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PROBLEMS

JOHANNES KRAUS AND SATYENDRA TOMAR

A. We construct optimal order multilevel preconditioners for interior-penalty dis-
continuous Galerkin (DG) finite element discretizations of three-dimensional (3D) anisotropic
elliptic boundary-value problems. In this paper we extend the analysis of our approach,
introduced earlier for 2D problems [20], to cover 3D problems. A specific assembling
process is proposed which allows us to characterize the hierarchical splitting locally. This
is also the key for a local analysis of the angle between the resulting subspaces. Apply-
ing the corresponding two-level basis transformation recursively, a sequence of algebraic
problems is generated. These discrete problems can be associated with coarse versions of
DG approximations (of the solution to the original variational problem) on a hierarchy of
geometrically nested meshes. A new bound for the constant γ in the strengthened Cauchy-
Bunyakowski-Schwarz inequality is derived. The presented numerical results support the
theoretical analysis and demonstrate the potential of this approach.

1. I

Discontinuous Galerkin (DG) finite element (FE) methods for elliptic and parabolic
problems, though initially proposed in 70s-80s, see [1, 14, 28], have gained much interest
in the last decade due to their suitability for hp-adaptive techniques. Their application spans
a wide variety of problems, see the review article [12] and the references therein. They offer
several advantages, e.g. the ease of treatment of meshes with hanging nodes, elements of
varying shape and size, polynomials of variable degree, parallelization, preservation of
local conservation properties, etc. An excellent overview and a detailed analysis of DG
methods for elliptic problems can be found in [2, 11]. Unfortunately, DG discretizations
result in excessive number of degrees of freedom (DOF) as compared to their counter-part,
i.e. the standard FE methods. Developing efficient preconditioning techniques, which yield
fast iterative solvers, thus becomes of significant importance.

Optimal-order preconditioners obtained from recursive application of two-level FE meth-
ods have been introduced and extensively analyzed in the context of conforming meth-
ods, see e.g., [3, 4, 5, 6]. More recently, some extensions related to Crouzeix-Raviart or
Rannacher-Turek nonconforming finite elements have also been considered [9, 16]. For
this kind of discretization schemes the finite element spaces corresponding to two succes-
sive levels of mesh refinement are not nested in general.

For DG discretizations geometric multigrid (MG) type preconditioners and solvers for
the linear system of equations have been considered in [10, 17, 18]. However, our approach
on this topic falls within the framework of algebraic multilevel techniques. In [20] we
proposed an optimal-order preconditioner for interior penalty (IP) discontinuous Galerkin
finite element discretization of 2D isotropic elliptic problems. In this paper we study this

Key words and phrases. Discontinuous Galerkin FEM; multilevel preconditioning; hierarchical basis; CBS
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method for 3D anisotropic problems. The method is obtained from recursive application
of the two-level algorithm. A sequence of FE spaces is created using geometrically nested
meshes. A specific splitting of the bilinear terms is proposed which results in an assem-
bling process similar to that of the conforming methods. In this approach one avoids the
projection onto a coarse (auxiliary) space [13, 21, 22], where the auxiliary space is related
to a standard Galerkin discretization, and instead, generates a sequence of algebraic prob-
lems associated with a hierarchy of coarse versions of DG approximations of the original
problem.

We consider several model problems which range from a simple Poisson problem to a
more general and difficult problem with anisotropy alongwith a jump in the coefficients.
We present the local analysis of the hierarchical splitting and derive a new bound for the
constant γ in the strengthened Cauchy-Bunyakowski-Schwarz inequality.

The content of this paper is summarized as follows. In Section 2 we state our model
problems. The DG approximation is presented in Section 3, which covers tessellation,
function spaces, trace operators and the bilinear form. Discrete formulation and matrix
assembly, based on the splitting proposed in [20], are parts of Section 4. In Section 5 the
two- and multi-level preconditioning framework is described on the background of a proper
hierarchical basis transformation for the linear systems arising from DG discretization. The
analysis of the angle between the induced subspaces is the subject of the Section 6. Finally,
various numerical experiments are presented in Section 7 and conclusions are drawn in
Section 8.

2. M 

Consider a second order elliptic problem on a bounded Lipschitz domain Ω ⊂ R3:

−∇ · (A (x)∇u
)

= f (x) in Ω,(1a)

u(x) =uD on ΓD,(1b)
A∇u · n =uN on ΓN .(1c)

Here n is the exterior unit normal vector to ∂Ω ≡ Γ. The boundary is assumed to be
decomposed into two disjoint parts ΓD and ΓN , and the boundary data uD, uN are smooth.
For the DG formulation below we shall need the existence of the traces of u and A∇u ·n on
the faces in Ω, and the solution u is assumed to have the required regularity. It is assumed
that A is a symmetric positive definite matrix such that

c1 |ξ|2 ≤ Aξ · ξ ≤ c2 |ξ|2 ∀ξ ∈ R3.

