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Abstract

In this paper we present a new framework for multilevel preconditioning of large sparse sys-
tems of linear algebraic equations arising from the interior penalty discontinuous Galerkin ap-
proximation of second-order elliptic boundary value problems. Though the focus is on a partic-
ular family of rotated bilinear non-conforming (Rannacher-Turek) finite elements in two space
dimensions (2D) the proposed rather general setting is neither limited to this particular choice of
elements nor to 2D problems

Under the assumption that the finest partition is a result of multilevel refinement of a given
coarse mesh, we develop a novel concept for the hierarchical splitting of the unknowns. Next we
show how the constant in the strengthened Cauchy-Bunyakowski-Schwarz (CBS) inequality can
be estimated locally in this setting. Two basic problems are studied: the scalar elliptic equation
and the Lamé system of linear elasticity. This part of the presented theoretical results is in the
spirit of algebraic multilevel iteration (AMLI) methods.

One innovative contribution of this work is the construction of robust methods for problems
with large jumps (several orders of magnitude) in the PDE coefficients that can only be resolved
on the finest finite element mesh. In the well-established theory of hierarchical basis multilevel
methods one basic assumption is that the PDE coefficients are smooth functions on the elements
of the coarsest mesh partition. The presented numerical study of the CBS constant shows a well
expressed robustness of the developed hierarchical multilevel splitting with respect to coefficient
jumps between elements on the finest mesh.

KEY WORDS: Discontinuous Galerkin methods, Rannacher-Turek finite elements, multilevel preconditioning,
hierarchical basis, CBS constant.

1 Introduction

Optimal order algebraic multilevel iteration (AMLI) preconditioners based on recursive application
of two-level finite element (FE) methods have been introduced and originally analyzed in context of
linear conforming elements, see e.g., [4, 5]. The construction follows the natural hierarchical splitting
using that the FE spaces corresponding to two successive mesh refinements are nested. The key
role in the derivation of optimal convergence rate estimates plays the constant γ in the strengthened
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CBS inequality, associated with the angle between the two subspaces of the hierarchical splitting. It
turns out that existence only of a uniform estimate for this constant is not enough, therefore, accurate
quantitative bounds for γ are required as well. More precisely, the value of the upper bound for
γ ∈ (0, 1) is a part of the construction of the multilevel extension of the related two-level method.

More recently, optimal order AMLI methods related to Crouzeix-Raviart and Rannacher-Turek
non-conforming finite elements have also been developed [6, 7, 15, 16, 21]. An important point to
make is that in the case of non-conforming elements the finite element spaces corresponding to two
successive levels of mesh refinement are not nested in general. To handle this, a proper two-level
basis is required. The currently developed multilevel methods for non-conforming elements are in
the spirit of the standard (linear) and non-linear AMLI methods for so called ”First reduce” (FR) and
”Differences and aggregates” (DA) hierarchical splittings.

In this paper we address AMLI preconditioners for linear algebraic systems obtained from interior
penalty discontinuous Galerkin (IP-DG) finite element methods. In the case of scalar self-adjoint
elliptic problems, the related stiffness matrix is symmetric and positive definite. Let us note that this
is a special case of a more general class of DG schemes for second-order elliptic problems (see, e.g.
[3, 9, 13]). Among the advantages of DG methods is that they are locally conservative which is of
a principle importance for problems with strongly jumping coefficients. There are cited some first
works on efficient solution methods for DG-FEM systems [8, 10, 11, 17].

Following the two-level approach from [10], a new class of AMLI methods for the resulting graph-
Laplacian systems was introduced in [24]. The obtained optimal complexity results are applicable to
a rather general setting of IP-DG problems. In [22, 23] novel AMLI preconditioners were studied for
DG-FE discretization with conforming elements of 2D and 3D elliptic problems. In all these cases
new concepts of local matrices are introduced to substitute the standard element stiffness matrices in
the FEM assembling procedure. This idea is further developed and enriched in the present paper.

Two basic elliptic problems are studied in this article. The proposed constructions are first im-
plemented to the case of a scalar equation. The next part of the study concerns the Lamé equations
of linear elasticity. In the case of a nearly incompressible material the Q1P0 element using a con-
forming bilinear FEM approximation of the displacements and a piecewise constant approximation
of the ”pressure” is not quite stable. This phenomena is known as locking and typically appears in
case of lower-order FEM. The Rannacher-Turek rotated bi/tri-linear elements were introduced for the
Stokes problem [25] in combination with piecewise constant pressures. However, for the elasticity
problem they are still not stable, a difficulty that has been overcome by Hansbo and Larson who intro-
duced a locking-free DG-FEM approximation [18]. The presented generalized hierarchical basis for
the related discrete problem is the core of a robust AMLI preconditioned iterative solution method.
The construction is applied to the symmetric and positive definite stiffness matrix obtained after local
elimination (reduced integration) of the pressure unknowns.

The commonly known theory of the optimal order solution methods for FEM elliptic systems is
restricted to the case of coefficient jumps which are aligned with the coarse(st) geometric splitting.
Such assumptions are usually made in the case of multilevel, multigrid and domain decomposition
methods. There are many numerical tests confirming that the convergence of the related methods de-
teriorates if this condition is violated. At the same time, there are a lot of (multiscale and multiphysics)
models of strongly heterogeneous media where the strong coefficient jumps are resolved on the finest
level of the mesh. Such problems are recently referred to as ”high frequency and high contrast”. In the
last part of this paper we show some pioneering results for such problems demonstrating the achieved
robustness for classes of problems with extremely rough coefficients. Stochastically independent uni-
formly distributed random values of the diffusion coefficient (elasticity modulus) are used to set the
configuration of the test problems.
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2 Rannacher-Turek finite elements

Non-conforming rotated multilinear finite elements were introduced by Rannacher and Turek [25]
as a class of simple elements for stable discretization of the Stokes problem. Let T be a regular
decomposition of the domain Ω ⊂ R2 into quadrilaterals denoted by T. The square [−1, 1]2 is used as
a reference element T̂ to define the isoparametric rotated bilinear element T ∈ T. Let ΨT : T̂ → T
be the corresponding bilinear bijective transformation. We set

Q1(T ) := {q ◦Ψ−1
T : q ∈ span{1, x1, x2, x

2
1 − x2

2}}.

