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Abstract 

The purpose of this paper is to present an adaptive FEM-BEM coupling method 

that is valid for both two- and three-dimensional elasto-plastic analyses. The 

method takes care of the evolution of the elastic and plastic regions. It eliminates 

the cumbersome of a trial and error process in the identification of the FEM and 

BEM sub-domains in the standard FEM-BEM coupling approaches. The method 

estimates the FEM and BEM sub-domains and automatically generates/adapts the 

FEM and BEM meshes/sub-domains, according to the state of computation. The 

results for two- and three- dimensional applications in elasto-plasticity show the 

practicality and the efficiency of the adaptive FEM-BEM coupling method. 

Keywords: FEM; BEM; Adaptive Coupling; Elasto-Plasticity 

1. Introduction 

In many application contexts, coupling of the finite element method (FEM) and the 

boundary element method (BEM) is, in principle, very attractive. Examples include, but not 

limited to, elasto-plastic applications with limited spread of plastic deformations (local non-
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linearities are only concentrated in a portion of the bounded/unbounded domain). The FEM 

is utilized where the plastic material behavior is expected to develop. The remaining 

bounded/unbounded linear elastic regions are best approximated by the BEM. 

Since the work of Zienkiewicz and his coauthors [1,2] in coupling of the finite element and 

boundary element methods, a large number of papers devoted to the topic have appeared 

(see, e.g., references [3-29] and the literature cited therein). 

The symmetric coupling of BEM and FEM goes back to Costabel [3,4]. With the 

Symmetric Galerkin BEM, FEM-like stiffness matrices can be produced which are suitable 

for FEM-BEM coupling, see, e.g., references [5,9,12,15,18,19,26]. Brink et al. [10] 

investigated the coupling of mixed finite elements and Galerkin boundary elements in 

linear elasticity, taking into account adaptive mesh refinement based on a posteriori error 

estimators. Carstensen et al. [11] presented an h-adaptive FEM-BEM coupling algorithm 

(mesh refinement of the boundary elements and the finite elements) for the solution of 

viscoplastic and elasto-plastic interface problems. Mund and Stephan [14] derived a 

posteriori error estimates for nonlinear coupled FEM-BEM equations by using hierarchical 

basis techniques. They presented an algorithm for adaptive error control, which allows 

independent refinements of the finite elements and the boundary elements. 

In boundary element analysis, Astrinidis et al. [30] presented adaptive discretization 

schemes that are based on a stress smoothing error criterion in the case of two-dimensional 

elastic analysis, and on a total strain smoothing error criterion in the case of two-

dimensional elasto-plasticity. Maischak and Stephan [31] showed convergence for the 

boundary element approximation, obtained by the hp-version, for elastic contact problems, 

and derived a posteriori error estimates together with error indicators for adaptive hp-

algorithms. 

A central aspect of the existing (standard) FEM-BEM coupling approaches is that they 

require the user/analyst to predefine and manually localize the FEM and BEM sub-domains 

(prior to analysis). In an elasto-plastic analysis, it is difficult to predict regions where 

plasticity occurs. If the FEM sub-domain is not predefined so, that it encloses the 

evolutional plastic regions, significant errors will be introduced to the conducted FEM-

BEM coupling analysis. On the other hand, if the FEM sub-domain is notably over-

estimated, the excessive number of degrees of freedom (in order to model the linear elastic 

part) will significantly increase the computational demand. 

Doherty and Deeks [32] developed an adaptive approach for analyzing 2D elasto-plastic 

unbounded media by coupling the FEM with the scaled boundary finite element method. 
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The analysis begins with an “initial” finite element mesh that tightly encloses the load-

medium interface, whereas the remainder of the problem is modeled using the semi-

analytical scaled boundary finite element method. Load increments are applied, and if 

plasticity is detected in the outer band of finite elements, an additional band is added 

around the perimeter of the existing mesh. The scaled boundary finite element sub-domain 

is stepped out accordingly. However, this approach requires, in general, a preliminary 

knowledge of the parts of the domain that are likely to yield. Moreover, it requires 

additional iterations when plasticity is detected in the outer band of finite elements in order 

to accurately determine the computational sub-domains. 

In boundary element analysis, Rebeiro et al. [33] developed a pure BEM procedure to 

automatically generate the internal cells to compute domain integrals in the plastic region. 

The discretization of the internal cells progressively generated only in the regions where 

plasticity occurs. 

Elleithy [29] and Elleithy and Langer [34,35] presented adaptive FEM-BEM coupling 

algorithms for two-dimensional elasto-plastic analysis. In order to give fast and helpful 

estimation of the FEM and BEM sub-domains, they proposed the use of simple, and at the 

same time fast, post-calculations based on energetic methods [36-42], which follows simple 

hypothetical elastic computations. 

