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SENSITIVITY ANALYSIS AND THE ADJOINT UPDATE

STRATEGY FOR OPTIMAL CONTROL PROBLEMS WITH

MIXED CONTROL-STATE CONSTRAINTS

ROLAND GRIESSE AND DANIEL WACHSMUTH

Abstract. In this article, an optimal control problem subject to a semilinear
elliptic equation and mixed control-state constraints is investigated. The prob-
lem data depends on certain parameters. Under an assumption of seperation of
the active sets and a second-order sufficient optimality condition, Bouligand-
differentiability (B-differentiability) of the solutions with respect to the pa-
rameter is established. Furthermore, an adjoint update strategy is proposed
which yields a better approximation of the optimal controls and multipliers

than the classical Taylor expansion, with remainder terms vanishing in L
∞.

1 Introduction

In this paper we consider an optimal control problem for a semilinear elliptic equa-
tion, subject to mixed control-state constraints. Some of the problem data depends
on a parameter θ. The problem under consideration is

Minimize
1

2
‖y − yd(θ)‖

2
L2(Ω) +

γ(θ)

2
‖u − ud(θ)‖

2
L2(Ω)

s.t.

{
−∆y + d(y, θ) = u + f(θ) in Ω

y = 0 on Γ

and u + bi(θ) y − ci(θ) ≥ 0 in Ω, i = 1, . . . , s.

(P(θ))

The assumptions on the problem data are made precise below. The parameter
θ varies in a normed linear space Θ. We are concerned here with the sensitivity
analysis of local optimal solutions of (P(θ)) with respect to perturbations of θ near
a reference value θ0. To our knowledge, this is the first publication dealing with
the sensitivity analysis of optimal control problems involving partial differential
equations and mixed control-state constraints.

Suppose that u[θ0] is a local optimal reference solution for (P(θ0)) satisfying second-
order sufficient conditions and a separation assumption for the sets where the in-
equality constraints are active. Our main results are:

(1) In a neighborhood of u[θ0], the solutions of neighboring problems u[θ] are
locally unique and B-differentiable w.r.t. θ (see Theorems 4.2 and 4.3).

(2) We analyze two different update fomulas in order to approximate u[θ], using
u[θ0] and derivative information. Our so-called adjoint update scheme per-
mits an L∞ estimate for the remainder, while the classical Taylor formula
does not (see Theorem 5.2).

Let us put our work into perspective. Optimal control problems with pointwise
constraints are subject of ongoing research. Necessary as well as sufficient opti-
mality conditions are being investigated. Mixed control and state constraints as
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in (P(θ)) appear as Lavrentiev-type regularizations for problems with pure state
constraints, but they are also interesting in their own right. Recently, the exis-
tence of regular Lagrange multipliers associated to mixed constraints was proved
by Rösch and Tröltzsch [16]. Regular Lagrange multipliers allow the formulation
of necessary optimality conditions in function spaces, and these are the basis for
many optimization algorithms, for instance the semi-smooth Newton’s method, see
Hintermüller, Tröltzsch, and Yousept [5] in the context of problems with mixed
constraints.

Problem (P(θ)) under consideration is in general non-convex. In this case, an
essential assumption to find local minima are second-order sufficient conditions.
We will employ such a condition involving strongly active sets, as presented by
Meyer and Tröltzsch [15]. Problems with more than one mixed inequality constraint
feature the additional difficulty that associated Lagrange multipliers need not to
be unique. This may occur when several constraints are simultaneously active on
a nontrivial subset of the domain Ω. This circumstance certainly has an impact
on the stability properties of solutions of (P(θ)) and thus on numerical methods.
In our analysis we thus assume that the active sets are separated, which in turn
implies the uniqueness of multipliers, see Alt et al. [1].

In a series of articles, Malanowski [7, 8, 10, 11] proved stability and sensitivity
properties of optimal control problems with ordinary differential equations in the
presence of mixed control-state and pure state constraints. A Lipschitz stability
result for optimal control problems with partial differential equations and mixed
constraints was derived in [1]. Fréchet differentiability of the solution of Lavrientiev
regularized problems with respect to the regularization parameter was analyzed in
[6] under a strict complementarity assumption.

In a previous paper [4], we showed the B-differentiability of solutions for a simpler
problem setting which accomodates linear-quadratic optimal control problems with
pure control constraints. We also analyzed several update schemes which allow to
approximately recover the optimal control u[θ] for parameters θ near a reference
value θ0. It was shown that the Taylor expansion

u[θ] ≈ u[θ0] + u′[θ0](θ − θ0)

is not an optimal update scheme because it does not allow an error estimate in
L∞. This was remedied by the use of a so-called adjoint update scheme involving
a certain adjoint quantity.

In this paper, we extend the results of [4] in two directions. First of all, we allow here
a semilinear state equation. This resolves the unsatisfactory situation that arises for
linear-quadratic optimal control problems, where the compuation of u′[θ0](θ − θ0)
during the evaluation of the update formula is no less expensive than the solution
of problem (P(θ)) itself with the perturbed parameter θ. Secondly, we consider
here several mixed control-state constraints rather than one single pure control
constraint, which in addition may depend on the parameter θ.

The outline of the paper is as follows. In the remainder of this section, we fix
most of our standing assumptions. In Section 2, we state the system of necessary
optimality conditions for (P(θ)). We also reformulate it in terms of a generalized
equation, whose linearization is analyzed in Section 3. In particular, we prove that
solutions to the linearized optimality system depend Lipschitz continuously and B-
differentiably on the parameter. This result is used in Section 4 to prove the same
properties about the nonlinear optimality system for (P(θ)), in virtue of an implicit
function theorem for generalized equations. In Section 5, we devise two different
update strategies to recover u[θ] from u[θ0] and derivative information. We prove
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that the so-called adjoint scheme allows error estimates in L∞ while the classical
Taylor expansion does not. These findings are confirmed by numerical experiments
in Section 6.

For convenience, we recall the notation of Bouligand or B-differentiability, which
is also called a directional Fréchet derivative, see [2]. Recall that an operator
A : X → Y is said to be positively homogeneous if A(λx) = λA(x) holds for all
λ ≥ 0 and all x ∈ X .

Definition 1.1. A function f : X → Y between normed linear spaces X and
Y is said to be B-differentiable at x0 ∈ X if there exists ε > 0 and a positively
homogeneous operator f ′(x0) : X → Y such that

f(x) = f(x0) + f ′(x0)(x − x0) + r(x0; x − x0)

holds for all x ∈ X, where the remainder satisfies ‖r(x0; x− x0)‖Y /‖x− x0‖X → 0
as ‖x − x0‖X → 0.

Clearly, if the B-derivative f ′(x0) is a linear and continuous operator, then the
B-derivative becomes the Fréchet derivative.

Throughout the paper, we denote by BX
ρ (x) or simply Bρ(x) the open ball of radius

ρ, centered at x ∈ X . Moreover, (·, ·)Ω denotes the scalar product in L2(Ω).

Standing Assumptions. Throughout, Ω ⊂ RN , N ∈ {2, 3}, denotes a bounded
domain with C1,1 boundary Γ. The parameter θ varies in a some normed linear
space Θ. Moreover, suppose that Bρ(θ0) is an open ball around some fixed reference
value θ0.

(A1) The desired state yd : Bρ(θ0) → L2(Ω) is Lipschitz and B-differentiable at
θ0.

(A2) The reference control ud : Bρ(θ0) → L∞(Ω) is Lipschitz and B-differentiable
at θ0.

(A3) The control cost parameter γ : Bρ(θ0) → R+ is Lipschitz and B-differentiable
at θ0.

(A4) The right hand side f(·) : Bρ(θ0) → L2(Ω) is B-differentiable w.r.t. θ.
(A5) The coefficients in the inequalities bi, ci : Bρ(θ0) → L∞(Si) are Lipschitz

and B-differentiable for i = 1, . . . , s.
(A6) The nonlinearity d(y, θ) may depend on the spatial variable ξ.

