2 shows both these parametrizations on a bifurcation diagram that plots (θ,h[i])
for all solutions in C. Additionally to C the line of all pairs (θ,h) satisfying p(θ,h, s) = 0
is also plotted, the solution we seek is the intersection of these two lines. The existence
and uniqueness of such an intersection depends on C and the choice of s. In the example
C has a turning point in θ, so there exists no solution pair that satisfies the natural
parametrization if s is too large. Indeed, if the current solution is exactly on the turning
point, there exists no s0 > 0 such that (19) describes a parametrization of C. In such
a case, one way to proceed with the numerical continuation is by parametrizing with
respect to another characteristic such that the bifurcation curve does not have a turning
point, in the given example h[i].

For our model problem (1)–(3) it proved most effective to parametrize by the entry
of h corresponding to the highest point of the wave. The considered solution curves C
are monotonous in this parameter and thus have no turning points with respect to this
parametrization.

The predictor is the initial guess for the Newton scheme and will be denoted as
(θ(0)
k+1,h

(0)
k+1). Of the many predictors described in literature we only briefly introduce

two, the trivial and secant predictor

(θ(0)
k+1,h

(0)
k+1) := (θk + s(0),hk),

(θ(0)
k+1,h

(0)
k+1) := (θk,hk) + s(0)(θk − θk−1,hk − hk−1).

The value s(0) is chosen such that the parametrization equation is satisfied.
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h[i]

θ

(θk,hk)

(θk+1,hk+1)

s

h[i]

θ

(θk,hk)

(θk+1,hk+1)
s

Figure 2: Natural and local parametrization

3.2 Bifurcation and turning points

Along the solution curve C, two kind of points are of special interest. A turning point is
illustrated in Figure 2 and means that locally there are two solutions below some value
of θ and none above or vice versa. A point along C where two or more solution branches
intersect is called a bifurcation point.

Let (θk,hk) be a solution of (17). The point is called regular if the Jacobian (Fθ|Fh) ∈
RN×N+1 has full rank N . Near a regular point, C can be uniquely described by a one
dimensional branch of solutions [24].

The full rank condition implies that at a regular point it must hold either rank (Fh) =
N or rank (Fh) = N − 1 and Fθ /∈ range (Fh). In the first case the branch of solution
near (θk,hk) can be parametrized by θ [3]. The second case describes the situation
of a turning point in θ, so even though C can be uniquely parametrized, θ is not the
proper parameter. At last, if a point is not a regular point, then at least two branches
of solutions intersect at this point.

While traversing along the bifurcation curve, it is important not to miss bifurcation
points, we restrict our considerations to simple bifurcation points. For this we define
a test function τ with the properties that τ(θ∗,h∗) = 0 on a bifurcation point and
τ(θ+,h+)τ(θ−,h−) < 0 if the two points are separated by a bifurcation point. One
choice for a test function is the sign of the determinant of the Jacobian

τ(θ,h) := sign
(
det

(
F ′(θ,h)

))
,

which is readily available if the linear system appearing in the Newton algorithm is
solved via LU–decomposition. This and other test functions, such as the eigenvalue of
smallest magnitude, are discussed in [49].

3.3 Bifurcation from the laminar flow

The numerical continuation method assumes that at least one solution of (17) is given.
How to find this solution is problem–dependent and often includes a certain choice for
the value of θ to facilitate the solution of the resulting system. Here we discuss how this
can be done for the equations (1)–(3) arising from traveling water waves.
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First we consider solutions H that are q-independent and correspond to parallel shear
flows. These solutions H(p) are called laminar waves and solve

Hpp − γ(−p)H3
p = 0 in R,

1 + (2gH −Q)H2
p = 0 for p = 0,
H = 0 for p = p0.

For general vorticity, the laminar flow is given by

H(p;λ) =
∫ p

p0

1√
λ− 2Γ(s)

ds,

where λ satisfies the relation

Q = λ+ 2g
∫ 0

p0

dp√
λ− 2Γ(p)

,

with Γ defined by (8). For some vorticity functions, for example γ(p) constant or linear,
solutions of this system are known analytically [16, 18, 37].

The above formulae give, not only one, but many solutions, in particular, we define
the curve that contains the laminar flows

T = {(Q(λ), H(p;λ)) : λ > 0} .