This paper presents an adaptive FEM-BEM coupling method that improves and enhances 

the estimation of regions where plastic material behavior is going to develop (for both two- 

and three-dimensional elasto-plastic analyses). In order to enable fast and efficient 

computations for three-dimensional problems, data-sparse boundary element methods are 

utilized, i.e., Η-matrix representation via Adaptive Cross Approximation (ACA), see, e.g., 

references [43,44] and the literature cited therein.  

An outline of the paper is as follows. In order to make the present article self-contained, 

Section 2 briefly summarizes the symmetric Galerkin and data-sparse BEM in linear 

elasticity, FEM in elasto-plasticity, conventional (direct) and interface relaxation FEM-

BEM coupling equations, and a brief description of the adaptive coupling algorithms 

presented in [29,34,35]. Section 3 presents the proposed adaptive FEM-BEM coupling 

method for elasto-plastic analysis. In Section 4, we present two- and three-dimensional 

applications in elasto-plasticity that highlights the effectiveness of the adaptive coupling 

method. 

 



 4 

2. Preliminaries 

2.1 Symmetric Galerkin and data-sparse BEM in linear elasticity 

Advantages of the symmetric Galerkin boundary element method, such as high accuracy 

and relatively low number of unknowns, make it attractive when solving linear elasticity 

problems. The formulation of the method together with several applications can be found in 

references [45, 46, 47, 48, 50]. Although, the number of unknowns is smaller than in the 

case of a finite element formulation, discretizations of boundary integral operators results in 

a fully populated system matrix. This renders it prohibitively expensive in terms of storage 

and numerical complexity when the problem size is large. Approximating the actions of 

integral operators using multipole expansion and fast summation methods dramatically 

reduces the complexity and storage requirements (see reference [51]). Another way to 

accelerate the method is to approximate the fully populated matrices by blockwise low-rank 

ones (references [43, 44]). In what follows, we formulate the symmetric Galerkin BEM for 

the linear elasticity problem with mixed boundary conditions, and explain how the solution 

procedure is accelerated by means of the blockwise low-rank approximation. Material of 

this section follows references [43, 44]. 

Let )3,2( =⊂Ω nnR  be a bounded domain with a Lipschitz boundary Ω∂=Γ . We 

consider a mixed boundary value problem in linear elasticity, to determine the displacement 

field nxu R∈)(  for Ω∈x , satisfying 

.for )()()()(

,for )()(

,for 0),(,

Nijiji
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The stress tensor )(uijσ  is related to the strain tensor 
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The i-th boundary stress vector component is given by the operator 

)()())(( xnx,uxuT jijix σ=  where )(xn  is the outward normal vector defined for almost all 

Γ∈x . For isotropic elastostatics and assuming a homogeneous material behavior with 
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constant parameters (Young modulus E  and Poisson ratio ν ), the first (weakly singular) 

boundary integral equation can be written as 

,)(),()(
2

1
)(),( **

∫∫
ΓΓ

+= yy dsyuyxTxudsytyxU                (4) 

where T** )),((),( yxUTyxT y=  for Γ∈y . The fundamental solution ),(* yxU ij  of the Lame 

system (1) is given by the Kelvin tensor 
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where n,....,j,i 1= , yx −  denotes the Euclidean distance between the source and field 

points, yxlogy,xZ −−=)(  for 2=n  and 
yx

y,xZ
−

= 1
)(  for 3=n . 

In the symmetric formulation we further use the second (hypersingular) boundary integral 

equation [45,46,50,51] 

.)(),(-)(
2

1
)(),( **

∫∫
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=− yxyx dsytyxUTxtdsyuyxTT             (6) 

Corresponding to the boundary integral equations (4) and (6), the standard notations for the 

boundary integral operators V , K , K ′  and D  (the single layer potential, double layer 

potential, its adjoint and hypersingular integral operators, respectively) are given by 
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                     (7) 

In order to find the complete Cauchy data Γ],[ tu , the first integral equation (4) is used 

where the traction t  is unknown [45,46,50,51] 

,for     )()()(
2

1
)()( DxxuKxgxtV Γ∈+=                  (8) 

whereas the second boundary integral equation (6) is used where the displacement u  is 

unknown [45,46,50,51] 
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.for   )()()(
2

1
)()( NxxtKxwxuD Γ∈′−=                    (9) 

Now let us denote by g~  and w~  arbitrary extensions of the given Dirichlet g  and Neumann 

data w , respectively, such that )()(~ xgxg =  for Dx Γ∈  and )()(~ xwxw =  for Nx Γ∈ . With 

the splitting of the Cauchy data into the unknown and known parts )(~)(~)( xgxuxu +=  and 

)(~)(~)( xwxtxt += , only the unknown functions )(~ xu  and )(~ xt  have to be determined. 