(a) For any fixed θ ∈ Bρ(θ0), d(y, θ) is measurable w.r.t. ξ and of class C2

w.r.t. y, for almost all ξ ∈ Ω.
(b) d(·, θ) is assumed monotone w.r.t. y, i.e., dy(y, θ) ≥ 0 holds for all

y ∈ R and all θ ∈ Bρ(θ0), a.e. in Ω.
(c) Moreover, d(·, θ), dy(·, θ) and dyy(·, θ) are assumed to be a locally

bounded and locally Lipschitz continuous function w.r.t. y, uniformly
in Bρ(θ0), i.e., the following conditions hold: there exists K > 0 such
that

|d(0, θ)|+ |dy(0, θ)|+ |dyy(0, θ)| ≤ K a.e. in Ω and for all θ ∈ Bρ(θ0),

and for any M > 0, there exists L(M) > 0 such that

|d(y1, θ) − d(y2, θ)| ≤ L(M) |y1 − y2| a.e. in Ω and for all θ ∈ Bρ(θ0)

|dy(y1, θ) − dy(y2, θ)| ≤ L(M) |y1 − y2| a.e. in Ω and for all θ ∈ Bρ(θ0)

|dyy(y1, θ) − dyy(y2, θ)| ≤ L(M) |y1 − y2| a.e. in Ω and for all θ ∈ Bρ(θ0)

hold for all yi ∈ R satisfying |yi| ≤ M .
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(d) d(y, ·) : Bρ(θ0) → R is locally Lipschitz w.r.t. θ, uniformly on bounded
sets of R, i.e., for any M > 0, there exists L(M) > 0 such that

|d(y, θ1) − d(y, θ2)| ≤ L(M) |θ1 − θ2| a.e. in Ω

holds for all y ∈ R satisfying |y| ≤ M . This condition also holds for
dy and dyy.

(e) For all y ∈ L∞(Ω), d(y, ·) : Bρ(θ0) → L∞(Ω) is B-differentiable at θ0.
The same holds for dy(y, ·).

Further assumptions will be stated as needed.

Preliminary results. Let us collect briefly some known results for solvability of
the non-linear state equation. For future reference, we define the state space

Y = H2(Ω) ∩ H1
0 (Ω),

endowed with the norm ‖y‖Y = ‖y‖H2(Ω). We note that Y →֒ C0(Ω), the space of
continuous functions on Ω with zero boundary values. It is well-known that under
the assumptions above, the state equation admits a unique solution y ∈ Y for every
u ∈ L2(Ω) and θ ∈ Bρ(θ0).

In the context of optimality conditions, we will make use of the unique solvability
of the linearized equation

−∆y + dy(y0, θ0) y = g in Ω

y = 0 on Γ.
(1.1)

Thanks to the Assumption (A6) (a)–(d) on d it holds

Lemma 1.2. Let y0 ∈ C(Ω̄) be given. Then for every g ∈ L2(Ω), the linearized
system (1.1) admits a unique solution y ∈ Y . The mapping g 7→ y is linear and
continuous.

2 Optimality Conditions and Generalized Equation

We assume that problem (P(θ0)) admits a local solution. This reference solution
is denoted in the sequel by (y0, u0) ∈ Y × L2(Ω). For the existence of Lagrange
multipliers, we employ the following linearized Slater condition:

(A7) There exist û ∈ L∞(Ω) and β > 0 such that

û + bi(θ0) ŷ − ci(θ0) ≥ β in Ω, i = 1, . . . , s

holds, where ŷ is the solution of the linearized system (1.1) to the right
hand side û.

The Lagrange multipliers and adjoint state associated to (y0, u0) need not be unique
without further assumptions, see [1, Remark 2.6 and Proposition 3.5]. Therefore,
we follow the approach taken there and introduce the so-called security sets at the
reference solution.

(A8) Suppose that there exists σ > 0 such that the sets

Sσ
i := {x ∈ Ω : 0 ≤ u0 + bi(θ0) y0 − ci(θ0) ≤ σ}, i = 1, . . . , s

are pairwise disjoint.
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Note that (A8) implies that the active sets, i.e., the subsets of Ω where the in-
equality constraints are active, are separated with a security margin σ from each
other.

However, it turns out that this separation assumption alone is not sufficient to show
the uniqueness of multipliers. Therefore, we work in the sequel with the following
regularity assumption.

(A9) We assume that the system

−∆y + dy(y0, θ0) y +

s∑

i=1

χSσ
i
bi(θ0) y = g in Ω

y = 0 on Γ

(2.1)

admits a unique solution y ∈ Y for all right-hand sides g ∈ L2(Ω), with
continuous mapping g 7→ y.

It should be noted that the regularity assumption is automatically fullfilled for
b ≥ 0. For the case of a parabolic state equation, the assumption b ∈ L∞(Ω) is
already sufficient. For further discussions of the regularity assumption we refer
to [14, 15].

Assuming (A7), (A8), and (A9) from now on, we obtain the existence, uniqueness
and regularity of Lagrange multipliers associated to the mixed constraints.

Proposition 2.1. There exist unique Lagrange multipliers µ0,i ∈ L∞(Ω), i =
1, . . . , s, and a unique adjoint state p0 ∈ Y such that (y0, u0, p0, µ0,1, . . . , µ0,s) sat-
isfies the following optimality conditions, where all data is evaluated at θ0:

− ∆p + dy(y, θ0) p = −(y − yd) +
∑s

i=1 bi µi in Ω, p = 0 on Γ (2.2a)

γ (u − ud) − p −
∑s

i=1 µi = 0 in Ω (2.2b)

− ∆y + d(y, θ0) = u + f in Ω, y = 0 on Γ (2.2c)

0 ≤ µi ⊥ u + bi y − ci ≥ 0, i = 1, . . . , s in Ω. (2.2d)

The complementarity system (2.2d) can be equivalently stated as

s∑

i=1

µi = max
{
0, γ min

i=1,...,s

(
ci − bi y − ud

)
− p

}
in Ω. (2.2e)

Proof. Using the assumption (A7), the existence of multipliers µ0,i ∈ L1(Ω) and
adjoint state p fulfilling the optimality system follows directly from [16, Theorem
3.3]. There, also the equivalent formulation (2.2e) is derived [16, Lemma 5.3]. The
active sets associated to the mixed constraints are separated due to (A8). Hence,
one can apply a bootstrapping argument to (2.2e) similar to [16, Theorem 5.4] to
obtain the claimed regularity. Multiplying (2.2b) with χSσ

i
bi gives

∑s
i=1 bi µi =

(
∑s

i=1 χSσ
i
bi)(γ (u−ud)−p). Substituting this expression into the adjoint equation

(2.2a) yields

−∆p + dy(y0, θ0) p +

s∑

i=1

χSσ
i
bi p = g in Ω, p = 0 on Γ,

with the uniquely determined right hand side g = −(y − yd) + (
∑s

i=1 χSσ
i
bi) γ (u−

ud). This equation is uniquely solvable by (A9), hence the adjoint state p is unique,
which in turn gives uniqueness of the multipliers by (A8) and (2.2b). �
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Based on assumption (A8), we now introduce the relaxed optimal control problem

Minimize
1

2
‖y − yd(θ)‖

2
L2(Ω) +

γ(θ)

2
‖u − ud(θ)‖

2
L2(Ω)

s.t.

{
−∆y + d(y, θ) = u + f(θ) in Ω

y = 0 on Γ

and u + bi(θ) y − ci(θ) ≥ 0 in Sσ
i , i = 1, . . . , s,

(Paux(θ))

where the inequality constraints are restricted to the sets Sσ
i and are thus separated

by definition. We will prove later in Theorem 4.3 that (P(θ)) and (Paux(θ)) have
identical solutions in the vicinity of θ0. This is a consequence of the Lipschitz
stability result w.r.t. L∞(Ω) for the state y and the control u, see Theorem 4.2 (ii).
The advantage of (Paux(θ)) is that it possesses unique Lagrange multipliers and
a unique adjoint state not only for θ = θ0. In this and the following sections, we
consider only (Paux(θ)). The transition back to the original problem will be made
in Section 4, see Theorem 4.3.