However, if we are to compute nonlaminar solutions, we need more information. Indeed,
in [18] it was proven that near this curve, as the parameter λ varies, there are generally
no genuine waves, except at some critical values λ = λ∗, which can be determined by
the following procedure.

Define the linearized height function hL = H + bm with b ∈ R+ and m chosen such
that hL solves (1)–(3) up to an error of order O(b2). This leads to the linearized system

mpp +H2
pmqq = 3γH2

pmp in R,

gm = λ3/2mp for p = 0,
m = 0 for p = p0,

with the appropriate periodicity conditions in the q variable. For general values of λ > 0
the linearized system will only have the trivial solution m ≡ 0. In order to obtain
non-trivial solutions m(q, p) of the above system we make usage of the so-called ‘disper-
sion relation’; for the water waves this is a consistency relation which is determined by
the critical bifurcation values of the parameter λ = λ∗, see [11, 18]. For some choices
of vorticity, including constant and linear, the dispersion relation as well as analytical
forms for m are known [16, 37]. Moreover, in [18] it was proven that

(
Q(λ∗), H(p;λ∗)

)
is a bifurcation point on the curve T , from where a curve that contains non-laminar
flows arises, with Q being the global bifurcation parameter. This reads as a mapping
Q 7→ h(q, p;Q) such that hq 6≡ 0 unless h = H(p;λ∗). Furthermore, this curve may
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be continued, using arguments from analytic global bifurcation theory [6], to a global
continuum which contains at the limit a flow with a stagnation point; such a flow is
analogous to the Stokes’ wave of greatest height, or Stokes’ extreme wave, in the irro-
tational setting [6, 11]; we denote the value of the bifurcating parameter at this flow by
Q = QM .

Let b be fixed, then hL is a predictor for a solution on the bifurcation branch. Note
that a too small b will urge the corrector to converge to a laminar wave while a too big b
can result in a diverging corrector step. In our experience, the choice b = s with a small
enough s leads to convergence to the nonlaminar branch.

Higher than first order approximations for h are known [16, 36] but a first order
expansion is sufficient to bifurcate from the curve of laminar flows.

4 Numerical results

For the numerical examples, we fix the values of the parameters

g = 9.8, L = π, and p0 = −2.

This choice of parameters is made accordingly to the one in [38]; we make this choice
for allowing the comparison with the results displayed therein. From the particular
choice of parameters the one that is of interest is the choice of the value of the relative
mass flux p0. We refer to the discussion in Remarks 1 and 2, for the influence of the
choice of other values of p0.

As in [38, 39] we discretize the system (1)–(3) by a second order finite difference
scheme resulting in a system of nonlinear equations of the form (17). Instead of dis-
cretizing the whole domain [−π, π] × [p0, 0] we exploit that h is an even function and
only consider [−π, 0] × [p0, 0], reducing the computational cost. In the interior and at
the boundary q = −π, we used central schemes to approximate the derivatives of h. In
order to be able to do this we expanded the solution beyond the left border by mirroring
along q = −π. This procedure was motivated by the periodicity of h and the expected
regularity at q = −π. At the border q = 0 such regularity assumptions are not satisfied,
in particular close to a stagnation point, so we used backward difference schemes in q
and a central scheme in p. Vice versa, we used a forward scheme in p and a central
scheme in q on the top of the boundary.

The described algorithm was implemented using PETSc [5] for assembling and solv-
ing the non-linear systems. The computational domain is discretized by a equidistant
400 × 400 grid and then additionally refined where stagnation points and thus weaker
regularities are expected. From theoretical [19] and numerical [38, 39] results and tests
with equidistant grid points we know that the first encountered stagnation point is below
the crest of the wave either on the top or on the bottom. To account for both these
cases, we refine at the top and the bottom which results in a mesh with 460× 580 grid
points. At the expected stagnation points the mesh size is 8 times smaller than it was
for the equidistant grid.
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Figure 3: Newton Iterations.

Moreover, for the case of constant vorticity, in [38, 39], a critical (numerical) value
of the parameter γ appears, denoted as γcrit, which distinguishes the above two cases.
In particular, if γ > γcrit the stagnation point appears in the top, whereas, if γ < γcrit,
the stagnation point appears at the bottom of the fluid5. The computed waves, in this
section, demonstrate different characteristics below and above a critical vorticity which
is, for the above choice of parameters, γcrit ≈ −2.971. We emphasize the fact that we
obtain, also, some new qualitative results, compared with [38]; these are discussed in
Section 4.2.