Then the variational formulation leads to finding )(~ xu  and )(~ xt  such that 

,for   )(~)(~)(~
2

1
)()~()()~( DxxwVxgKxgxuKxtV Γ∈−+=−           (10) 

.for   )()~()()~()(
~
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The standard Galerkin discretization of (10) and (11) using anzats 
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yields the skew-symmetric and positive definite system of linear equations 
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where h  is the discretization parameter, N  is the number of boundary elements, 'N  is the 

number of boundary nodes, )(xjψ  are the piecewise linear nodal basis functions, )(xiϕ  are 

piecewise constant element basis functions, ju and it  are vector valued partially unknown 

coefficients. The matrices in (13) consist of the following elements 

,,)(,,)(,,)(
NDD

ijijhkjkjhklklh DDKKVV
ΓΓΓ

=== ψψϕψϕϕ        (14) 

where T
iiii
),,( ϕϕϕϕ = and T

iiii
),,( ψψψψ = .The right hand side vectors 

1
f  and 

2
f  result 

from discretization of the corresponding right hand sides of (10) and (11). 

In typical applications in linear elastostatics, the Dirichlet part DΓ  is often smaller than the 

Neumann part NΓ  where the boundary tractions are prescribed. Therefore, the inverse of 

the discrete single layer potential hV  may be computed using some direct method such as a 

Cholesky decomposition to obtain 
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⋅+= − ]~[~
1

1 h
hh

h
uKfVt                          (15) 

Inserting (15) into the second of (13) yields the Schur complement system 

⋅−=+ −−
1

1

2

1 ~][ fVKfuKVKD h
T
h

h
hh

T
hh                    (16) 

The Schur complement system (16) is symmetric and positive definite and is suitable for 

coupling with FEM. System (16) may be rewritten as 

],[]][[ fuK
BBB =                             (17) 

where the subscript B stands for the BEM sub-domain. 

When treating three dimensional problems, however, the number of degrees of freedom can 

be large, and one has to avoid explicit generation of the fully populated matrices (14). To 

do so, we perform the following steps (see also reference [43]): 

1. rewrite expressions for utKtuK ,',,  and uuD ,  using integration by parts, 

2. renumber degrees of freedom and approximate matrices by blockwise low-rank. 

As it was shown in [52] (see also [44,51]) the action of K  and 'K  can be expressed in 

terms of V , LV , LK , and R  

,,,,2,'

,,,,2,
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where LV , LK  are the corresponding operators for the Laplace equation 
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where µ  is the Lamẻ constant, u , t are some vector valued functions on Γ , and 
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In the same literature, one finds the following formula for the action of the hypersingular 

operator D  
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Here u and v  are some vector valued functions on Γ , and 

.,, 21
3

13
2

32
1

R
S

R
S

R
S

=
∂
∂=

∂
∂=

∂
∂

                    (22) 

Using the above expressions, the action of the discretized versions of the boundary integral 

operators are reduced to several matrix vector products, where the only fully populated 

matrices are klhV )( , klhLV )( , and ijhLK )( . 

In order to construct a blockwise low-rank approximants to these matrices, we perform a 

hierarchical renumbering of boundary nodes and elements. This procedure is referred to as 

clustering, because the nodes and elements are grouped together forming clusters. Any pair 

of such clusters is represented in the corresponding matrix by a block. The key observation 

is that if the clusters are well separated, this block has a low-rank approximant, and the 

Adaptive Cross Approximation (ACA) procedure can be used to find it (see reference [43], 

where the ACA procedure for Galerkin matrices is discussed). The benefit of using the 

ACA procedure in combination with the clustering is the reduction of the complexity and 

storage requirements from )( 2NO  to )log( NNO  operations and units, respectively. 

2.2 FEM in elasto-plasticity 

First let us consider a boundary value problem in linear elasticity. A solid occupying Ω  (in 

which the internal stresses σ , the distributed volume force f  and the external applied 

tractions w  form an equilibrating field) is considered to undergo an arbitrary virtual 

displacement uδ  which results in compatible strains δε  and internal displacements dδ . 

Then the principle of virtual work requires that [53] 

.0=Γ−Ω−Ω ∫∫∫
ΓΩΩ

dwddfdd
N

TTT δδσδε                   (23) 

The normal finite element discretizing procedure leads to the following expressions for the 

displacements and strains within any element 
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,      , uBuNd δεδδδ ==                         (24) 

where N  and B  are the usual matrix of shape functions and the elastic strain-displacement 

matrix, respectively. The element assembly process gives 

,0)( =Γ−Ω− ∫∫
ΓΩ

dwNudfNBu TTTTT

N

δσδ                  (25) 

where the volume integration over the solid is the sum of the individual element 

contributions. Since (25) must hold true for any arbitrary uδ , 

.0)( =Γ+Ω−Ω ∫∫∫
ΓΩΩ N

dwNdfNdB TTTσ                   (26) 

Substituting εCσ =  into (26) we obtain 

),( ∫∫
ΓΩ

Γ+Ω=
N

dwNdfNuK TT                      (27) 

where the stiffness matrix is given by Ω= ∫
Ω

dBCBK
T

. The final system of the assembled 

finite element equations in elasticity may now be written as 

],[]][[ fuK
FFF =                           (28) 

where the subscript F stands for the FEM sub-domain. 