For simplicity, we will write the mixed-constraints in (Paux(θ)) as one single con-
straint on the union of all sets Sσ

i . Let us define

S =

s⋃

i=1

Sσ
i , b(θ) =

s∑

i=1

bi(θ)χSσ
i
, and c(θ) =

s∑

i=1

ci(θ)χSσ
i
.

Then the condition u + b(θ)y − c(θ) ≥ 0 on S is equivalent to the inequality con-
straints of (Paux(θ)).

The optimality system to (Paux(θ)) is very similar to (2.2). It can be proven as in
Proposition 2.1 that for every solution (y, u) of (Paux(θ)) there exist (p, µ) fulfilling

− ∆p + dy(y, θ) p = −(y − yd) + b µ in Ω, p = 0 on Γ (2.3a)

γ (u − ud) − p − µ = 0 in Ω (2.3b)

− ∆y + d(y, θ) = u + f in Ω, y = 0 on Γ (2.3c)

0 ≤ µ ⊥ u + b y − c ≥ 0 in S, (2.3d)

or equivalently

µ = max
{
0, χS

[
γ(c − b y − ud) − p

]}
in Ω, (2.3e)

where all data is evaluated at the parameter θ.

We can recover the multipliers µi associated to the individual mixed constraints of
(Paux(θ)) by setting µi = χSσ

i
µ. Then the condition (2.3d) is equivalent to

0 ≤ µi ⊥ u + bi(θ0) y − ci(θ0) ≥ 0 in Sσ
i , i = 1, . . . , s.

It should be noted that the tuple (y0, u0, p0, µ0) is also a solution of the optimality
system (2.3) of (Paux(θ)) if one defines µ0 =

∑s
i=1 µ0,i.

Now, let us reformulate the optimality system (2.3) in terms of a generalized equa-
tion,

0 ∈ F (w, θ) + N (w). (2.4)

Here and in the sequel we use the abbreviation

w = (y, u, p, µ).
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We define

F (w, θ) =




−∆p + dy(y, θ) p + (y − yd(θ)) − b(θ)µ

γ(θ) (u − ud(θ)) − p − µ

−∆y + d(y, θ) − u − f(θ)

χS(u + b(θ) y − c(θ))


 (2.5)

and note that F maps W × Θ into Z, where

W = Y × L∞(Ω) × Y × L∞(Ω)

Z = L2(Ω) × L∞(Ω) × L2(Ω) × L∞(Ω).

The set-valued part of the generalized equation (2.4) is given by

N (w) = {0} × {0} × {0} × N(µ),

where

N(µ) :=

{
{z ∈ L∞(Ω) : (z, µ − ν)Ω ≥ 0 ∀ν ∈ K} if µ ∈ K,

∅ if µ 6∈ K

and K is the cone of nonnegative functions K := {µ ∈ L∞(Ω) : µ ≥ 0 a.e. in Ω}.

Lemma 2.2. The generalized equation (2.4) is equivalent to the optimality system
(2.3) for (Paux(θ)). More precisely, a tuple (y, u, p, µ) ∈ Y ×L∞(Ω)× Y ×L∞(Ω)
satisfies (2.3) for a given parameter θ if and only if it satisfies (2.4) for θ.

We note that by our assumptions and Proposition 2.1, (y0, u0, p0, µ0) ∈ W satisfies
the generalized equation (2.4) for θ0. We will use an implicit function theorem for
generalized equations, see [3], in order to study the dependence of the solution of
(2.4) on θ.

Lemma 2.3. F : W × Bρ(θ0) → Z is partially Fréchet differentiable w.r.t. w. Its
derivative in the direction δw is given by

F ′(w, θ) δw =




−∆δp + dy(y, θ) δp + dyy(y, θ) δy p + δy − b(θ) δµ

γ(θ) δu − δp − δµ

−∆δy + dy(y, θ) δy − δu

χS(δu + b(θ) δy)


 (2.6)

Proof. We need to consider only those terms in F which depend nonlinearly on w,
i.e., the terms d(y, θ) and dy(y, θ) p. Owing to assumption (A6), they are Fréchet
differentiable w.r.t. (y, p) by standard results for Nemyckii operators. �

We now consider the linearized equation

δ ∈ F (w0, θ0) + F ′(w0, θ0)(w − w0) + N (w). (2.7)

In our situation, (2.7) reads

δ ∈




−∆p + dy(y0, θ0) p + dyy(y0, θ0)(y − y0) p0 + y − yd(θ0) − b(θ0)µ

γ(θ0) (u − ud(θ0)) − p − µ

−∆y + d(y0, θ0) + dy(y0, θ0)(y − y0) − u − f(θ0)

χS(u + b(θ0) y − c(θ0))


 + N (w).

(2.8)
It will be useful to reformulate the fourth row, which contains the set-valued part
N(w), also in terms of a nonsmooth equation.
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Lemma 2.4. The linearized generalized equation (2.8) is equivalent to

− ∆p + dy(y0, θ0) p + dyy(y0, θ0)(y − y0) p0 + y − yd(θ0) − b(θ0)µ = δ1 (2.9a)

γ(θ0)(u − ud(θ0)) − p − µ = δ2 (2.9b)

− ∆y + d(y0, θ0) + dy(y0, θ0)(y − y0) − u − f(θ0) = δ3 (2.9c)

µ = max
{
0, χS

[
γ(θ0)(c(θ0) − b(θ0) y − ud(θ0) + δ4) − p − δ2

]}
(2.9d)

in Ω, with boundary conditions y = p = 0 on Γ.

Proof. The first three rows of (2.8) are unchanged. A simple calculation shows that
the last row in (2.8) is equivalent to the complementarity system

0 ≤ µ ⊥ u + b(θ0) y − c(θ0) − δ4 ≥ 0 in S.

In turn, this complementarity system is equivalent to

µ = max
{
0, χS

[
γ(θ0)(c(θ0) − b(θ0) y − u + δ4) + µ

]}
(2.10)

on the set S. On the complement Ω \ S, (2.10) simply reads µ = 0. Using the
second row of (2.8), we obtain the equivalence of (2.10) and (2.9d). �

3 Properties of the Linearized Optimality System

In this section, we discuss further properties of the linearized optimality system
(2.8). In particular, we prove its so-called strong regularity to prepare the applica-
tion of the Implicit Function Theorem, see Proposition 3.3.

Lemma 3.1. The linearized generalized equation (2.8) is equivalent to the optimal-
ity system of the following auxiliary linear-quadratic optimal control problem.

Minimize
1

2
‖y − yd(θ0)‖

2
L2(Ω) +

γ(θ0)

2
‖u − ud(θ)‖

2
L2(Ω)

+
1

2
(dyy(y0, θ0)(y − y0)

2, p0)Ω − (δ1, y)Ω − (δ2, u)Ω

s.t.

{
−∆y + d(y0, θ0) + dy(y0, θ0)(y − y0) = u + f(θ0) + δ3 in Ω

y = 0 on Γ

and u + b(θ0) y − c(θ0) ≥ χSδ4 in S.

(AQP(δ))

In the investigations of this linear-quadratic problem the regularity assumption
(A9) will be very useful. It implies the unique solvability of the system

−∆y + dy(y0, θ0) y + b(θ0) y = g in Ω

y = 0 on Γ.
(3.1)

We will benefit from this observation in the following way: Using the substitution
v := u + by, we can transform the problem (AQP(δ)) into a control constrained
problem in the new control v. To this end, the equation v = u + y(u) has to be
solvable w.r.t. u for every v, which leads directly to the system (3.1).

The stability and differentiability analysis of the linearized generalized equation
(2.7) will rely heavily on a second-order sufficient condition, which is needed to
prove the solvability and stability of (AQP(δ)).