With Ω as a unit cube (0, 1) × (0, 1) × (0, 1) we shall consider the following cases of the
model problem 1 in our analysis and numerical examples:

Poisson problem:: Consider A = I, the identity matrix.
Problem P0:: The coefficient A has jumps as follows:

A =

{
1 in (I1 × I1 × I1)

⋃
(I2 × I2 × I1)

⋃
(I2 × I1 × I2)

⋃
(I1 × I2 × I2)

ε elsewhere

}
,

where I1 = (0, 0.5] and I2 = (0.5, 1), and ε = {0.1, 0.01, 0.001}.
Problem P1:: The coefficient A has the anisotropy in the x direction as follows:

A =


µx 0 0
0 1 0
0 0 1

 ,

where µx = {0.1, 0.01, 0.001}.
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Problem P2:: The coefficient A has the anisotropy in both the directions x and y as
follows:

A =


0.001 0 0

0 µy 0
0 0 1

 ,

where µy = {0.1, 0.01, 0.001}.
Problem P3:: The coefficient A has the anisotropy in both the directions x and y as

well as the jump in the coefficients as follows:

A = aε


0.01 0 0

0 0.1 0
0 0 1

 ,

where

aε =

{
1 in (I1 × I1 × I1)

⋃
(I2 × I2 × I1)

⋃
(I2 × I1 × I2)

⋃
(I1 × I2 × I2)

ε elsewhere

}
,

and ε = {0.1, 0.01, 0.001}.
Note that without any loss of generality we can assume that the coefficient A is normal-

ized with respect to the diffusion in the z direction.

3. DG 

Let Th be a non-overlapping partition of Ω into a finite number of elements e. For
any e ∈ Th we denote its diameter by he and the boundary by ∂e. Let f = ē+ ∩ ē− be a
common face of two adjacent elements e+, and e−. Further, let h = maxe∈Th he denotes a
characteristic mesh size of the whole partition. The set of all the internal faces is denoted
by F0, and FD and FN contain the faces of finite elements that belong to ΓD and ΓN ,
respectively. Finally, F is the set of all the faces, i.e., F = F0 ∪ FD ∪ FN . We assume that
the partition is shape-regular, see [26]. We allow finite elements to vary in size and shape
for local mesh adaptation and the mesh is not required to be conforming, i.e. elements may
possess hanging nodes. Further, the face measure h f is a quantity defined on each face
f ∈ F as follows

h f = | f | 12 , for f ∈ F .
On the partition Th we define a broken Sobolev space:

V B H2(Th) = {v ∈ L2(Ω) : v|e ∈ H2(e),∀e ∈ Th}.
Note that the functions inV may not satisfy any boundary condition. By

Vh B Vh(Th) = {v ∈ L2(Ω) : v|e ∈ Pr(e),∀e ∈ Th},
where Pr is the set of polynomials of degree r ≥ 1, we define a finite dimensional subspace
ofV. Obviously,Vh = Πe∈Th Pr(e). Further, for the vector-valued functions we define the
following spaces:

Q B
(
H2(Th)

)3
= {q ∈

(
L2(Ω)

)3
: q|e ∈

(
H2(e)

)3
,∀e ∈ Th},

Qh B Qh(Th) = {q ∈
(
L2(Ω)

)3
: q|e ∈ (Pr(e))3 ,∀e ∈ Th}.

For ease of the notations in what follows, onV we introduce the following forms

(A∇huh,∇hvh)Th B
∑

e∈Th

∫

e
A∇huh · ∇hvhdx, 〈p, q〉F g B

∑

f∈F g

∫

f
p · qds,

where F g is one of the sets F , F0, FD, FN or their combinations.
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To deal with multivalued traces at the element faces in a DG discretization we introduce
some trace operators. We define the average ({·}) and jump ([[·]]) as follows:
Let f be an interior face shared by elements e+ and e−. Define the unit normal vectors n+

and n− on f pointing exterior to e+ and e−, respectively. For v ∈ V we define v+/− B v|∂e+/−

and set

{v} =
1
2

(
v+ + v−

)
, [[v]] = v+n+ + v−n− on f ∈ F0.

For a piece-wise smooth vector-valued function q ∈ Q the definitions are similar and we
set

{q} =
1
2

(
q+ + q−

)
,

[[
q
]]

= q+ · n+ + q− · n− on f ∈ F0.