Some force terms in (26) may be a function of displacement, u , or stress may be a 

nonlinear function of strain, ε , as a result of material non-linearity such as plasticity. In all 

of these cases, a nonlinear solution procedure is required. Equation (26) will not be 

generally satisfied at any stage of computation, and thus the equilibrium equation can be 

restated in the form of a residual (or out-of-balance) force vector, ψ , given by (see 

references [53,54] for further details on computational aspects) 

.0)( ≠Γ+Ω−Ω= ∫∫∫
ΓΩΩ N

dwNdfNdB TTTσψ               (29) 

If a material nonlinear-only analysis is performed, the integrals in the above equation are 

computed with respect to the initial configuration (Lagrangian FEM formulation). For an 

elasto-plastic situation the material stiffness is continuously varying, and instantaneously 

the incremental stress-strain relationship is given by 

,dεDdσ ep=                               (30) 

where epD  is the elasto-plastic stress-strain matrix. 
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The solution procedure involves the incremental form of (29), namely 

).( ∫∫∫
ΓΩΩ

Γ∆+Ω∆−Ω∆=∆
N

dwNdfNdBψ TTT σ               (31) 

Substituting (30) into (31) we obtain 

),( ∫∫
ΓΩ

Γ∆+Ω∆−∆=∆
N

dwNdfNuKψ TT
T                 (32) 

where the tangent stiffness matrix is given by Ω= ∫
Ω

dBDBK ep
T

T . 

Equation (32) may now be written as 

.][]][[][ fuKψ T ∆−∆=∆                         (33) 

For the solution of (33), and for each load increment consider the situation existing for the 
thr  iteration. The applied loads for the thr  iteration are the residual forces 1−∆ r

ψ  calculated 

at the end of the thr )1( −  iteration according to (33). These applied loads give rise to 

displacement increments ru∆ . The corresponding increments of the strain rε∆  are 

calculated. The incremental stress change assuming elastic behavior is computed. The 

computed stresses are then brought down to the yield surface and are used to calculate the 

equivalent nodal forces. These nodal forces can be compared with the externally applied 

loads to form the residual forces for the next iteration. The system of residual forces is 

brought sufficiently close to zero through the iterative process, before moving to the next 

load increment. 

2.3 Coupled FEM-BEM in elasto-plasticity 

Elasto-plastic problems with limited spread of plastic deformations lend themselves to a 

coupled FEM-BEM approach. The FEM is utilized in regions where plastic material 

behavior is expected to develop, whereas the complementary bounded/unbounded linear 

elastic region is approximated using the symmetric Galerkin boundary element method 

(data-sparse boundary element methods in order to enable fast and efficient computations 

for three-dimensional applications). For a numerical representation of an arbitrary domain 

Ω  with known boundary conditions specified on the entire boundary DN Γ∪Γ=Γ , the 

FEM (see, Section 2.2) and BEM (see, Section 2.1) are used. The domain is decomposed 

into two sub-domains, namely ΩF  and ΩB , with the FEM-BEM coupling interface CΓ . 
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In the conventional (direct) FEM-BEM coupling methods, the stiffness matrix KB  is 

interpreted as the element stiffness matrix of a finite macro element, computed by the 

BEM. Combining (17) and (33), while satisfying the continuity conditions along the FEM-

BEM interface, results in 

⋅
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   (34) 

where the subscripts F)(  and B)(  indicate the displacement vectors (force vectors) not 

associated with the FEM and BEM sub-domains interface, respectively. The subscript C)(  

indicates those associated with the interface CΓ . For each load increment, the global 

equation systems (34) are solved. 

As an alternative to the conventional (direct) FEM-BEM coupling methods, a partitioned 

solution scheme can be used, where the systems of equations of the sub-domains are solved 

independently of each other. The interaction effects are taken into account as boundary 

conditions, which are imposed on the coupling interfaces. Iterations are performed in order 

to enforce satisfaction of the coupling conditions. Within the iteration procedure, a 

relaxation operator is applied to the interface boundary conditions in order to enable and 

speed up convergence. In this sense, the iterative coupling approaches are better called 

interface relaxation FEM-BEM coupling methods [21,23]. The interface relaxation FEM-

BEM (Dirichlet-Neumann) coupling method in elasto-plasticity is outlined as: 

Set initial guess 0)( =nCF u  (where n  is the iteration number). 