We define for τ > 0 the set of strongly active mixed constraints

Aτ = {x ∈ S : µ0 > τ}.
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The critical cone for the second-order condition is then given as

Cτ :=
{
(y, u) ∈ Y × L2(Ω) : (y, u) solves (1.1) with right hand side u,

and it satisfies u + b(θ0) y = 0 on Aτ

}
.

We assume that the nominal solution w0 = (y0, u0, p0, µ0) of (2.3) satisfies the
following coercivity assumption:

(A10) There exist τ > 0 and α > 0 such that

L′′(y0, u0, p0, µ0)(y, u)2 ≥ α ‖u‖2
L2(Ω) ∀(y, u) ∈ Cτ . (3.2)

It was proven by Meyer and Tröltzsch in [15] for a slightly different setting that this
condition is indeed sufficient for local optimality of the nominal solution. As a by-
product, we also obtain that the nominal solution is locally optimal for (Paux(θ)).

Corollary 3.2. The nominal solution (y0, u0) of (P(θ0)) is locally optimal for the
nonlinear auxiliary problem (Paux(θ0)).

Moreover, assumption (A10) is also sufficient to prove the existence of solutions of
(AQP(δ)) for small δ and their Lipschitz continuity with respect to δ.

Proposition 3.3 (Strong Regularity). There exist constants ρz > 0 and ρµ > 0
such that for every δ ∈ Z with δ ∈ BZ

ρz
(0), (AQP(δ)) has a solution, adjoint state

and Lagrange multiplier (yδ, uδ, pδ, µδ) ∈ W satisfying (2.8), which is unique in
Y × L∞(Ω) × Y × BL∞

ρµ
(µ0). Moreover, there exists L > 0 such that

‖yδ − yδ′‖Y + ‖uδ − uδ′‖L∞(Ω) + ‖pδ − pδ′‖Y + ‖µδ − µδ′‖L∞(Ω) ≤ L ‖δ − δ′‖Z

holds for all δ, δ′ ∈ BZ
ρz

(0).

Proof. Let us note first that the coercivity assumption (A10) is not enough to
ensure solvability of (AQP(δ)). This is the same situation as for optimal control
problems with control constraints, see the discussion in [12]. To overcome this
difficulty let us consider another auxiliary problem, which is similar to (AQP(δ))
but has a modified mixed constraint:

u + b(θ0) y − c(θ0) = χSδ4 in Aτ ,

u + b(θ0) y − c(θ0) ≥ χSδ4 in S \ Aτ , i = 1, . . . , s.
(ÃQP(δ))

Now, we apply the transformation v := u + by. Due to assumption (A9), this
substitution is reversible, i.e. for given v there exists u with associated state y(u)

such that v = u+by(u) holds. Then problem (ÃQP(δ)) is transformed equivalently
to an optimization problem with box constraints on the new control v. Thanks to
(A10), this new auxiliary problem is strictly convex and admits for every δ ∈ Z
a unique solution (ỹδ, ũδ, p̃δ, µ̃δ). The mapping δ 7→ (ỹδ, ũδ, p̃δ, µ̃δ) is Lipschitz
continuous: Following the lines of the proofs of Proposition 3.2 and Lemma 3.6
of [1] one can show that there is a constant L > 0 such that

‖ỹδ − ỹδ′‖Y + ‖ũδ − ũδ′‖L∞(Ω) + ‖p̃δ − p̃δ′‖Y + ‖µ̃δ − µ̃δ′‖L∞(Ω) ≤ L ‖δ − δ′‖Z

holds for all δ, δ′ ∈ Z. In particular, we have ‖µ̃δ − µ0‖L∞(Ω) ≤ L ‖δ‖Z, since the

nominal solution is also a solution of problem (ÃQP(δ)) with δ = 0. Hence there
exists a radius ρz > 0 such that µ̃δ(x) > τ/2 holds on Aτ for solutions associated
to perturbations δ with ‖δ‖Z < ρz. This in turn implies that the mixed constraint
remains active on Aτ and the complementary condition to (AQP(δ)) is satisfied.
With [15, Theorem 5] it follows that (ỹδ, ũδ, p̃δ, µ̃δ) is a local solution of (AQP(δ)).

It remains to show that this solution is unique if µ is restricted to a small ball
in L∞(Ω) around µ0. Let (ỹ, ũ, p̃, µ̃) be another local solution of (AQP(δ)) with
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associated Lagrange multiplier and adjoint state such that ‖µ̃δ− µ̃‖L∞(Ω) ≤ ρµ. We
can choose ρµ ≤ τ/4, and it follows that µ̃ > τ/4 holds on Aτ . Hence, the constraint
is still strongly active and ũ + b ỹ − c = 0 is fulfilled on Aτ . Consequently (ỹ, ũ) is

admissible and locally optimal for the uniquely solvable problem (ÃQP(δ)). Hence
it coincides with (ỹδ, ũδ). Since the Lagrange multipliers and adjoint state are also
unique (µ̃, p̃) coincides with (µ̃δ, p̃δ). �

Remark 3.4. In the previous theorem, the perturbation δ2 was taken from L∞(Ω).
If one allows perturbations δ in

Zp = L2(Ω) × Lp(Ω) × L2(Ω) × L∞(Ω),

for p ∈ [1,∞), the existence of a solution of (AQP(δ)) cannot be verified by
the technique above. However, if solutions (yδ, uδ, pδ, µδ) and (yδ′ , uδ′ , pδ′ , µδ′) are
known to exist, the weaker Lipschitz estimate

‖yδ − yδ′‖Y + ‖uδ − uδ′‖Lp(Ω) + ‖pδ − pδ′‖Y + ‖µδ − µδ′‖Lp(Ω) ≤ Lp ‖δ − δ′‖Zp

can be shown. This is needed below in the proof of Theorem 3.5.

For the discussion of differentiability of the map δ 7→ wδ, the following sets will play
a role. They denote the subsets on which the constraint for the reference solution
is inactive, weakly active, or strongly active, respectively.

S− = {x ∈ S : u0 + b(θ0) y0 − c(θ0) > 0}

S0 = {x ∈ S : u0 + b(θ0) y0 − c(θ0) = 0 and µ0 = 0}

S+ = {x ∈ S : µ0 > 0}.

Associated to these sets is the projection ΠI0 onto the following cone of functions:

I0 =
{
z ∈ L2(Ω) : z = 0 in S− ∪ (Ω \ S), z ≥ 0 in S0

}
. (3.3)

For the following theorem, we also need the space

Wp = Y × Lp(Ω) × Y × Lp(Ω), p ∈ [1,∞).

Theorem 3.5. The map Z ∋ δ 7→ (yδ, uδ, pδ, µδ) is B-differentiable at δ = 0 with

values in Wp for any p ∈ [1,∞). The derivative at δ = 0 in the direction of δ̂ ∈ Z is
given by the unique solution, Lagrange multiplier, and adjoint state of the following
auxiliary linear-quadratic optimal control problem.

Minimize
1

2
‖y‖2

L2(Ω) +
γ(θ0)

2
‖u‖2

L2(Ω) +
1

2
(dyy(y0, θ0) y2, p0)Ω − (δ̂1, y)Ω − (δ̂2, u)Ω

s.t.

{
−∆y + dy(y0, θ0) y = u + δ̂3 in Ω

y = 0 on Γ

and

{
u + b(θ0) y − δ̂4 = 0 in S+,

u + b(θ0) y − δ̂4 ≥ 0 in S0.

(DQP(δ̂))

In other words, the derivative satisfies the system

− ∆p + dy(y0, θ0) p + dyy(y0, θ0) y p0 + y − b(θ0)µ = δ̂1 (3.4a)

γ(θ0)u − p − µ = δ̂2 (3.4b)

− ∆y + dy(y0, θ0) y − u = δ̂3 (3.4c)

µ = ΠI0

(
χS

[
γ(θ0)(−b(θ0) y − u + δ̂4) + µ

])
(3.4d)
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or equivalently

µ = ΠI0

(
χS

[
γ(θ0)(−b(θ0) y + δ̂4) − p − δ̂2

])
. (3.4e)

in Ω, with boundary conditions y = p = 0 on Γ.