The natural choice for the bifurcation parameter θ is Q when we assume all other
parameters to be fixed. For most of our computations we used this parameter. Note
that for waves of constant vorticity we can alternatively fix Q and choose γ to be the
bifurcation parameter. This choice can be beneficial and we will discuss one such case
in Section 4.2.

Considering the validation of our algorithm, we first illustrate the performance of
the corrector step to solve (18), for which we employ a Newton algorithm and stop
when the residual is below 10−12. Figure 3 shows for one exemplary wave the residual
of the cost function (18) and the Cauchy error where we compare two solution of two
successive Newton steps. We note that this strategy is in accordance with the common
practice in the error analysis of this problem, see for example [56]. Furthermore, we
have performed the same error tests for some example (laminar flow), for which we have
the a priori knowledge of the analytical expression of the solution. The results show the
same behaviour of our algorithm as in Figures 3.

The number of necessary Newton steps depends on various factors, mainly the pre-
dictor model and the step size. We used the secant predictor which reduced the necessary
Newton steps in contrast to the trivial predictor in most cases by one to two. While

5Here, we have taken into consideration the difference of the sign of the vorticity between the above
references and our work.
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smaller step sizes decrease the necessary Newton iterations, the need for more predictor-
corrector steps far outweighs the savings in Newton steps. On the other hand, too large
step sizes can lead to a diverging corrector step, either because of a bad initial guess or
an unsolvable system. One strategy that works well for most computations is an initial
step size s ≈ 0.1 which is multiplied by a factor 1

3 if the corrector step does not converge.
The number of necessary Newton steps for the presented results is between 4 to 6 once
on the non-laminar branch and 7 to 9 for the bifurcation from the laminar branch.

Figure 4 shows the Cauchy error for different values of constant vorticity and wave
height. Here the Cauchy error is the difference of two solutions hN and hN/2 where the
sub index denotes the degrees of freedom used to discretize the free boundary. A de-
creasing Cauchy error indicates that the computed approximation is mesh independent.
We see that the Cauchy error behaves similarly for all four considered cases and only
varies in the absolute value. Note that for the irrotational case (γ = 0) the wave height
0.5 is already 97.7% of the maximal observed wave height and close to the stagnating
wave.

These results support the claim that the algorithm presented in [39, 38], which our
work is based on, provides a reliable way to compute waves of large amplitude and
our improvements, like finer grading of the mesh, lead to a better approximation, thus
allowing for computations closer to stagnating waves. Choosing the residual threshold
10−12, in accordance6 with other numerical studies on water waves [41, 42], ensures
that solving the non-linear system does not introduce dominant errors. Being not the
main scope of this work to present an algorithm performing with substantially better
accuracy on computing the well studied (irrotational) Stokes’ wave, we construct an

6The deviation of the Bernoulli constant in [41] is of the order 10−10 while in our computations it is
of order 10−12.
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Figure 5: The Stokes’ wave for γ = 0 (obtained at Q = QM ) and its bifurcation diagram.

algorithm which improves on [39, 38] and is quite general in the computation of waves
with non-constant vorticity.

4.1 Vorticity above the critical value

Recall that the linearized height function

hL(q, p) = H(p) + bm(q, p)

is, for a proper step size b = s, a predictor for a solution on the non-laminar branch.
Referring to [18, 36], for constant vorticity,

γ(−p) ≡ γ,

the laminar solution is given by

H(p) = 2(p− p0)√
λ∗ − 2γp+

√
λ∗ − 2γp0

, p0 ≤ p ≤ 0,

where λ∗ satisfies the dispersion relation

λ

g − γ
√
λ

+ tanh
(

2p0√
λ+
√
λ− 2p0γ

)
= 0.
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(a) γ = γcrit at QG (b) γ = γ` at QM

Figure 10: Contourplot of the pressure in the physical domain.

Furthermore, the function m(q, p) is given by

m(q, p) =
√
λ∗ − 2p0γ√
λ∗ − 2pγ

sinh
(
H(p)

)
cos q, p0 ≤ p ≤ 0, −π ≤ q ≤ π.