For defining the corresponding local interpolation operators let us denote by Γi the faces of the element
and by mi the midpoints of the faces. There are natural sets of nodal functionals:

a) mean value continuity symbolized by the nodal functional F a
Γi(v) = |Γi|−1

∫
Γi

vdΓi.

b) midpoint continuity symbolized by the nodal functional F b
Γi(v) = v(mi).

The corresponding finite element spaces are

Wa/b
h :=

{
v ∈ [L2(Ω)]d : v ∈ Q1(T ) ∀T ∈ T,v is continuous w.r.t.

all the functionals F
a/b

Γi , and F
a/b

Γi = 0 if Γi ⊂ ∂ΩD

}
,

(where d = 1 for the scalar elliptic problem and d = 2 for the elasticity problem, respectively) and

Lh := {qh ∈ L2(Ω) : qh|T ∈ P0 ∀T ∈ T},

where P0 is the space of constants. In [25] it is shown that Wa
h is less sensitive to mesh distortion

than Wb
h when solving the Stokes problem, but that both are stable with respect to the Babuska-Brezzi

condition. The space Wa
h is also more natural for the DG formulation.

3 Discontinuous Galerkin FE approximation of a scalar second-order
elliptic problem

Consider a second-order elliptic problem on a polygonal domain Ω ⊂ R2:

−∇ · (a(x)∇u) = f(x) in Ω,

u(x) = 0 on ΓD,

a∇u · n = 0 on ΓN .

(1)

Here n is the exterior unit normal vector on ΓN . The boundary is assumed to be decomposed into
two disjoint parts ΓD and ΓN , ΓD ∩ ΓN = ∅. For the formulation below we shall need the existence
of the traces of u and a∇u · n on certain interfaces in Ω. Thus, the solution u is assumed to have the
required regularity. To simplify our exposition we assume that the set ΓD is not empty and its measure
in nonzero.

We assume also that the partition T is quasi uniform and regular. For each finite element we denote
by hT its size and further h = maxT∈T hT . Let e = T 1∩T 2 be the interface of two adjacent elements
T1, T2. The set of all such interfaces is denoted by EI , note that these interfaces are inside Ω. Further,
ED and EN will be the faces of finite elements on the boundary ΓD and ΓN , respectively. Finally, E

will be the set of all faces:
E = EI ∪ ED ∪ EN . (2)
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On the partition T we consider the finite element space Wa
h (with d = 1). For each e = T̄1 ∩ T̄2 ∈ EI

we define the jump [[v]] of any function v ∈ Wa
h as the vector

[[v]]e :=
{

v|T1 · n1 + v|T2 · n2, e = T̄1 ∩ T̄2, i.e. e ∈ EI ,
v|T1 · n1, e = T̄1 ∩ ΓD, i.e. e ∈ E \ EI .

Here n1 and n2 are the external unit vectors to T1 and T2, respectively.
We shall also need the following notation for the average value of the traces of a vector function

v ∈ Wa
h on e = T̄1 ∩ T̄2

{v}|e :=
{

1
2(v|T1 + v|T2) e = T̄1 ∩ T̄2, i.e. e ∈ EI ,
v|T1 , e = T̄1 ∩ ΓD, i.e. e ∈ E \ EI

and the piecewise constant function hE defined on E as

hE = hE(x) = |e|, for x ∈ e ∈ E.

Further we define

(a∇v,∇v)T :=
∑
T∈T

∫
T

a∇u ∇v dx,
〈
h−1

E [[u]], [[v]]
〉
E∪ED

:=
∑

e∈E∪ED

∫
e
h−1

E [[u]] · [[v]]ds.

We shall use also the mesh dependent norm

|||v|||2 = (a∇v,∇v)T + α
〈
h−1

E [[v]], [[v]]
〉
E∪ED

. (3)

In this study we consider the following symmetric interior penalty discontinuous Galerkin finite ele-
ment method (see, e.g. [3]): Find uh ∈ Wa

h such that

A(uh, v) = L(v), ∀ v ∈ Wa
h, (4)

where
A(uh, v) ≡ (a∇uh,∇v)T + α

〈
hE

−1 [[uh]], [[v]]
〉
E∪ED

−〈{a∇uh}, [[v]]〉E∪ED
−〈[[uh]], {a∇v}〉E∪ED

(5)

and
L(v) = (f, v).

We summarize the main results regarding the discontinuous Galerkin method (4) in the following
lemma (see, e.g. [3]).

Lemma 3.1 Assume that the finite element partition T is regular and locally quasi-uniform. Then the
bilinear form A(·, ·) defined by (5) is coercive and bounded in Wa

h equipped with the norm (3) for
any sufficiently large α > 0 and the discontinuous Galerkin method (4) has unique solution.

The global stiffness matrix related to the bilinear form (5) can be assembled from the small-sized local
face stiffness matrices

A =
∑
e∈E

Ae.