For ,...2,1=n , do until convergence 

 FEM sub-domain: 

   solve Equation (33) for nCF
f )(  

solve [ ] nCFnCF
tMf )()( =  for nCF t )( , where [ ]M  is a converting matrix, which 

depends on the interpolation functions used to represent the tractions CF t  on the 

interface. 

 BEM sub-domain: 

   Set 0)()( =+ nCFnCB tt  

   Solve Equation (17) for nCB u )(  
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apply nCBnCFnCF uuu )()()1()( 1 θθ +−=+  where θ  is a relaxation parameter to ensure 

and/or accelerate convergence. 

The convergence characteristics of the interface relaxation FEM-BEM coupling methods 

were studied extensively by Elleithy and co-workers [16,17]. The convergence/optimal 

convergence of the interface relaxation coupling methods is ensured by properly set 

relaxation parameters that can be assigned constant values for all iterations. The optimal 

and applicable ranges of static relaxation parameters may be obtained by experimenting 

with different values. Alternatively, prior to coupled FEM-BEM calculations, static values 

of the relaxation parameters may be obtained [16,17]. It requires, however, some sort of 

intricate matrix manipulations. Optimal dynamic values of the relaxation parameters may 

be utilized in order to significantly reduce the required number of FEM-BEM coupling 

iterations [55]. For dynamic calculation of relaxation parameters for the interface relaxation 

(Dirichlet-Neumann) FEM-BEM coupling method the following relation may be utilized 

,
))()(())()((

))()).(()()(()()(
2

211

11

2

21
 1

−−

−−−
+

−−−

−−−−
=

nCFnCFnCBnCB

nCBnCBnCFnCFnCFnCF
n

uuuu

uuuuuu
θ      (35) 

where 
2

⋅  is Euclidean (l2) norm. 

2.4 Adaptive coupling methods [29,34,35] 

References [29,34,35] presented adaptive FEM-BEM coupling methods for solving 

problems in elasto-plasticity. The algorithms follow linear hypothetical elastic 

computations at levels of loading specified by the user. The hypothetical elastic state of 

stresses is checked against yielding with a pseudo value of the material yield strength. An 

estimate of the regions sensible for FEM discretization is then derived. The FEM and BEM 

meshes are automatically generated. A coupled FEM-BEM stress analysis involving elasto-

plastic deformations is then conducted. In order to determine the pseudo value of the 

material yield strength, an energy balance between the hypothetical elastic and elasto-

plastic calculations was assumed [29,34,35] 

,)()( : plasticelastoelastic   hypelastic   hyp −
ΩΩ
∫∫ ≈= dVdVU ijijijij εσεσ             (36) 

where elastic   hypU  is the total hypothetical elastic strain energy. Next, the total strain energy 

that is vulnerable for redistribution due to plastic deformations distU  is determined as 

∫
Ω

−= ,))(( elastic   hypdist dVU xxyyijij κεσεσ                    (37) 
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where 1=xκ  if 0))(( elastic   hyp >− xyyijij εσεσ , otherwise 0=xκ  and yσ  is the uniaxial 

material yield strength. Eyy /σε = , where E  is the Young’s modulus. The pseudo value of 

the material yield strength pseudo  yσ  is evaluated as follows 

,
)(

 pseudo  

elastic   hyp

dist

y

yyc

U

U

σ
σσ −

≈                        (38) 

where c  is a constant that depends on the geometry of the stress-strain curve. 

3. Adaptive FEM-BEM Coupling Method 

In this section we present an adaptive FEM-BEM coupling method for elasto-plastic 

analysis. The method is valid for both two- and three-dimensional applications. It estimates 

the FEM and BEM sub-domains and automatically generates/adapts the FEM and BEM 

meshes/sub-domains, according to the state of computation. The adaptive coupling method 

enhances those presented in [29,34,35] and improves the estimation of regions where 

plastic material behavior is going to develop (regions where the FEM is employed). In the 

presence of plastic deformations in the FEM region, the solution there is obtained via an 

iterative scheme. Naturally, an improvement to the estimated FEM and BEM sub-domains 

will result in additional savings of required system resources and/or a higher potential 

advantage of eliminating the cumbersome trial and error process in the identification of the 

FEM and BEM sub-domains. Materials of von-Mises type are considered in this 

investigation. 

The basic steps of implementation of the proposed adaptive FEM-BEM coupling method 

may be summarized as follows (Figure 1): 

1. Levels of loading ),.......,...,,( 21 mi LLLLLLLL  are specified by the user/analyst in order to 

get an estimate of the FEM and BEM sub-domains (mLL  is the maximum level of 

loading for the problem at hand). 

If the user/analyst prefers to use a constant interface throughout the FEM-BEM coupling 

analysis, the maximum load level mLL  is specified. Estimated FEM and BEM sub-

domains will be utilized for all load increments. 