Thus, now, we can perform the numerical continuation approach that was described
above, using as an initial guess the linearized height function. For γ > γcrit the first
observed stagnation point appears at the top of the wave. Such a stagnation point
breaks the proposed algorithm since it violates the assumption c − u > 0 and leads to
weaker regularity of h. As a stopping indicator we choose the minimum of c− u which
measures how close to a stagnation we are. We denote a wave as a stagnating wave
once c− u reaches 5% of its initial value at the laminar wave H. The magnitude of this
threshold is in accordance with the literature, and in general smaller in our computation,
allowing us to compute waves closer to stagnation and of larger wave height. We recall
here, that once the profile of the wave h(q, p) is computed, then the quantity c − u is
readily available by equation (14).

Since all waves for γ > γcrit show the same characteristic we only discuss one example
in detail and give some remarks on the influence of γ. Figure 5 shows the famous Stokes’
wave of greatest height, i.e. the limiting wave for γ = 0, which is obtained for Q = QM .
At first we present a plot of the streamlines, which show the characteristic 120◦ degree
angle occurring at the stagnation point at the wave crest; each streamline is defined by
[p = constant], with this constant taking values in the interval [p0, 0]. With the same
technique, we depict v, which is the vertical part of the velocity field, given by (14).
Finally, we plot the bifurcating curve C for which we observed two turning points in Q,
which is a novel characteristic of C. It is interesting that the second picture in Figure 5
concurs with a quite surprising conjecture stating that, of all regular irrotational waves,
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whereas the wave of greatest height is indeed the highest travelling wave, it does not
actually maximise other physical quantities inherent to such waves: it is not the fastest,
or most impulsive, or most energetic (as represented here by Q). This was also first
observed by way of numerical investigations, cf. [48].

The appearance of two turning points in Q and a monotonously increasing wave
height along the solution curve is observed for all constant vorticities γ > γcrit. The
value of γ does have a significant influence on the stagnating waves. Indeed, in Figure 6
we present the profiles for the waves of maximal amplitude which are obtained for the
value of hydraulic head Q = QM . We observe the following characteristics for the wave
profile:

• The wave height decreases, as the vorticity γ gets larger.

• The shape of the wave changes with the vorticity; the crest becomes sharper and
the trough wider and flatter as the vorticity increases. For some interesting rigorous
mathematical treatment of extreme waves, or wave with stagnation points, which
possess an underlying vorticity we refer to [19, 54].

Furthermore, in Figure 7 we present the results for the speed (c−u) below the crest, for
the maximal waves obtained for each value of constant vorticity and whose wave profiles
were presented in Figure 6, respectively; these results display qualitatively different
distribution of the speed (c−u) below the crest, which becomes more transparent closer
to the bottom of the flow.
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4.2 Critical vorticity and below

The presented procedure does not compute a maximal wave with a sharp angle at the
top for all constant vorticities. In particular, if the vorticity is below γcrit, it breaks down
earlier. This behaviour was also observed in [38, 39] and attributed to a stagnation point
at the bottom of the wave. An indication for this, is the value of (c− u) at the bottom
right below the crest which is close to zero, see Figure 7. This value is denoted by
(c− u)B, and is readily available, once the wave is computed, from the expression

(c− u)B = 1
hp (0, p0) .

A more detailed consideration revealed that for vorticities close to but greater than
the critical value, (c − u)B has a minimum inside the bifurcation curve C. Indeed, in
Figure 12, we observe this behaviour of (c−u)B as a function of the continuation param-
eter, for two different values of vorticity. It is worth-mentioning that this behaviour of
(c−u)B is common for all constant vorticities we considered. This observation motivated
the idea that for vorticities smaller than the critical value, (c− u) at the bottom should
increase after the presumptive stagnation point, and thus the corresponding wave be
computable with the presented algorithm.

The major obstacle in computing these waves is that intermediate steps along C are
not computable. Instead, we consider some γ0 above the critical value and compute the
solution with maximum value of Q along Cγ0 . Then we fix Q and instead consider γ as
the bifurcation parameter, looking for a solution for γ1 < γcrit < γ0. Now we switch
back to Q as the bifurcation parameter and compute the upper section of Cγ1 , bounded
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Figure 13: Numerical continuation via Q and γ combined

above by the wave of maximal wave height and below by the wave with the stagnation
point at the bottom. This procedure is sketched in Figure 13.