The matrix Ae is related to the local bilinear form associated with the face e, and has the form

Ae(uh, v) ≡ 1
4

((a∇uh,∇v)T+ + (a∇uh,∇v)T−) + α
〈
hE

−1 [[uh]], [[v]]
〉
E∪ED

−〈{a∇uh}, [[v]]〉E∪ED
−〈[[uh]], {a∇v}〉E∪ED

.
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In the model case of a mesh of square elements the matrices corresponding to the single contribu-
tions of horizontal and vertical (interior) faces have the representation

Ah
e = Ah

e,0 + αAh
e,1, (6)

Av
e = Av

e,0 + αAv
e,1. (7)

The matrix terms from the r.h.s. of (6) can be writtenin the form

Ah
e,0 =

1
8



5k+ −3k+ 3k+ k+ 0 −6k+ 0 0
−3k+ 5k+ −k+ −3k+ 0 2k+ 0 0
3k+ −k+ −15k+ 3k+ −6k− 10(k+ + k−) 2k− −6k−

k+ −3k+ 3k+ 5k+ 0 −6k+ 0 0
0 0 −6k− 0 5k− 3k− −3k− k−

−6k+ 2k+ 10(k+ + k−) −6k+ 3k− −15k− −k− 3k−

0 0 2k− 0 −3k− −k− 5k− −3k−

0 0 −6k− 0 k− 3k− −3k− 5k−


,

Ah
e,1 =

1
240



23 −3 −3 −17 −23 3 3 17
−3 3 3 −3 3 −3 −3 3
−3 3 243 −3 3 −243 −3 3
−17 −3 −3 23 17 3 3 −23
−23 3 3 17 23 −3 −3 −17

3 −3 −243 3 −3 243 3 −3
3 −3 −3 3 −3 3 3 −3

17 3 3 −23 −17 −3 −3 23


.

Here the isotropic coefficient matrix a = a(T ) is defined by

a(T±) = k±
[

1 0
0 1

]
.

The vertical face matrixAv
e is obtained from Ah

e via the following permutation1 of rows and columns
if the mesh is composed of square elements:

Av
e = St

h,vA
h
eSh,v,

where

(Sh,v)i,j =
{

1 if j = si

0 else
, (8)

s = (2, 1, 4, 3, 6, 5, 8, 7)t

and the numbering of nodes belonging to horizontal and vertical faces is as shown in Figure 1.

Remark 3.1 For the considered particular case of a mesh of square elements the analysis of the
stabilization parameter shows that when k+ = k− the condition of Lemma 3.1 is satisfied for α >√

23329− 127
8

≈ 3.22 .

1In all different cases, the same latter S stands for the permutation matrix.
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Figure 1: Degrees of freedom of face matrices: horizontal face (left) and vertical face (right)

4 DG approximation of the Lamé linear elasticity problem

Let us consider the mixed formulation of the linear elasticity problem: Find the displacements u =
[ui]2i=1 and the ”pressure” p such that

−∇.(2µε(u)− pI) = f in Ω,
1
λ

p +∇.u = 0 in Ω,

u = 0 on ΓD,
(2µε(u)− pI)).n = h on ΓN .

(9)

Here λ and µ are the Lamé coefficients, satisfying the inequalities 0 < µ1 < µ < µ2 and 0 < λ < ∞,
and ε(u) = [εij(u)]2i,j=1 is the strain tensor with components

εij(u) =
1
2

(
∂ui

∂xj
+

∂uj

∂xi

)
.

Furthermore, I = [δij ]2i,j=1 with δij = 1 if i = j and δij = 0 if i 6= j, f and h are given loads, and n
is the outward unit normal to ΓN . In terms of the modulus of elasticity, E, and Poisson’s ratio, ν, we
have, in the case of plane strain, that λ = Eν/((1+ν)(1−2ν)) and µ = E/(2(1+ν)). Incompressible
behavior is obtained as the parameter λ → ∞, i.e., as ν → 1/2. In such a case standard (low-order)
FE methods will lock. In the general case RT elements cannot control the rigid body rotations, which
leads to instability, see Huges [19]. In [18] Hansbo and Larson presented a special discontinuous
Galerkin framework for RT elements which leads to a stable discretization of (9).

We again assume that the partition T of Ω is quasi uniform and regular. Here with each face e ∈ E

(see (2)) we associate a fixed unit normal n such that for faces on the boundary n is the exterior unit
normal. We denote here the jump of a vector function v ∈ Wa

h at a given face e by [[v]] = v+ − v−

for e ∈ EI and [[v]] = v+ for e ∈ ED, and the average {v} = (v+ +v−)/2 for e ∈ EI and {v} = v+

for e ∈ ED, where v± = limε↓0 v(x ∓ εn) with x ∈ e. The discontinuous Galerkin method for the
problem (9) reads (see [18]): Find (uh, ph) ∈ Wa

h × Lh such that

A(uh,v, ph, q) = L(v) for all (v, q) ∈ Wa
h × Lh, (10)

The bilinear form

A(uh, ph,v, q) ≡ a(uh,v) + b(uh, q) + b(v, ph) + c(ph, q) (11)
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is defined as follows:

a(uh,v) :=
∑
T∈T

(2µε(uh), ε(v))T

−
∑

e∈EI∪ED

〈{2µε(uh) · n}, [[v]]〉e + 〈{2µε(v) · n}, [[uh]]〉e

+2µα
∑

e∈EI∪ED

〈
h−1

E [[uh]], [[v]]
〉
e
,

b(v, q) := −
∑
T∈T

(q,∇ · v)T +
∑

e∈EI∪ED

〈{q}, [[v · n]]〉e ,

c(ph, q) := −
∑
T∈T

(λ−1ph, q)T ,

and the linear functional is given by

L(v) :=
∑
T∈T

(f ,v)T +
∑

e∈EN

〈h,v〉e .