Before we prove the theorem, we remark that the computation of a directional de-
rivative of δ 7→ (yδ, uδ, pδ, µδ) amounts to the solution of a linear-quadratic optimal
control problem. In general, the directional derivative does not depend linearly on

the direction δ̂ because of the inequality constraints present on the set S0. How-
ever, if S0 has measure zero, i.e., if strict complementarity holds at w0, then I0

becomes a linear space. In this case, the directional derivative depends linearly and

continuously on δ̂, and the B-derivative becomes the Fréchet derivative.

Proof of Theorem 3.5. Suppose that δ̂ ∈ Z is the given direction, and let us fix
p ∈ [1,∞). We proceed in two steps.

Step 1: We verify that (3.4) has a unique solution, i.e., the candidate for the
derivative exists. Comparing the definitions of S+ and Aτ , it follows that the
critical cone Cτ of the sufficient second-order optimality condition (A10) contains

more directions than are admissible in the problem (DQP(δ̂)). Hence, this problem
is convex by (A10) and possesses a unique solution which, together with its unique
adjoint state and adjoint multipliers, is characterized by the optimality system
(3.4).

Step 2: We need to estimate the remainder term

‖ybδ
− y0 − ŷ‖Y + ‖ubδ

− u0 − û‖Lp(Ω) + ‖pbδ
− p0 − p̂‖Y + ‖µbδ

− µ0 − µ̂‖Lp(Ω),

where (ybδ
, ubδ

, pbδ
, µbδ

) denotes the unique solution of (AQP(δ)) for the direction δ̂,
and (ŷ, û, p̂, µ̂) denotes the candidate for the derivative, i.e., the unique solution of

(DQP(δ̂)). First of all, we realize that the difference (ybδ
, ubδ

, pbδ
, µbδ

)−(y0, u0, p0, µ0)
satisfies (3.4a)–(3.4c), and in addition

µbδ
− µ0 = max

{
0, χS

[
γ(θ0)(c(θ0) − b(θ0) ybδ

− ud(θ0) + δ̂4) − pbδ
− δ̂2

]}

− max
{
0, χS

[
γ(θ0)(c(θ0) − b(θ0) y0 − ud(θ0) + 0) − p0 − 0

]}
.

(3.5)

Next we use the B-differentiability of the projection from L∞(Ω) into Lp(Ω), see
for instance [9, Theorem 2.1] or [4, Theorem 4.3]. We can thus write

µbδ
− µ0 = ΠI0

(
χS

[
γ(θ0)(−b(θ0) (ybδ

− y0) + δ̂4) − (pbδ
− p0) − δ̂2

])
+ r1, (3.6)

where the remainder term satisfies

‖r1‖Lp(Ω)

‖χS

[
γ(θ0)(−b(θ0) (ybδ

− y0) + δ̂4) − (pbδ
− p0) − δ̂2

]
‖

L∞(Ω)

→ 0 (3.7)

as the denominator goes to zero. From the Lipschitz continuity result (Proposi-
tion 3.3), it follows that

∥∥χS

[
γ(θ0)(−b(θ0) (ybδ

− y0) + δ̂4) − (pbδ
− p0) − δ̂2

]∥∥
L∞(Ω)

≤ L ‖δ̂‖Z .

Together with (3.7), this implies

‖r1‖Lp(Ω)

‖δ̂‖Z

→ 0 as ‖δ̂‖Z → 0. (3.8)

We proceed by defining

yr := ybδ
− y0, ur := ubδ

− u0, pr := pbδ
− p0, µr := µbδ

− µ0 − r1.
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It is straightforward to verify that (yr, ur, pr, µr) satisfies

− ∆pr + dy(y0, θ0) pr + dyy(y0, θ0) yr p0 + yr − b(θ0)µr = δ̂1 + b(θ0) r1 (3.9a)

γ(θ0)ur − pr − µr = δ̂2 + r1 (3.9b)

− ∆yr + dy(y0, θ0) yr − ur = δ̂3 (3.9c)

µr = ΠI0

(
χS

[
γ(θ0)(−b(θ0) yr + δ̂4) − pr − δ̂2

])
(3.9d)

in Ω, with boundary conditions yr = pr = 0 on Γ. Comparing with (3.4), we find
that (yr, ur, pr, µr) and (ŷ, û, p̂, µ̂) satisfy the same system of equations, except for
the right hand side perturbations b r1 and r1 in (3.9a) and (3.9b). In other words,

(ŷ, û, p̂, µ̂) and (yr, ur, pr, µr) are solutions of (DQP(δ̂)), once with δ̂, and once

with δ̂ + (b(θ0) r1, r1, 0, 0). Due to the similarity of (DQP(δ̂)) to (AQP(δ)), its
solutions also enjoy the Lipschitz stability property given in Proposition 3.3 and
Remark 3.4. Hence we can estimate

‖ybδ
− y0 − ŷ‖Y + ‖ubδ

− u0 − û‖Lp(Ω) + ‖pbδ
− p0 − p̂‖Y + ‖µbδ

− µ0 − µ̂ − r1‖Lp(Ω)

= ‖yr − ŷ‖Y + ‖ur − û‖Lp(Ω) + ‖pr − p̂‖Y + ‖µr − µ̂‖Lp(Ω)

≤ Lp ‖r1‖Lp(Ω).

Using the triangle inequality, we can finally estimate the remainder term:

‖ybδ
− y0 − ŷ‖Y + ‖ubδ

− u0 − û‖Lp(Ω) + ‖pbδ
− p0 − p̂‖Y + ‖µbδ

− µ0 − µ̂‖Lp(Ω)

≤ (Lp + 1) ‖r1‖Lp(Ω).

By (3.8), the right hand side is of order o (‖δ̂Z‖), and so this holds for the left
hand side as well. Clearly the tuple (ŷ, û, p̂, µ̂) is positively homogeneous w.r.t. the

direction δ̂. Hence we conclude that indeed, (ŷ, û, p̂, µ̂) is the Bouligand derivative

of (yδ, uδ, pδ, µδ) at δ = 0 in the direction δ̂. �

4 Properties of the Nonlinear Optimality System

In this section we return our attention to the nonlinear optimality system (2.3) of
problem (Paux(θ)). We recall that (2.3) is equivalent to the generalized equation
(2.4). We will apply an implicit function theorem for generalized equations given in
[3] in order to prove a B-differentiability result for the solution of (2.4). We begin
with an introductory lemma.

Lemma 4.1. The function F : W ×Bρ(θ0) → Z defined in (2.5) has the following
properties.

(i) For all R > 0, there exists L(R) > 0 such that

‖F (w, θ1) − F (w, θ2)‖Z ≤ L(R) ‖θ1 − θ2‖Θ

holds for all w ∈ BW
R (w0) and θi ∈ Bρ(θ0).

(ii) F (w0, ·) is B-differentiable at θ0.
(iii) F is partially Fréchet differentiable w.r.t. w in a neighborhood of (w0, θ0),

and the derivative F ′ is continuous w.r.t. (w, θ) at (w0, θ0).

Proof. To prove (i), we carry out the estimate for the first row of F only. The rest
follows similarly.