Numerical experiments show that this approach works and that waves with stagna-
tion point at the top exist even for vorticities below the critical value, see Figure 14.
The results also show that the non-computable section of C grows larger even for small
changes in γ. We emphasize the fact that this section of C is bounded, below and above,
by two values of the bifurcation parameter Q, which give two different waves with stag-
nation points at the bottom; in Figure 16 we observe that the second wave is larger and
steeper. Soon, the computable upper section of C becomes too small and it is practically
incomputable with this scheme; the last wave we could compute was at γ = γ` = −3.062.
In summary, the γ-continuation technique in the interval (γ`, γcrit), indicates the exis-
tence of waves that have a stagnation point on the free surface, for vorticities below the
critical value and conjectures the existence of waves with stagnation points both at the
crest and at the bottom, right below the crest. This becomes transparent in Figure 17,
where we present the basic characteristics of the maximal water wave with vorticity close
to γ`; note that in this figure we present only the upper (new) part of the bifurcating
diagram in order to display more details of this.

We recall that the knowledge of the pressure at the bottom is important for recon-
struction of the waves, both analytically and experimentally, and that the pressure is
readily available by equation (15).

We emphasize the fact that the pressure of the fluid displays a qualitative change for
values of vorticity smaller than the critical value. Indeed, in Figure 8, where we depict
the pressure of the fluid at the bottom, we see that when γ < γcrit, the pressure at the
point right below the crest displays a ‘plateau’ behaviour instead of a local maximum,
which characterizes flows with γ > γcrit. We observe this behaviour of the pressure at
the bottom for the various numerical experiments that we have performed, and we have
not included here for matters of brevity. An overview of these results is presented in
Figure 11.

An indication of the occurrence of this ‘plateau’ can be given by studying the value
of Pqq(0, p0), which should vanish; in Figure 9 we observe this behaviour of the quantity
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Figure 14: Bifurcation diagram for different values of constant vorticity in the interval
(γ`, γcrit].

Pqq(0, p0) for γ = γcrit, around the neighbourhood of the point on the bifurcation curve
where the gap will appear, namely QG.

A more detailed analysis of the features of the pressure shows that, if γcrit < γ < γ`,
then this behaviour occurs for the two waves which correspond to the endpoints of
the gap in the bifurcation curve. In Figure 10 we depict two waves which display this
‘plateau’ for two different values of constant vorticity, i.e. γ = γcrit and γ = γ`. It is
worth noting that these waves were obtained for substantially different points on the
bifurcation curve, namely QG and QM , resulting different features: the latter one has a
stagnation point at the top whereas the first one has a smooth surface.

For vorticities γ < γ` we are only able to compute the lower section of C. The last
computable wave has a smooth surface and instead a very small value of (c − u) at
the bottom, indicating a stagnation point there, see Figure 18. Moreover, the pressure
distribution at the bottom for the last computable wave displays the above mentioned
‘plateau’ behaviour.

Gathering the results of the above procedure, for different values of constant vorticity,
we display the wave height and average depth for maximal waves in Figure 19.

Remark 2. We observed that the value of γcrit is increasing as |p0| increases. However,
not for all values of p0 we can find γcrit. Considering the case γ < 0, and following
the discussion of Section 3 in [18], for given p0 there is a minimum value of γ for
which a bifurcation point (and a bifurcation curve) exists; we denote this value by γm.
Moreover, it is shown that as |p0| increases, γm approaches zero rapidly. There is some
(large enough) value of |p0| for which the γcrit is equal to γm. In our case this value is
|p0| ≈ 4.4, and for values of |p0| larger than that, waves do not display the feature of
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Figure 15: Depth along the bifurcation curve for two vorticities with a gap and γcrit

critical vorticity. These results are in qualitative agreement with [39].

4.3 Examples of non-constant vorticity

An interesting case of non-constant vorticity is the case of vorticity varying linearly with
respect to the stream function. A plethora of theoretical results is presented in several
recent works. Existence for a variety of families of waves with critical layers is shown
in [27, 26, 1], using arguments from bifurcation theory. Moreover, qualitative results
for small amplitude waves are presented therein; analogous results for modal waves are
presented in [28].