Here (v,w)T =
∫
T

∑
ij vijwij , for 2-tensors v,w; 〈v,w〉e =

∫
e

∑
i viwi, for vectors v,w. Note

that the incompressible limit λ → ∞ corresponds to c(·, ·) = 0. We shall use the following mesh
depending energy norm

|||v|||2 =
∑
T∈T

(2µε(v), ε(v))T +
∑

e∈EI∪ED

〈
h−1

E [[v]], [[v]]
〉
e
,

and the norm on Lh,

||q||2Lh
=

∑
T∈T

||q||2L2(T ).

In the following lemma we summarize the main results regarding the DG method (10), see [18].

Lemma 4.1 Assume that the finite element partition T is regular and locally quasi uniform. Then the
following stability conditions are satisfied uniformly with respect to the Poisson ratio ν ∈ [0, 1

2):
1. There is a constant α ≥ α0 > 0 such that

α |||v||| ≤ a(v,v) for all v ∈ Wa
h;

2. There is a constant β ≥ β0 > 0 such that

β ≤ inf
q∈Lh

sup
v∈Wa

h

b(v, q)
|||v||| ||q||Lh

;

and the discontinuous Galerkin method (10) has unique solution.

As the consequence of this lemma we have locking-free error estimates for the IP-DG approximation.
The indefinite stiffness matrix K corresponding to the bilinear form (11) can be represented in the
following 2× 2 block form

K =
[

A B
Bt C

]
. (12)
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The matrix K can be assembled from so-called face-stiffness matrices related to the local bilinear form
associated with faces. In what follows, possible coefficient jumps across the faces are also included
(see [11]):

Ae(uh, ph,v, q) ≡ ae(uh,v) + be(uh, q) + be(v, ph) + ce(ph, q)

and
ae(uh,v) =

1
4

(
(2µ+ε(uh), ε(v))T+ + (2µ−ε(uh), ε(v))T−

)
− (〈{2µεuh) · n}, [[v]]〉e + 〈{2µεv) · n}, [[uh]]〉e)

+(µ+ + µ−)α
〈
h−1

E [[uh]], [[v]]
〉
e
,

be(v, q) = −1
4

((q,∇ · v)T+ + (q,∇ · v)T−) + 〈{q}, [[v · n]]〉e ,

ce(ph, q) = −1
4

((
1

λ+
ph, q

)
T+

+
(

1
λ−

ph, q

)
T−

)
.

The submatrix C in (12) corresponding to the ”pressures” is diagonal and hence we can eliminate
these unknowns exactly. Then we end up with a symmetric and positive definite stiffness matrix
K̃ = A−BC−1Bt. In the model case of a mesh of square elements the single contributions to K̃ of
horizontal and vertical (interior) faces are the following:

Ah
e = Ah

e,0 + αAh
e,1 (13)

Av
e = Av

e,0 + αAv
e,1. (14)

The matrix Ah
e,0 is written in 2× 2 block form

Ah
e,0 =

1
16

[
Ah,11

e,0 Ah,12
e,0

Ah,21
e,0 Ah,22

e,0

]
,

where

Ah,11
e,0 =



17µ+ −9µ+ 3µ+ µ+ 0 −12µ+ 0 0
−9µ+ 13µ+ µ+ −9µ+ 0 4µ+ 0 0
3µ+ µ+ −27µ+ 3µ+ −12µ− 20(µ− + µ+) 4µ− −12µ−

µ+ −9µ+ 3µ+ 17µ+ 0 −12µ+ 0 0
0 0 −12µ− 0 17µ− 3µ− −9µ− µ−

−12µ+ 4µ+ 20(µ− + µ+) −12µ+ 3µ− −27µ− µ− 3µ−

0 0 4µ− 0 −9µ− µ− 13µ− −9µ−

0 0 −12µ− 0 µ− 3µ− −9µ− 17µ−



+



4λ+ 0 0 −4λ+ 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−4λ+ 0 0 4λ+ 0 0 0 0
0 0 0 0 4λ− 0 0 −4λ−

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 −4λ− 0 0 4λ−


,
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Ah,12
e,0 =



2µ+ 4λ+ − 2µ+ 4λ+ − 2µ+ 2µ+ 2µ− −8λ+ − 2µ− −2µ− 2µ−

4µ+ 0 0 −4µ+ 0 0 0 0
4µ+ 0 0 −4µ+ 8µ− 0 0 −8µ−

−2µ+ −4λ+ + 2µ+ −4λ+ + 2µ+ −2µ+ −2µ− 8λ+ + 2µ− 2µ− −2µ−

−2µ+ 2µ+ 8λ− + 2µ+ −2µ+ −2µ− −4λ− + 2µ− −4λ− + 2µ− −2µ−

−8µ+ 0 0 8µ+ −4µ− 0 0 4µ−

0 0 0 0 −4µ− 0 0 4µ−

2µ+ −2µ+ −8λ− − 2µ+ 2µ+ 2µ− 4λ− − 2µ− 4λ− − 2µ− 2µ−


,

Ah,21
e,0 =

(
Ah,12

e,0

)t
,

Ah,22
e,0 =



13µ+ −9µ+ 15µ+ 5µ+ 0 −24µ+ 0 0
−9µ+ 17µ+ −7µ+ −9µ+ 0 8µ+ 0 0
15µ+ −7µ+ −63µ+ 15µ+ −24µ− 40(µ− + µ+) 8µ− −24µ−