2. For mk ,...,2,1=  
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2.1. A hypothetical elastic stress state is determined for the load level kLL  via BEM 

elastic analysis with initial BEM discretization or FEM elastic analysis utilizing a 

FEM coarse mesh. 

2.2. Regions that violate the yield condition (utilizing the hypothetical elastic stresses of 

2.1) are detected. A subsequent elastic analysis is conducted with “effective” 

material properties for the detected regions (effective Young’s modulus effkE ,  and 

Poisson ratio effk ,ν ) and material properties E  and ν  for the remainder of the 

problem. 

2.3. The hypothetical elastic state of stresses of step 2.2 is checked against a pseudo 

value of the material yield strength pseudo yσ . FEM discretization is automatically 

generated for the regions that violate the pseudo yielding condition. It may be 

useful to add a few bands of finite elements around the perimeter of the discretized 

FEM sub-domain. Consequently, the BEM discretization is generated so as to 

represent best the remaining bounded/unbounded linear elastic regions (Figure 2). 

2.4. Coupled FEM-BEM stress analysis involving elasto-plastic deformations is 

conducted for the current load increment. 

2.5. A repetition of step 2.4 is required for the next load increment if the current state of 

computation in addition to the load increment is less than or equal to kLL , else go to 

step 2.1. 

It should be emphasized that steps 1-2.3 are carried out for the sole purpose of estimating 

and adapting the FEM and BEM sub-domains according to the state of computation. 

Effective material properties ( effkE ,  and effk ,ν ) and the pseudo value of the material yield 

strength ( pseudo yσ ) are not involved in carrying out step 2.4. 

In the remainder of this section we will elaborate more on the determination of the pseudo 

value of the material yield strength (pseudo yσ ) and the effective material properties (effkE ,  

and effk ,ν ) at a typical level of loading kLL . 

The simplicity of linear elastic analysis and the difficulties associated with non-linear 

elasto-plastic analysis have motivated some researchers to attempt solving elasto-plastic 

problems by adapting a modified form of available elastic solutions (see, e.g., references 

[36-42]). Linear elastic analysis in an iterative manner with a complete spatial distribution 

of updated material properties is conducted at each iteration in order to approximately 
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simulate elasto-plastic behavior. It is worth emphasizing that we are not interested over 

here in utilizing a similar approach for solving problems in elasto-plasticity. Our aim is to 

determine the regions that are sensible for FEM discretization. The schemes for updating 

the material properties include projection, arc length, and energy methods (Figure 3). 

Material points with the same stress level are represented by single points (e.g. a , b , e  

and f ) on the uniaxial stress-strain curve (Figure 4). 

 

 

≤

 

Figure 1: Adaptive FEM-BEM coupling method. 
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kLL

effkE , effk ,ν

kLL
 

Figure 2: Estimated FEM and BEM sub-domains. 

 

Let us consider materials of von-Mises type obeying a bilinear strain hardening rule. 

Neuber’s and strain energy density methods (Figure 3) assume an energy balance between 

the strain energy density corresponding to the elasto-plastic stress-strain state and the 

hypothetical elastic strain energy density (same geometry submitted to the same loading 

[36-42]). For uni-dimensional states of stress, it is assumed that the product of stress and 

strain in elasticity is locally identical to the same product calculated by means of an elasto-

plastic analysis. For tri-dimensional states of stress, the fundamental hypothesis may be 

written as [36-42] 

elastic   hypplasticelasto )()( ijijijij εσεσ ≅−                      (39) 
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where elastic   hyp).(  means a value determined from a hypothetical elastic computation for the 

stress )( ijσ  and the strain )( ijε  tensors. 
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Figure 3: Energetic methods (Neuber’s and strain energy density methods). 
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Figure 4: Effective Young’s modulus and pseudo material yield strength. 
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From a virtual work principle we utilize the global formulation (Equation (36)). We further 

assume that there exists a stress level with which effective material properties are 

determined (stress level d , Figure 4). Next, at a typical level of loading kLL  we define the 

total strain energy that is vulnerable for redistribution due to plastic deformations dist ,kU  as 

the total hypothetical strain energy of the regions that violate the yield condition (step 2.2, 

basic steps of implementation of the adaptive coupling method) 

∫
Ω

= ,))(( elastic   hypdist , dVU xxijijk κεσ                      (40) 

where 1=xκ  if 0))(( elastic   hyp >− xyyijij εσεσ , otherwise 0=xκ . 