We consider the following distribution of vorticity:

γ(−p) = −a1p+ a0,
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then the laminar solution is given by

H(p;λ) =
∫ p

p0

1√
λ− 2Γ(s)

ds =
∫ p

p0

1√
λ+ a1s2 − 2a0s

ds.

The dispersion relation as given in [37] reads

λ∗ + a0
√
λ∗F (H(0;λ∗)− gF (H(0;λ∗)) = 0

with

F (d) =


tanh(d

√
1+a1)√

1+a1
if a1 > −1

d if a1 = −1
tan(d
√
−(1+a1))√
−(1+a1)

if a1 < −1
.

We consider γα(−p) such that γα(−p0) = 0 and γα(0) = α for α ∈ {−1, 0, 1}. The
analysis of this particular class of examples was motivated by the discussion in [38],
where it is mentioned that, from experiments, wind typically has the effect of producing
vorticity in the water near the surface. Thus, we discuss a case of non-constant, contin-
uous distribution of vorticity, which vanishes at the bottom, but not at the surface of
the fluid. Note, also, that α = 0 is the case of a constant zero vorticity which gives us
the Stokes’ wave as the limiting wave, and we include it here, for comparison with the
linear vorticity case.

Similarly to the case of constant vorticity we observe two turning points in Q and
monotonously increasing wave heights for α ∈ {−1, 0, 1}. Figures 20, 21 and 22 show
some characteristics of the wave profile, in particular the free boundary, the velocity (c−
u) on the vertical line below the crest and the water pressure at the bottom, respectively,
for the different values of α. We note that for the two last quantities we used equation
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Figure 17: Wave for γ = −3.05 (obtained at Q = QM ) and its bifurcation diagram.

(14) and (15). In summary we can say that the considered waves display similarities
with waves of constant vorticity.

Finally, we have computed a wave for which the vorticity is linearly distributed,
taking the value α = −10 at the free surface and vanishes at the bottom, see Figure
23. For this wave, we observe a different behaviour from the waves of negative constant
vorticity γ < γ` = −3.062. Firstly, the wave with linearly distributed vorticity displays
a stagnation point at the free surface, while the others display a stagnation point at
the bottom. Secondly, the bifurcation curve has two turning points before it reaches a
flow with stagnation point. Thirdly, and most striking, the wave with this non-constant
vorticity, has a significantly larger wave height compared with other waves with constant
negative vorticity.

Finally, we present the results for three more examples of non-constant vorticity in
Figure 24. Here the vorticity distributions are either linear or quadratic with respect
to the stream function and vanish on the bottom while at the free surface it holds
γ(0) = −4. The three considered vorticity functions are

γ`(−p) = −4
(

1− p

p0

)
, γa(−p) = −4

(
1− p

p0

)2
and γb(−p) = −4

(
1− p2

p2
0

)
.

Note that it holds γb(−p) < γ`(−p) < γa(−p) for p ∈ [p0, 0]. Figure 24 shows the
streamlines, as well as c − u below the crest, for a wave near stagnation, for all three
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Figure 18: Wave for γ = −5 (obtained at Q = QM ) and its bifurcation diagram.
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Figure 19: Characteristic of the limiting wave for constant vorticity.

vorticity functions. It is notable that the wave height is inversely correlated with the
point wise values of the vorticity functions, i.e. γa leads to the smallest and γb to the
largest wave height.
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Figure 22: The pressure at the flat bottom for linear vorticity with γα(0) = α ∈
{−1, 0, 1}.
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Figure 23: The water wave for linear vorticity γα(0) = α = −10.
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Figure 24: Streamlines and (c − u) below the crest for waves near stagnation for three
quadratic vorticities with γ(0) = −4 and γ(−p0) = 0.

5 Conclusions

We presented a detailed analysis of a numerical continuation algorithm to compute
water waves. Using this algorithm, we rederived known results, with some results closer
to stagnation points, as well as computed new characteristics of the waves, with the
most important being:

• A new part of the branch of the bifurcation diagram.

• Limiting waves near stagnation, for the constant vorticity case, with new charac-
teristics; see Section 4.2 for more details.

• Maximal waves of much larger amplitude for the case of linear vorticity.

Finally, we showed the performance of the algorithm for some cases of variable vorticity.
A more systematic study of the case of general vorticity, through this algorithm, will be
presented in future work.
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