5µ+ −9µ+ 15µ+ 13µ+ 0 −24µ+ 0 0
0 0 −24µ− 0 13µ− 15µ− −9µ− 5µ−

−24µ+ 8µ+ 40(µ− + µ+) −24µ+ 15µ− −63µ− −7µ− 15µ−

0 0 8µ− 0 −9µ− −7µ− 17µ− −9µ−

0 0 −24µ− 0 5µ− 15µ− −9µ− 13µ−



+



0 0 0 0 0 0 0 0
0 4λ+ 4λ+ 0 0 −8λ+ 0 0
0 4λ+ 16λ− + 4λ+ 0 0 −8(λ− + λ+) −8λ− 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 −8λ+ −8(λ− + λ+) 0 0 4λ− + 16λ+ 4λ− 0
0 0 −8λ− 0 0 4λ− 4λ− 0
0 0 0 0 0 0 0 0


,

and

Ah
e,1 =

µ+ + µ−

240

[
Ah,11

e,1 0
0 Ah,22

e,1

]
,

Ah,11
e,1 = Ah,22

e,1 =



23 −3 −3 −17 −23 3 3 17
−3 3 3 −3 3 −3 −3 3
−3 3 243 −3 3 −243 −3 3
−17 −3 −3 23 17 3 3 −23
−23 3 3 17 23 −3 −3 −17
3 −3 −243 3 −3 243 3 −3
3 −3 −3 3 −3 3 3 −3
17 3 3 −23 −17 −3 −3 23


.

In order to deduce the face matrix for a vertical face (14) from (13) we note that the permutation
(8) has to be applied to the x-displacement and to the y-displacement component separately, thereby
taking into account that the role of x and y has to be interchanged, too. That is, the face matrix Av

e for
the vertical face is given by

Av
e = St

h,vA
h
eSh,v, (15)
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where

(Sh,v)i,j =
{

1 if j = si

0 else
,

s = (10, 9, 12, 11, 14, 13, 16, 15, 2, 1, 4, 3, 6, 5, 8, 7)t

with respect to the component-by component ordering.

Remark 4.1 For the considered model case of a mesh of square elements the analysis of the stabi-
lization parameter α shows that when λ+ = λ− and µ+ = µ− the stiffness matrix K̃ is symmetric

and positive definite for α ≥ α0 =
√

5689− 37
8

≈ 4.8.

5 Splitting of the DG finite element spaces

The decomposition of the DG-FE space into a coarse space and its complementary space on the
discrete (matrix) level is based on a (generalized) hierarchical basis transformation that can be defined
locally, i.e., for so-called macro superelements. We will describe the procedure for the scalar elliptic
problem in detail. A generalization to systems of partial differential equations, such as the Lamé
system of linear elasticity, will be presented at the end of this section.

The first step in the construction is related to a splitting of the local bilinear form into the con-
tributions associated with the single horizontal and vertical (interior) faces in the mesh (see (6) and
(7)).

In the next step we define a general so-called superelement g ∈ G, which is the union of all
the degrees of freedom (DOF) associated with the four faces (two horizontal and two vertical faces)
that share one vertex, see Figure 2. The characteristic macro superelement G ∈ M is then made

3

4 5

10

11

12 13 16

14

7

8

2

15

6

9

1

Figure 2: Superelement g composed of two horizontal and two vertical faces

up of four partly overlapping superelements as shown in Figure 3. Note that the construction of
faces, superelements and macro superelements is such that the global stiffness matrix can always be
assembled alternatively, in either way, of the respective local matrices, i.e.,

A =
∑
e∈E

Ae =
∑
g∈G

Ag =
∑

G∈M

AG.

Due to the overlap of superelements the assembing of superelement matrices requires a proper scaling
of the respective face contributions. For an interior superelement g the correct scaling factor is 1/2,
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i.e., Ag =
∑

e⊂g
1
2Ae. The superelements can be associated with the vertices of the mesh, i.e., each

vertex - intersection of (four interior) faces - defines one superelement and the coupling between the
unknowns corresponding to different elements in a given superelement is due to the face matrices.
The macro superelements finally cover the whole domain, i.e., the whole mesh, forming stripes of
overlap with a width of one element, see Figure 4. The overlapping region (intersection) of all four
superelements of a macro superelement is one element in its center, i.e., the element with the local
DOF (respectively nodes) 1, 2, 3, 4, as depicted in Figure 3. The DOF in the macro superelement
G are divided into coarse DOF that belong to the corner elements – indicated by squares – and the
remaining fine DOF – indicated by circles. As usual, the coarse DOF of a macro superelement form
the DOF of a superelement on the next coarser level.
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III IV

I II
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9 12 1 4

23

24 5 8 25 28

26
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13 16

34

35

3633

6

7

2

3

18

Figure 3: Macro superelement G: four overlapping superelements

The basic construction follows now from the standard approach, as it is used for conforming
bilinear elements, if one associates nodes with elements. Hence, in the present context, we consider
superelements g (instead of elements) in order to compose macro superelements G (instead of macro
elements). Superelements produce overlapping (common) elements (instead of common nodes in
the standard setting). Two ”neighboring” macro superelements have three elements in common, see
Figure 4 (instead of having three common nodes in the standard situation of conforming bilinear
elements). The coarse mesh hierarchy is such that the DOF associated with every other element (in x-
and every other element in y-direction) belong to the coarse level. Since all DOF of a given element
are either “fine” or “coarse”, the number of coarse DOF is always a multiple of four in the scalar
case. The number of elements that contain the coarse DOF is approximately reduced by a factor 4
(for large meshes) and thus the coarsening ratio τ ≈ 4, see Figure 4. The macro superelement matrix
associated with G is denoted by AG; It is transformed into a hierarchical two-level basis via a local
transformation

ÂG = J t
GAGJG (16)

where JG has the form

JG =
[

I PG

0 I

]
(17)

and PG denotes some proper local interpolation matrix of size 20×16 (in the scalar case). Note that
the local and global hierarchical bases, as presented here, do not involve so-called differences and

11



Figure 4: Coarsening and overlap of macro superelements

aggregates of nodal shape functions. As opposed to the latter construction, which has turned out to be
useful for splitting certain non-conforming FE spaces in a proper way, see, e.g., [7, 16, 21], we stay
within the framework of nested spaces here. In the following we give some examples of particular
choices of the local transformation JG, which define uniquely a global two-level splitting in each
individual case.