‖F1(w, θ1) − F1(w, θ2)‖L2(Ω) ≤ ‖
(
dy(y, θ1) − dy(y, θ2)

)
‖L2(Ω) ‖p‖L∞(Ω)

+ ‖yd(θ1) − yd(θ2)‖L2(Ω) + ‖b(θ1) − b(θ2)‖L2(Ω) ‖µ‖L∞(Ω).
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The first term can be estimated by Assumption (A6), part (d). Here we use the
fact that ‖y‖L∞(Ω and ‖p‖L∞(Ω remain bounded for w ∈ BW

R (w0). The second
term can be estimated by (A1), and the third term by (A5) and the observation
that ‖µ‖L∞(Ω remains bounded for w ∈ BW

R (w0).
Assertion (ii) follows because we assumed all terms in F depending on θ to be
B-differentiable w.r.t. at θ0, see Assumptions (A1)–(A6).
To prove (iii), we recall from Lemma 2.3 that F is partially Fréchet differentiable
w.r.t. w on all of W ×Bρ(θ0). The derivative is given by (2.6), and it is easily seen
to be continuous w.r.t. (w, θ). �

We are now in the position to show that the generalized equation (2.4) has a locally
unique solution which is B-differentiable w.r.t. θ. However, B-differentiability does
not hold w.r.t. the norm of W , but only w.r.t. the weaker norm of Wp = Y ×
Lp(Ω) × Y × Lp(Ω) for p ∈ [1,∞).

Theorem 4.2. There exists ρ1 ∈ (0, ρ] and R > 0 such that the following holds.

(i) For every θ ∈ Bρ1
(θ0), the nonlinear generalized equation (2.4) has a solu-

tion w[θ] = (y[θ], u[θ], p[θ], µ[θ]) ∈ W , which is unique in BW
R (w0).

(ii) The map
Bρ1

(θ0) ∋ θ 7→ w[θ] ∈ W

is Lipschitz continuous
(iii) and B-differentiable at θ0 w.r.t. the norm of Wp for all p ∈ [1,∞). The

derivative in the direction of δθ, denoted by w′[θ0] δθ, is given by the unique
solution of (3.4) in the direction of

δ̂ = −Fθ(w0, θ0) δθ.

Proof. The result follows from an application of the Implicit Function Theorem
[3, Theorem 2.4], which is given in Appendix A. Proposition 3.3 and Lemma 4.1
show that F satisfies the necessary requisites. As a consequence, the properties
of the solution map θ 7→ w[θ] of (2.4) are inherited from the map δ 7→ wδ of
(2.7). In Proposition 3.3, we proved the Lipschitz continuity of Z ∋ δ 7→ wδ ∈ W .
In addition, Theorem 3.5 proves that Z ∋ δ 7→ wδ ∈ Wp is B-differentiable at
δ = 0. �

Theorem 4.3. There exists ρ2 ∈ (0, ρ1] such that for all ρ ∈ Bρ2
(θ0), (y[θ], u[θ])

is a local optimal solution of our original problem (P(θ)), and p[θ] together with
(χSσ

1
µ[θ], . . . , χSσ

s
µ[θ]) are the unique associated adjoint state and Lagrange multi-

pliers.

Proof. In a first step we show that w[θ] satisfies the necessary optimality conditions
(2.2) for (P(θ)). Recall that w[θ] is a solution of the generalized equation (2.4), i.e.,
it is a solution of the optimality system (2.3) for the auxiliary problem (Paux(θ))
by Lemma 2.2. Let us define µi[θ] = χSσ

i
µ[θ]. Then µ[θ] =

∑s
i=1 µi[θ] holds.

Comparing (2.3) and (2.2), we only need to verify that (y[θ], u[θ]) is feasible for
(P(θ)) and that (2.2d) holds. Indeed, on the set Sσ

i , (y[θ], u[θ]) is feasible w.r.t. the
i-th constraint for (P(θ)) by definition. Due to the assumption (A5) on b and c, the
separation assumption (A8) and the Lipschitz stability result (Theorem 4.2 (ii)),
we have the following estimate on Ω \ Sσ

i .

u[θ] + bi(θ) y[θ] − ci(θ)

≥ u0 + bi(θ0) y0 − ci(θ0) − ‖u[θ] − u0‖L∞(Ω) − ‖bi(θ) − bi(θ0)‖L∞(Ω)‖y[θ]‖L∞(Ω)

− ‖bi(θ0)‖L∞(Ω)‖y[θ] − y0‖L∞(Ω) − ‖ci(θ) − ci(θ0)‖L∞(Ω)

≥ σ − C ‖θ − θ0‖
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for some constant c > 0. Hence (y[θ], u[θ]) is feasible for the original problem (P(θ))
as long as ‖θ − θ0‖ is sufficiently small. Moreover, this estimate shows that the set
where the i-th constraint is active remains a subset of Sσ

i , i.e.,

Ai[θ] := {x ∈ Ω : u[θ] + bi(θ) y[θ] − ci(θ) = 0} ⊂ Sσ
i , i = 1, . . . , s.

Hence assumption (A8) implies that Ai[θ] are pairwise disjoint for sufficiently small
‖θ − θ0‖, and one can show as before that the associated Lagrange multipliers and
adjoint state are unique.

To verify (2.2d), we consider (2.3b) and (2.3e) on the set Sσ
i . It follows that

µi[θ] = µ[θ] = max
{
0, γ (ci(θ) − bi(θ) y[θ] − ud(θ)) − p[θ]

}

= max
{
0, γ (ci(θ) − bi(θ) y[θ] − u) + µi[θ]

}

holds on Sσ
i , which implies (2.2d) on Sσ

i . On Ω \ Sσ
i , µi[θ] = 0 holds and again

(2.2d) is verified because (y[θ], u[θ]) was shown above to be feasible for (P(θ)).

It remains to verify that w[θ] is indeed a local optimal solution. This can be
done by showing that the second-order sufficient conditions are stable under small
perturbations. That is, (A10) continues to hold with τ/2, α/2, µ0 replaced by µ[θ],
y0 replaced by y[θ] in (1.1) and b(θ0) replaced by b(θ) in Cτ , given that ‖θ − θ0‖ is
sufficiently small. The proof uses well established techniques and is therefore not
carried out here. We refer the reader to [13, Lemma 5.2]. �

Theorem 4.3 implies that the local solutions of (Paux(θ)) and (P(θ)) near (y0, u0)
coincide and thus Theorem 4.2 is in fact a statement about local solutions of (P(θ)).

5 Adjoint Update Strategy and Error Estimates

In Theorems 4.2 and 4.3, we proved the B-differentiability at θ0 of the locally
unique solution map w[θ] of (P(θ)) and its optimality system (2.2), with respect to
θ and with the target space Wp = Y × Lp(Ω) × Y × Lp(Ω) for p ∈ [1,∞). The B-
differentiability cannot be achieved w.r.t. L∞(Ω) for the control u and the Lagrange
multipliers µi. The reason is that B-differentiation of the projection max{0, ·}
requires a norm gap [4, Theorem 4.3], which cannot be made up for because all the
smoothing gained by solution operators of differential equations occurs before the
projection is applied. To make this precise, we consider the nonsmooth part (2.3e)
of the optimality system, which we recall here for convenience:

µ = max
{
0, χS

[
γ(θ0)(c(θ0) − b(θ0) y − ud(θ0)) − p

]}
. (5.1)

From the adjoint equation (2.3a) we infer that

p = S⋆
(
b(θ0)µ − (y − yd(θ0))

)
, (5.2)

where S denotes the solution operator of the elliptic equation

−∆z + dy(y0, θ0) z = f in Ω, z = 0 on Γ.

(Note that for our problem S⋆ = S holds, but we write the customary S⋆ in (5.2)
nonetheless.) Substituting (5.2) into (5.1), we obtain the representation

µ = max
{
0, g − Gµ

}
in Ω, (5.3)

where
Gµ = χS S⋆(b(θ0)µ)

g = χS

[
γ(θ0)(c(θ0) − b(θ0) y − ud(θ0)) + S⋆

(
y − yd(θ0)

)]
.

Clearly, (5.3) shows that all smoothing by G occurs before the projection is applied,
and hence we cannot achieve B-differentiability of µ[θ] with values in L∞(Ω).
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Following our ideas in [4], we consider an alternative or adjoint formulation in order
to reverse the order of projecting and smoothing. We define the adjoint quantity

φ = g − Gµ, (5.4)

so that µ = max
{
0, φ

}
holds. Plugging in, we see that φ satisfies

φ = g − G max
{
0, φ

}
. (5.5)

In terms of our original variables, (5.4) reads

φ = χS

[
γ(θ0)(c(θ0) − b(θ0) y − ud(θ0)) − p

]
.