The effective Young’s modulus effkE ,  is then evaluated (Figures 3,4) as follows 

,
)))(()(2(

)))(()2((

2

)(2 ,

d level  stresselastic   hypelastic   hyp

d level  stresselastic   hypelastic   hyp

dist  elastic   hyp 

dist  elastic   hyp 

E

cE

UU

UU effk

yyijijijij

yyijijijij

k,k,

k,k, =
−−
−−

≈
−
−

εσεσεσ
εσεσεσ

 (41) 

where c  is a constant. For perfect plasticity 1=c . For isotropic hardening plasticity 

models, it is concluded from Figure 4 that 1=c  is a conservative and at the same time 

reasonable value. The effective Poisson ratio effk ,ν  is obtained from equations adopted in 

iterative elastic analyses in order to simulate elasto-plastic behavior [36] 

3211 , keffk EE φ+=                            (42) 

and 

).3(, keffeffk EE φνν +=                          (43) 

It should be emphasized over here that effkE ,  and effk ,ν  may be calculated as constant 

values for the whole elastically predicted yielded region. Alternatively, a more accurate 

estimate of the FEM and BEM regions is obtained by calculating effkE ,  and effk ,ν  for a 

finite number of equivalent stress levels (von Mises stresses). Then the regions with the 

same equivalent stresses (e.g., stress levels e  and f , Figure 4) will be utilized to construct 

a finite number of layers with different material properties effkE ,  and effk ,ν . Equations (41) 

through (43) are used in calculation of effkE ,  and effk ,ν  for each layer (with the appropriate 

stress level). A subsequent elastic analysis (step 2.2, basic steps of implementation) is then 

conducted. 

For the determination of the pseudo value of the material yield strength, we further 

investigate the uniaxial stress-strain curve. Relating the hypothetical elastic stress state 
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curve (stress level d , Figure 4) to that of the effective material parameters (stress level d ′′ , 

Figure 4), it may be easily concluded that 

.
)))(()(2(

)))(()2((

2

)(2 pseudo  

d level  stresselastic   hypelastic   hyp

d level  stresselastic   hypelastic   hyp

dist  elastic   hyp 

dist  elastic   hyp 

y

y

yyijijijij

yyijijijij

k,k,

k,k, c

UU

UU

σ
σ

εσεσεσ
εσεσεσ

=
−−
−−

≈
−
−

  

 (44) 

Finally, the hypothetical elastic state of stresses (step 2.2, basic steps of implementation) is 

checked against yielding with the pseudo value of the material yield strength. Regions that 

violate the pseudo yielding condition are determined. An estimate of the FEM sub-domain 

is obtained. The procedure outlined with its inherent assumptions provides a simple, at the 

same time fast and effective, method for an estimate of the FEM and BEM sub-domains. A 

usual FEM-BEM coupling analysis is then conducted (step 2.4, basic steps of 

implementation) while utilizing the estimated FEM and BEM sub-domains. 

Compared to the adaptive coupling method of [29,34,35], the presented method involves 

additional FEM or BEM elastic iterations. These elastic iterations involved in estimation of 

the FEM and BEM sub-domains are more than rewarded by an improved estimate of the 

FEM and BEM sub-domains provided by the proposed adaptive coupling method. 

4. Example applications 

In this section we present a number of two- and three- dimensional applications that 

highlight the effectiveness of the adaptive FEM-BEM coupling method presented in 

Section 3. 

4.1 V-notched specimen 

A specimen containing a sharp notch is analyzed in this example. The specimen is 

subjected to a tensile stress 26 N/m 10x47015.1=P . The geometry of the problem is shown 

in Figure 5 ( m 036.0=h  and m 02.0w = ). The elastic material properties are described by 

Young’s modulus ( 26 N/m x10007=E ) and Poisson's ratio ( 2.0=ν ). Material of von-

Mises type is considered ( 26 N/m x1043.2=yσ ), with no hardening effect ( 0=H ), as a 

yield function and plane strain loading conditions. Due to symmetry, only one quarter of 

the specimen is modeled. 

The problem is solved by means of the adaptive coupling method presented in Section 3. 

Figure 6 shows the estimate of the regions sensible for discretization by the FEM. The 

FEM discretization is generated over those regions, while the BEM mesh is generated to 
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represent the remaining linear elastic region (steps 1-2.3, basic steps of implementation, 

Section 3). A coupled FEM-BEM stress analysis is then conducted (step 2.4, basic steps of 

implementation, Section 3). For this example and without loss of generality, we choose the 

conventional (direct) approach for the coupling of the FEM and BEM discretized system of 

equations (Section 2.3). A coupled FEM-BEM computer code has been developed for the 

elasto-plastic analysis using the ideas presented in Section 2 (conventional coupling) and 

Section 3 (estimation of FEM and BEM sub-domains, automatic generation and 

progressive adaption of the FEM and BEM meshes/sub-domain). We utilize some parts of a 

code originally developed by the first author (two-dimensional FEM elasto-plastic analysis) 

for calculation of the FEM matrices and a symmetric Galerkin boundary element computer 

code originally developed by O. Steinbach (see, e.g., reference [51]) for calculation of the 

BEM matrices. 