In the first example we define JG, as given by (17), by means of a local interpolation PG that is
based on simple averaging, i.e.,

P
(1)
G =

1
16


1 1 1 1

21 21 0 0
21 0 21 0
0 21 0 21
0 0 21 21

 . (18)

Here 1 denotes the 4×4 matrix of all ones. The resulting transformation we denote by J
(1)
G .

In the other examples we exploit a technique known as “First Reduce” approach, where we per-
form a so-called static condensation of the interior macro superelement DOF with local numbers
1, 2, 3, 4, see Figure 3. After this reduction step we arrive at a (in the scalar case 32×32) local Schur
complement

BG = AG:22 −AG:21A
−1
G:11AG:12.

Here AG:11 denotes the upper-left 4×4 submatrix that is associated with the interior DOF of G, which
are subject to the elimination. This static condensation yields a local transformation into block diag-
onal form, i.e., a decoupling of the interior DOF from the remaining ones:[

AG:11 0
0 BG

]
=

[
I 0

−AG:21A
−1
G:11 I

] [
AG:11 AG:12

AG:21 AG:22

] [
I −A−1

G:11AG:12

0 I

]
Since there is no overlap of the central element (no common interior DOF) of different macro su-
perelements G, the exact elimination of interior unknowns in the global system can be done locally,
i.e., for each macro superelement separately. For the transformation of the local matrices BG associ-
ated with the reduced macro superelements, as depicted in Figure 5, the interpolation can be based on
averaging again. This results in the same lower (in the scalar case 16×16) square submatrix as in the
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interpolation matrix (18). Thus the full local interpolation P
(2)
G for this transformation J

(2)
G is given

by

P
(2)
G =

1
8


−8A−1

G:11AG:12

1 1 0 0
1 0 1 0
0 1 0 1

0 0 1 1

 . (19)

2
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17 1

15

14

Figure 5: Degrees of freedom of reduced macro superelement

The fact that the static condensation step can be integrated in the (local) hierarchical basis trans-
formation, which results in the local interpolation (19), can easily be seen if we multiply the two
related matrices. Using the notation

P (16×16) =
1
8


1 1 0 0
1 0 1 0
0 1 0 1

0 0 1 1


for the lower square (16×16) block of (19) those two consecutive steps result in the (combined)
transformation

J
(2)
G =

 I(4×4) 0(4×16) −A−1
G:11A

(4×16)
G:12

0(16×4) I(16×16) 0(16×16)

0(16×4) 0(16×16) I(16×16)


 I(4×4) 0(4×16) 0(4×16)

0(16×4) I(16×16) P (16×16)

0(16×4) 0(16×16) I(16×16)



=

 I(4×4) 0(4×16) −A−1
G:11A

(4×16)
G:12

0(16×4) I(16×16) P (16×16)

0(16×4) 0(16×16) I(16×16)

 . (20)

In other words, the (full) interpolation matrix, which is given by the upper right (20×16) block of the
product (20) is the matrix (19).

In the third example, we combine the “First Reduce” step with a local harmonic interpolation of
the remaining fine DOF subject to the constraint that the fine DOF of a given element are allowed to
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interpolate only from the coarse DOF of its attached elements. Using Figure 5 for further explanation,
this means that (in the scalar case) the DOF with local numbers 1, 2, 3, 4 are allowed to interpolate
from the coarse DOF with numbers 17, 18. . . . , 24 only. In order to construct a locally energy min-
imizing interpolation, we assemble an auxiliary matrix CG from those face matrices that originally
produce the coupling of the remaining fine DOF (local numbers 1 to 16) with the coarse DOF (local
numbers 17 to 32). The corresponding faces are indicated by bold lines in Figure 5; Then, partitioning
the matrix CG into 2×2 blocks of size 16×16, i.e.,

CG =
[

CG:11 CG:12

CG:21 CG:22

]
,

the transformation J
(3)
G is defined by using the local interpolation

P
(3)
G =

[
−A−1

G:11AG:12

−C−1
G:11CG:12

]
in (17). Note that the nonzero pattern of the submatrix −C−1

G:11CG:12 is the same as that of the cor-
responding block of the matrix P

(2)
G ! This ensures that the local stencil of the original (nodal basis)

fine-grid matrix is reproduced on the coarse level(s).
We shall now briefly discuss the generalization of our approach to vector-field problems. In the

simplest case, such as for the Lamé system of linear elasticity, nodes accumulate variables of the same
kind, e.g., displacement components. As we have seen earlier, this may involve a “preprocessing
step”, such as the elimination of the “pressure unknowns”, if one starts from a mixed formulation
of the problem. Then, if we number (reorder) the DOF node-by-node (instead of component-by-
component) the aforementioned procedure can be applied directly.

The face-stiffness matrices Āh
e and Āv

e with respect to the node-by-node ordering are obtained
from the matrices (13) and (14) via the following permutation of rows and columns:

Āh
e = St

c,nA
h
eSc,n, Āv

e = St
c,nA

v
eSc,n, (21)

where

(Sc,n)i,j =
{

1 if j = si

0 else
,

s = (1, 3, 5, 7, 9, 11, 13, 15, 2, 4, 6, 8, 10, 12, 14, 16)t.