By replacing µ by φ in the optimality system (2.3), we obtain its alternative form:

− ∆p + dy(y0, θ0) p = −(y − yd(θ0)) + b(θ0)max
{
0, φ

}
(5.6a)

γ(θ0)(u − ud(θ0)) − p − max
{
0, φ

}
= 0 (5.6b)

− ∆y + d(y0, θ0) = u + f(θ0) (5.6c)

φ = χS

[
γ(θ0)(c(θ0) − b(θ0) y − ud(θ0)) − p

]
(5.6d)

in Ω, with boundary conditions y = p = 0 on Γ.

This alternative form of the optimality system enjoys a better B-differentiability
property:

Theorem 5.1. The system (5.6) is equivalent to (2.3) when µ and φ are computed
by µ = max

{
0, φ

}
and (5.6d), respectively. The map Θ ∋ θ 7→ (y[θ], u[θ], p[θ], φ[θ])

is B-differentiable with values in Y × Lp(Ω) × Y × L∞(Ω) for any p ∈ [1,∞). The
derivative at θ0 in the direction of δθ ∈ Θ is given by the unique solution of the
following system, where I0 was defined in (3.3).

− ∆p + dy(y0, θ0) p + dyy(y0, θ0) y p0 + y − b(θ0)ΠI0

(
φ
)

= δ̂1 (5.7a)

γ(θ0)u − p − ΠI0

(
φ
)

= δ̂2 (5.7b)

− ∆y + dy(y0, θ0) y − u = δ̂3 (5.7c)

φ = χS

[
γ(θ0)(−b(θ0)y + δ̂4) − p − δ̂2

]
(5.7d)

in Ω, with boundary conditions y = p = 0 on Γ, where δ̂ = −Fθ(w0, θ0) δθ.

Proof. The equivalence between (5.6) and (2.3) follows immediately from the defi-
nition of φ. From (5.6d) and due to the embedding Y →֒ L∞(Ω) it follows that φ[θ]
is B-differentiable with values in L∞(Ω). The conditions for the derivative (5.7)
can be derived from (5.6) in a straightforward way. �

Now we consider problem (P(θ)) under small perturbations of the reference param-
eter θ0, such that ‖θ − θ0‖ < ρ2 holds. We recall that our interest is in recovering
an approximate solution u[θ] from the reference solution u0 = u[θ0] and derivative
information. The motivation behind this approach is the fact that the evaluation of

the derivative (i.e., the solution of the linear-quadratic problem (DQP(δ̂))) is nu-
merically less expensive than the repeated solution of the nonlinear problem (P(θ))
for the perturbed parameter.

The B-differentiability of u[θ] suggests the use of the Taylor expansion

Cu(θ) := u0 + u′[θ0](θ − θ0) (5.8)



16 ROLAND GRIESSE AND DANIEL WACHSMUTH

as an update scheme for the control variable. We will develop an alternative update
strategy based on the optimality condition (5.6b). We can solve that equation for
u[θ] and obtain

u[θ] = ud(θ) + γ(θ)−1
(
p[θ] + max{0, φ[θ]}

)
.

Now, we use Taylor expansion of p[θ] and φ[θ] on the right-hand side. The max-
function however remains untouched. We thus obtain the following approximation
of u[θ]:

Cadj
u (θ) := ud(θ) + γ(θ)−1

(
p[θ0] + p′[θ0](θ − θ0) + max{0, φ[θ0] + φ′[θ0](θ − θ0)}

)
.

(5.9)

In accordance with previous work [4], we call (5.9) the adjoint update strategy.

Theorem 5.2. The update strategies Cu and Cadj
u admit the following approximation

properties:

‖Cu(θ) − u[θ]‖Lp(Ω)

‖θ − θ0‖
→ 0 as ‖θ − θ0‖ → 0 for all p ∈ [1,∞) (5.10)

‖Cadj
u (θ) − u[θ]‖Lp(Ω)

‖θ − θ0‖
→ 0 as ‖θ − θ0‖ → 0 for all p ∈ [1,∞] (5.11)

Proof. Equation (5.10) follows immediately from the B-differentiability result for
u[·], see Theorem 4.2. To prove (5.11), we use the definition of Cadj

u and the alter-
native form of the gradient equation (5.6b) to obtain

Cadj
u (θ) − u[θ] = γ(θ)−1

(
p[θ0] + p′[θ0](θ − θ0) − p[θ]

+ max{0, φ[θ0] + φ′[θ0](θ − θ0)} − max{0, φ[θ]}
)

First of all, we realize that γ(θ)−1 remains positive and bounded away from zero
in a neighborhood of θ0 by (A3). Using the Lipschitz continuity of the max{0, ·}
operation in L∞(Ω), we can estimate

‖Cadj
u (θ) − u[θ]‖L∞(Ω) ≤ c

(
‖p[θ] − p[θ0] − p′[θ0](θ − θ0)‖L∞(Ω)

+ ‖φ[θ] − φ[θ0] − φ′[θ0](θ − θ0)‖L∞(Ω)

)
.

By Theorem 5.1, both p[·] and φ[·] are B-differentiable at θ0 with values in L∞(Ω),
hence ‖Cadj

u (θ) − u[θ]‖L∞(Ω) = o (‖θ − θ0‖) holds. �

Theorem 5.2 suggests that the adjoint update strategy Cadj
u is better suited to

approximate u[θ] than Cu, since it allows an error estimate in L∞(Ω). This will be
confirmed by numerical experiments in the next section.

Let us briefly discuss the computational cost of both update strategies Cu and Cadj
u .

We recall from Theorem 4.2 that the evaluation of u′[θ0](θ−θ0) and simultaneously
of p′[θ0](θ−θ0) requires the solution of the linear-quadratic optimal control problem

(DQP(δ̂)) with δ̂ = −Fθ(w0, θ0)(θ − θ0). When a semi-smooth Newton method
[5, 17] is used for the solution of the corresponding optimality system (3.4), the
term φ′[θ0](θ − θ0), given by (5.7d), appears naturally in the determination of
the active sets, hence it is available at no additional cost. We conclude that no
additional system solves are necessary when using the alternative update strategy
Cadj

u instead of Cu.
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In an analogous way to (5.8) and (5.9) one can construct update rules also for the
multiplier µ. Let us define

Cµ(θ) := µ0 + µ′[θ0](θ − θ0), (5.12)

Cadj
µ (θ) := max{0, φ0 + φ′[θ0](θ − θ0)}. (5.13)

As for the control approximations Cu and Cadj
u one obtains

Corollary 5.3. The update strategies Cµ and Cadj
µ have the following approximation

properties:

‖Cµ(θ) − µ[θ]‖Lp(Ω)

‖θ − θ0‖
→ 0 as ‖θ − θ0‖ → 0 for all p ∈ [1,∞) (5.14)

‖Cadj
µ (θ) − µ[θ]‖Lp(Ω)

‖θ − θ0‖
→ 0 as ‖θ − θ0‖ → 0 for all p ∈ [1,∞]. (5.15)

6 Numerical Experiments

In this section we report on some numerical experiments. The example employed
is simple with respect to its structure. Its specific difficulty lies in the fact that
no strict complementarity holds, hence the Bouligand derivative cannot be a linear
(Fréchet) one, see the remark after the statement of Theorem 3.5. We consider

Minimize
1

2
‖y‖2

L2(Ω) +
γ

2
‖u‖2

L2(Ω)

s.t.

{
−∆y + y3 = u in Ω

y = 0 on Γ

and u + y − θ ≥ 0 in Ω.