The coupled FEM-BEM solutions are obtained with the automatically generated FEM and 

BEM meshes. Figure 6 shows the yielded regions obtained using the adaptive coupled 

FEM-BEM method. The results clearly show that the adaptive FEM-BEM coupled method 

employs smaller FEM sub-domains. Moreover, the method is practically advantageous as it 

does not necessitate the predefinition and manual localization of the FEM and BEM sub-

domains. 
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Figure 5: V-notched specimen. 
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Figure 6: Estimated FEM region and yielded region (adaptive FEM-BEM coupling) for 
selected values of λ  (example 4.1). 

 

4.2 Square plate with a central elliptical defect 

The second example is a square plate with a centered elliptical defect (Figure 7). The plate 

is subjected to uniformly distributed tensile loads over the two pairs of the opposing ends 

(equal biaxaial tension). The applied tractions 26 N/m  x10100=P  are scaled with a load 

factor λ . The elastic material properties of the plate are described by Young’s modulus 

( 29 N/m x109.206=E ) and Poisson's ratio ( 29.0=ν ). Material of von-Mises type is 

considered ( 26 N/m 450x10=yσ ), with no hardening effect ( 0=H ), as a yield function 

and plane strain loading conditions. Due to symmetry, only one quarter of the plate is 

modeled. 

Similar to the V-notch example (Section 4.1), the problem is solved by means of the 

adaptive coupling method presented in Section 3. The loads are applied incrementally. 

Estimates of the regions sensible for discretization by the FEM are obtained and the FEM 

mesh is generated over those regions. The BEM mesh is generated to represent the 

remaining linear elastic region (steps 1-2.3, basic steps of implementation, Section 3). The 

coupled FEM-BEM solutions (step 2.4, basic steps of implementation, Section 3) are 
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obtained with the automatically generated FEM and BEM discretization for particular 

values of λ  (see Section 4.1 for details on the computer code utilized). Figure 8 

additionally shows the yielded regions obtained using the adaptive coupled FEM-BEM 

method for the selected values of λ . Again the results clearly show the effectiveness and 

practicality of the adaptive coupling method. 
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Figure 7: Plate with a centered elliptical defect. 
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Figure 8: Estimated FEM region and yielded region (adaptive FEM-BEM coupling) for 
selected values of λ  (example 4.2). 
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4.3 Three-dimensional plate with a central hole 

The third example application (Figure 9) is a benchmark problem in computational 

plasticity [56]. The benchmark problem is a stretched steel plate ( m  1.0== hb  and 

m  10.0=t ) with a cylindrical central hole ( m  10.0=r ). A surface load P  is applied to the 

plate’s upper and lower edges. The applied tractions 26 N/m  x10100P =  are scaled with the 

load factor λ . We keep the material properties of the previous example. Due to symmetry, 

only half quarter of the plate is modeled (Figure 9). 

The loads are applied incrementally. Figure 10 shows the estimates of the FEM and BEM 

regions and the FEM and BEM discretizations. The FEM discretization is generated over 

the regions that are estimated as sensible for FEM discretization, while the BEM mesh is 

generated to represent the remaining linear elastic region (steps 1-2.3, basic steps of 

implementation, Section 3). The coupled FEM-BEM (step 2.4, basic steps of 

implementation, Section 3) solutions are obtained with the automatically generated FEM 

and BEM discretization for the particular values of λ . For this example, we choose the 

interface relaxation approach for the coupling of the FEM and BEM discretized system of 

equations (Section 2.3). We utilized the Finite Element Analysis Program (FEAP) for the 

FEM sub-domain computations [57] and the H-matrix ACA accelerated Galerkin BEM 

solver for the BEM sub-domain computations (see Section 2.1 and reference [43]). 
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Figure 9: Three-dimensional plate with a central hole. 
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Figure 10: Estimated FEM region, FEM and BEM discretizations and yielded region 
(adaptive FEM-BEM) for selected values of λ  (example 4.3). 
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Figure 10 shows the yielded regions obtained using the adaptive coupled FEM-BEM 

method for the selected values of λ . The computed results obtained using the adaptive 

FEM-BEM coupling method compare well with the reference solutions [56]. Figure 9 

clearly show the effectiveness (the method employs smaller FEM sub-domains) and the 

practicality of the adaptive FEM-BEM coupling method (the method does not necessitate 

the predefinition and manual localization of the FEM and BEM sub-domains). 

Conclusions 

The present adaptive coupling method is practically advantageous as it does not necessitate 

predefinition and manual localization of the FEM and BEM sub-domains. Moreover, the 

method is computationally efficient as it substantially decreases the size of FEM meshes, 

which plainly leads to reduction of required system resources and gain in efficiency. The 

numerical results in two- and three- dimensional elasto-plastic analyses confirm the 

effectiveness of the proposed method. 
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