Now the two-level generalized hierarchical basis transformations that have been introduced in this
section can be applied straightly using the face matrices (21). Only the doubling of the dimension
of the respective vector spaces and hence of the corresponding matrix dimensions draws a natural
distinction for this two-component system. In particular we will study the transformation variant J

(3)
G

for the Lamé system in the next section.

6 Numerical study of the CBS constant

The construction of optimal preconditioners in the framework of multilevel block factorization is
based upon a theory in which the constant γ in the so-called strengthened Cauchy-Bunyakowski-
Schwarz (CBS) inequality plays a key role. The CBS constant measures the cosine of the abstract
angle between the coarse space and its complementary space. This splitting can be obtained implicitly
via a generalized hierarchical basis transformation as described in the previous section. The value of
the upper bound for γ ∈ (0, 1) is also part of the construction of various multilevel extensions of the
related two-level methods.

14



6.1 Local estimates of γ

In the hierarchical bases context we denote by V1 and V2 subspaces of the finite element space Vh.
The space V2 is spanned by the coarse-space basis functions and V1 is the complement of V2 in Vh,
i.e., Vh is a direct sum of V1 and V2:

Vh = V1 ⊕ V2

We want to emphasize that instead of computing the coarse-space basis functions explicitly, a (gen-
eralized) hierarchical basis can always be defined (implicitly) by specifying the related hierarchical
basis transformation. The fact that we construct the global transformation based on a compatible local
transformation ensures that the coarse-space basis functions have a local support; Actually, even the
stencil, i.e., the sparsity pattern, of the original stiffness matrix (with respect to the standard nodal
basis) is reproduced by the resulting coarse-level matrix that serves as a Schur complement approxi-
mation.

Let us consider the scalar second-order elliptic problem now. We first note that the following
well-known definition of the strengthened CBS inequality constant

γ = cos(V1, V2) = sup
u ∈ V1, v ∈ V2

A(u, v)√
A(u, u)A(v, v)

holds where A(·, ·) is the bilinear form that appears in the IP-DG finite element formulation (4). As it
was shown in [2], the constant γ can be estimated locally, in our case over each macro superelement
G, which means that γ = maxG γG, where

γG = sup
u ∈ V1(G), v ∈ V2(G)

AG(u, v)√
AG(u, u)AG(v, v)

, v 6= const.

The spaces Vk(G) above contain the functions from Vk restricted to G and AG(u, v) corresponds to
A(u, v) restricted over the macro superelement G. We stress here, that the above technique has been
developed originally for conforming finite elements; However, it can also be applied successfully to
DG-nonconforming approximations if one uses the construction of overlapping macro superelements,
see Section 5. Moreover, and this is demonstrated with the example of the Lamé system of linear
elasticity here, the proposed approach is not limited to scalar problems.

The local analysis of the CBS constant is based on the following simple general rule to compute
γG, see, e.g., [12, 20]:

γ2
G = 1− µ1,

where µ1 is the minimal eigenvalue of the generalized eigenproblem

SGvG:2 = µÂG:22vG:2, vG:2 6∈ ker(ÂG:22). (22)

Here ÂG:22 denotes the lower-right block of the hierarchical macro-superelement matrix (16) obtained
via either of the transformations J

(m)
G , m ∈ {1, 2, 3}. In case of the scalar elliptic problem ÂG:22 is

of size 16×16 and its one-dimensional kernel is spanned by the constant vector, i.e.,

ker(ÂG:22) = span{(1, 1, . . . , 1)t}.

In case of the Lamé system ÂG:22 is of size 32×32 (in two space dimensions) with a three-dimensional
kernel spanned by the rigid body motions (2 translations and 1 rotation), i.e.,

ker(ÂG:22) = span{t1, t2, r1}
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where

t1 = (1, 0, 1, 0, . . . , 1, 0)t,

t2 = (0, 1, 0, 1, . . . , 0, 1)t,

r1 = (−y1, x1,−y2, x2, . . . ,−y16, x16)t

and (xi, yi), 1 ≤ i ≤ 16, are the coordinates of the coarse nodes of the macro superelement G. The
matrix SG denotes the local Schur complement, i.e.,

SG = ÂG:22 − ÂG:21(ÂG:11)−1ÂG:12.

It is easily seen that the minimal eigenvalue of (22) can be computed equivalently from

(V t
GÂG:22VG)−1(V t

GSGVG)vG:2 = µvG:2

where VG is a matrix of size 16×15 for the scalar problem and of size 32×29 for the 2D elasticity
problem and the columns of VG are orthogonal to ker(ÂG:22).2

6.2 Multilevel behavior of γ

The background of this work are multilevel methods that are based on a recursive application of cer-
tain two-level methods. Here we investigate robustness issues for particular splittings of certain DG-
nonconforming approximations. As the classical theory predicts, efficient two- and multilevel pre-
conditioners can be constructed based on such splittings if the CBS-constant γ is uniformly bounded
away from 1. Considering the particular splittings that have been presented in Section 5 the numer-
ical experiments described in the rest of this section are devoted to the verification of this important
property.

In the first experiment we compute recursively the squared local CBS constant γ2
G for the scalar

elliptic problem with constant coefficients. Each time the lower-right 16×16 block of the matrix ÂG

in (16) is used to assemble a new macro superelement matrix AG that can be associated with the
next coarser level then. Figure 6 depicts the multilevel behavior, i.e., the value of γ2

G on the first 15
levels for all three transformation variants. It is interesting to see that for the transformations J

(1)
G

and J
(2)
G the recursive splitting results in a sequence of monotonically decreasing local γ-values as

the recursion proceeds. On the other hand, γG first decreases then increases and finally converges to
the same limit from above for J

(3)
G . In both cases, however, it is evident that the angle between the

two subspaces is uniformly bounded from below. Of course, the sequence of recursively computed
local γ-values depends on the choice of the stabilization parameter α in general. The results plotted
in Figure 6 are for α = 10.