(P(θ))

That is, the parameter θ ∈ L∞(Ω) enters only in the mixed constraint. For the
reference value θ0 with θ0(x1, x2) = min{sin(3πx1) sin(3πx2) − 0.5, 0}, a locally
optimal solution is given by u0 = y0 = p0 = µ0 ≡ 0, i.e., all quantities are identically
zero. Strict complementarity does not hold since the constraint is active on a set
of positive measure with a corresponding vanishing multiplier. All assumptions of
the article are satisfied: The regularity assumption (A9) is satisfied because of
b = 1 > 0. Also the second-order sufficient optimality condition (A10) holds at
the reference solution:

L′′(y0, u0, p0, µ0)(y, u)2 = ‖y‖2
L2(Ω) + γ ‖u‖2

L2(Ω) ≥ γ ‖u‖2
L2(Ω) ∀(y, u).

For the computations, we chose Ω = (0, 1)2 and γ = 10−4. The problem was
discretized by linear finite elements for all involved quantities with mesh size h ≈
0.004 which leads to more than 160, 000 degrees of freedom for each of u, y, p, µ. For
the solution of the optimization problems, a semi-smooth Newton method (see e.g.
[5, 17]) was applied to the non-smooth formulation (2.3) of the optimality system

and similarly to (DQP(δ̂)) for the derivative problems.

We computed the corresponding solutions (y[θi], u[θi], p[θi], µ[θi], φ[θi]) for a se-
quence of perturbations {θi}

n
i=1. In addition, we also computed the first order

updates Cu, Cµ, as well as the adjoint ones Cadj
u , Cadj

µ by the schemes analyzed in
Section 5. Each perturbation θi was obtained by a random perturbation of the
finite element coordinates of θ0. This allows us to verify that the estimate obtained
in Theorem 5.2 are indeed uniform with respect to the parameter. The parameters
have a prescribed norm, namely

‖θi − θ0‖L∞(Ω) ≤ logspace(0,-4,n)= 10−4· i−1

n−1 , i = 1, . . . , n = 13.
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In Figure 6.1 the approximation errors and error quotients are plotted. There, we
used the following abbreviations for norms of errors in u, µ, p:

Eu := ‖u[θ] − Cu(θ)‖L∞(Ω) = ‖u[θ] − u[θ0] − u′[θ0](θ − θ0)‖L∞(Ω),

Eµ := ‖µ[θ] − Cµ(θ)‖L∞(Ω) = ‖µ[θ] − µ[θ0] − µ′[θ0](θ − θ0)‖L∞(Ω),

Ep := ‖p[θ] − p[θ0] − p′[θ0](θ − θ0)‖L∞(Ω).

The corresponding error quantities are denoted by

Eadj
u := ‖u[θ] − Cadj

u (θ)‖L∞(Ω),

Eadj
µ := ‖µ[θ] − Cadj

µ (θ)‖L∞(Ω).

In a similar manner, we denote the remainder quotients by

Ru :=
Eu

‖θ − θ0‖L∞(Ω)
, Radj

u :=
Eadj

u

‖θ − θ0‖L∞(Ω)
,

and likewise for Rp and Rµ, Radj
µ .

In the upper picture of Figure 6.1, we plotted the error norms. As one can see, the
classical update strategies Cu and Cµ (dashed lines) provide a converging sequence
as the perturbation size tends to zero. As predicted, the remainder terms do not
vanish, but instead these quotients remain almost constant (dashed lines in the
lower picture).

For comparison, we also depicted the behaviour of error and remainder for the
first-order update of the adjoint state (dotted lines). Since the mapping p[θ] is
B-differentiable at θ0 from Θ to L∞(Ω) by Theorem 4.2, we observe a vanishing
remainder term for small perturbation sizes.

This behavior is then inherited by the auxiliary variable φ[θ], which was used to
formulate the adjoint update strategies Cadj

u and Cadj
µ for control and multiplier. The

related error norms and quotients are plotted in Figure 6.1 (solid lines). Clearly,
the adjoint update strategies yields better approximations than the updates by
the Taylor formula: They lead to smaller errors in the L∞(Ω) norm throughout.
As predicted by Theorem 5.2 and Corollary 5.3, the remainder quotients for the
adjoints updates tend to zero as θ → θ0. Thus, the results of Section 5 can also be
observed numerically.

Since the adjoint update strategies are available without any additional computa-
tional cost, we advocate to use them to recover a perturbed from an unpertubed
(nominal) solution.

7 Concluding Remarks

In this paper, we have performed a parametric sensitivity analysis for an optimal
control problem with several mixed control-state inequality constraints. We point
out that (A7)–(A9) are standard assumptions when proving the existence and
uniqueness of Lagrange multipliers, and (A10) are typical and rather weak second-
order sufficient conditions involving strongly active subsets. All assumptions were
required to hold only at the reference solution u[θ0]. Nevertheless, this is enough
to prove that a local solution map θ 7→ w[θ] of (P(θ)) exists which is Lipschitz in
W and B-differentiable w.r.t. Wp for p < ∞.

We have devised the so-called adjoint update scheme in order to recover a perturbed
solution u[θ] from a nearby reference value u[θ0]. In comparison with the classi-
cal Taylor expansion, the adjoint update strategy has better accuracy, which was
proved and also observed numerically. Moreover, it carries no additional penalty
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Figure 6.1. Approximation errors (top) and error quotients (bottom)
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in terms of computation time because all involved quantities arise naturally when
using semi-smooth Newton methods. We therefore advocate the use of the adjoint
strategy.

We anticipate potential applications of our analysis for instance in nonlinear model
predictive control (NMPC) algorithms, which repeatedly solve parametric sensi-
tivity problems in order to update previous solutions to keep up with constantly
changing parameters.

It is also possible to integrate the adjoint update into a path-following method for
the solution of state-constrained problems as in [6]. There the (Fréchet-) derivative
of solutions with respect to the Lavrientiev regularization parameter was employed
to obtain intial guesses for the next solution step. Clearly, one can use the Bouligand
derivative analyzed in the present article instead of the Fréchet derivative, if the
assumption of strict complementarity is violated.

A Implicit Function Theorem

For easy reference, we cite here the Implicit Function Theorem from [3, Theo-
rem 2.4] with adapted notation.

Theorem A.1. Let W be a Banach space and let Θ, Z be normed linear spaces.
Suppose that F : W × Θ → Z is a function and N : W → Z is a set-valued map.
Let w0 ∈ W be a solution to

0 ∈ F (w, θ) + N (w) (A.1)

for θ = θ0, and let Z be a neighborhood of 0 ∈ Z. Suppose that

(i) F is Lipschitz in θ, uniformly in w at (w0, θ0), and F (w0, ·) is B-differentiable
at θ0 with B-derivative Fθ(w0, θ0) δθ for all δθ ∈ Θ,

(ii) F is partially Fréchet differentiable with respect to w in a neighborhood of
(w0, θ0), and its partial derivative Fw is continuous in both w and θ at
(w0, θ0),

(iii) (A.1) is strongly regular at (w0, θ0, i.e., there exists a function ξ : Z → W
such that ξ(0) = w0, δ ∈ F (w0, θ0) + Fw(w0, θ0)(ξ(δ) − w0) + N (ξ(δ)) for
all δ ∈ Z, and ξ is Lipschitz continuous.

Then there exist neighborhoods U of w0 and V of θ0 and a function

θ 7→ Ξ(θ) = w[θ]

from V to U such that Ξ(θ0) = w0, Ξ(θ) is a solution of (A.1) for every θ ∈ V ,
and Ξ is Lipschitz continuous.

If, in addition, Wp ⊃ W is a normed linear space such that

(iv) ξ : Z → Wp is B-differentiable at 0 with derivative ξ′(0) δ̂ for all δ̂ ∈ Z,

then θ 7→ Ξ(θ) ∈ Wp is also B-differentiable at θ0 and its derivative is given by

Ξ′(θ0) δθ = ξ′(0) (−Fθ(w0, θ0) δθ), (A.2)

for any δθ ∈ Θ.
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