The results in Figure 7 show the effect of increasing α, which leads to a steeper decrease of γ2
G

(variant J
(3)
G ) on the first few coarse levels. However, the CBS constant converges to

√
3/8 for any

reasonable choice of α, e.g., for α > (
√

23329 − 127)/8, cf. Remark 3.1. It is already very close to
its limit for any α ≥ 10 after 7 steps of recursion, see Figure 7.

A similar behavior can be observed for the Lamé system of linear elasticity if ν is fixed. While the
limit of γ2

G seems to vary only slightly when varying the stabilization parameter α, it clearly depends
on the Poisson ratio ν for this problem. The results plotted in Figure 8 are for ν = 0.33.

2For instance, one can use all eigenvectors of ÂG:22 that correspond to all its nonzero eigenvalues to define the columns
of VG.
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Figure 6: Multilevel behavior of γ2
G – scalar elliptic problem (α = 10) – variant J

(1)
G (blue curve);

J
(2)
G (green curve); J

(3)
G (red curve)
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Figure 7: Multilevel behavior of γ2
G – scalar elliptic problem – variant J

(3)
G : α = 10 (blue curve);

α = 100 (green curve); α = 1000 (red curve)
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Figure 8: Multilevel behavior of γ2
G – elasticity problem (ν = 0.33) – variant J

(3)
G : α = 10 (blue

curve); α = 100 (green curve); α = 1000 (red curve)
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The dependence of γ2
G on the Poisson ratio is depicted in Figures 9 and 10 for α = 10 and

α = 1000, respectively. We consider the transformation based on local harmonic interpolation, which
yields the best results, again. Unfortunately, the splitting is not robust with respect to ν in the sense
that γ2

G is not uniformly bounded away from 1 as the recursion proceeds. By comparing Figures 9
and 10, we see that an increase of α indeed improves the angle between the two subspaces, however,
for almost incompressible materials, i.e., for ν being close to 1/2, we observe that γ2

G approaches
1 on very coarse levels. Nevertheless, for a moderate Poisson ratio, i.e., for ν ≤ 0.4, the squared
local CBS constant does not exceed

√
3/4 provided α is taken large enough. Thus according to the

theory, we may conclude that a preconditioner with optimal order, i.e., O(1), condition number can
be constructed based on W-cycle algebraic multilevel iteration (AMLI).

1 2 3 4 5 6 7 8 9 10k

0.05
0.1

0.15
0.2

0.25
0.3

0.35
0.4

0.45

Ν

0.
0.2
0.4
0.6
0.8

Γ2

0.4

0.45

0.5

0.55

0.6

0.65

0.65

0.7

0.75

0.8
0.85

1 2 3 4 5 6 7 8 9 10

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

1 2 3 4 5 6 7 8 9 10

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

k

Ν

Figure 9: Multilevel behavior of γ2
G – elasticity problem; varying ν: α = 10
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Figure 10: Multilevel behavior of γ2
G – elasticity problem; varying ν: α = 1000

Note that W-cycle AMLI, which involves second-degree matrix polynomials for the stabilization
of the condition number (or, alternatively, two inner iterations) at every coarse (except the coarsest)
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level, can be performed at a cost proportional to N , the total number of DOF, per (outer) iteration in
the present setting since the coarsening ratio τ is close to four, cf. Figure 4. If then, as we may predict
from our results, the convergence factor of the preconditioned conjugate gradient method is strictly
less than 1 independent on the number of levels, the overall solution process will be of optimal order
of computational complexity. That is, the linear system can be solved up to any fixed (prescribed)
accuracy at a total cost of O(N) arithmetic operations.

6.3 Random coefficients

In the following experiment we compute the value of the squared local CBS constant γ2
G for the case of

random jumps in the coefficients on the macro superelement for different choices of the stabilization
parameter α, i.e., α ∈ {10, 100, 1000}. Again, the computations are carried out for the splitting based
on static condensation and local harmonic interpolation, as described in Section 5.

The configuration is a stochastically independent uniformly distributed random value of the dif-
fusion coefficient in the interval (0, 1) for each element, i.e., a set of nine random numbers in (0, 1)
for the (reference) super macroelement. Then 100 randomly generated sets of random coefficients
are generated and γ2

G is evaluated thrice for each such set, once for each choice of α. The results in
Figure 11 show that the local CBS constant is always nicely bounded away from 1. However, its mean
value γ̄2

G and its variation both depend on α. The variation is smaller for larger α in general. Since
γ̄2

G is smaller for α = 100 than it is for α = 10 or for α = 1000 it seems that minimizing the mean
value of γ2

G requires some optimal (not too large) stabilization parameter.

20 40 60 80 100

0.1

0.2

0.3

0.4

0.5

Figure 11: γ2
G for random coefficients: charts for α = 10 (green), α = 100 (blue), α = 1000 (red)

Finally we discuss the results of a similar experiment for the Lamé system of linear elasticity.
Here we choose a random Young’s modulus E and let the Poisson ratio fixed, i.e., ν = 0.33, which
corresponds to a jump of the same relative magnitude of both Lamé parameters. We evaluate γ2

G for
α ∈ {10, 100, 1000}, again for 100 random distributions of E. As we see from Figure 12, the increase
of α has almost no smoothing effect on the local CBS constant in this case.
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G for elasticity problem (ν = 0.33) – random coefficients: charts for α = 10 (green),
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