On f ∈ FD ∪ FN the functions v and q are uniquely defined and we only require [[v]] and
{q}, which are set as

[[v]] = vn, {q} = q.
Finally, onV we define the following mesh-dependent broken norm:

(2) ||[vh]||2 = (A∇hvh,∇hvh)Th + αh−1
f 〈[[vh]] , [[vh]]〉F0∪FD

.

Let us now recall the DG formulation for second order elliptic problems. In recent
years a large number of DG FEM were developed for elliptic boundary value problems,
for review see, e.g. [2, 11] and the references therein. Below, we consider the standard
interior penalty (IP) DG method, see, e.g., [1, 2]. For the problem (1), the primal IP-DG
formulation can be stated as follows:
Find uh ∈ V such that

(3a) A(uh, vh) = L(vh), ∀vh ∈ V,
where the bilinear formA(·, ·) : V×V → R and the linear form L(·) : V → R are defined
by the relations

A(uh, vh) =(A∇huh,∇hvh)Th + αh−1
f 〈[[uh]] , [[vh]]〉F0∪FD

− 〈{
A∇huh

}
, [[vh]]

〉
F0∪FD

− 〈
[[uh]] ,

{
A∇hvh

}〉
F0∪FD

,(3b)

L(vh) =

∫

Ω

f vhdx + αh−1
f 〈uD, vh〉FD

− 〈
uDn, A∇hvh

〉
FD

+ 〈gN , vh〉FN
.(3c)

Here α is a parameter which is to be defined to guarantee the coercivity of the bilinear form
A.

As usual, we assume that the Dirichlet boundary conditions are defined by a given
function uD ∈ H1(Ω) in the sense that the trace of u − uD on ΓD is zero. For the sake
of simplicity, we also assume that uD is such that the boundary condition can be exactly
satisfied by the approximations used.

It can be proved (see, e.g., [2]) that the bilinear form A is coercive and bounded on
V equipped with the norm (2) provided that α > 0 is sufficiently large. Recently, a lower
bound and explicit expression for α to guarantee the coercivity was obtained in [27]. More-
over, it is well known that for f ∈ L2(Ω) the problem (3a) is well-posed and possesses a
unique solution uh ∈ V. Assume that u ∈ Hs(Ω), 2 ≤ s ≤ r + 1. Then, an optimal order of
convergence, given by the following estimates, can be obtained in both the norms ||[·]|| and
‖·‖

||[u − uh]|| ≤ Chs−1 ‖u‖Hs(Ω) ,

‖u − uh‖L2(Ω) ≤ Chs ‖u‖Hs(Ω) .

For the proof we refer to [2].
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4. D    

The weak formulation (3) is transformed into a set of algebraic equations by approxi-
mating uh and vh using linear polynomials in each element as

(4) ue,h =

7∑

j=0

ũe, jNe, j (x) , ve,h =

7∑

j=0

ṽe, jNe, j (x) , x ∈ e ⊂ R3.

Here ũe, j ∈ R8 and ṽe, j ∈ R8 are the expansion coefficients of uh and the test function vh in
the element e, respectively, and Ne, j are the trilinear basis functions.

We now briefly show the computation of the element stiffness matrix. Consider a gen-
eral element e with all its face internal. Let its neighboring elements, which share a face
with this element, be denoted by e+

1 , e+
2 , e+

3 , e+
4 , e+

5 , and e+
6 . Here ·+ represents the neigh-

boring element and digits 1, . . . , 6 represent the face number with which the neighboring
element is attached. This arrangement is depicted in Figure 1. Note that the occurence
of each degree of freedom (DOF) thrice is only to depict that it is common to three faces.
Using the definition of the trace operators {·} and [[·]] and the specific splitting of the bilinear
terms proposed in [20] the resulting elemental bilinear form reads

Ae(uh, vh) =

∫

e
A∇huh · ∇hvhdx − 1

2

6∑

s=1

∫

fs

((
vene + ve+

s ne+
s

)
· A∇hue

+A∇hve ·
(
uene + ue+

s ne+
s

))
ds

+
αh−1

f

2

6∑

s=1

∫

fs

(
vene + ve+

s ne+
s

)
·
(
uene + ue+

s ne+
s

)
ds.(5)

In this approach, as depicted in Figure 1, the DOF of the element e are connected with only
those DOF of its neighboring elements e+

s which are at the common face. The size of the
elemental stiffness matrix Ae is 32 × 32 and the details are provided in the Appendix.

Now let N = 8Ne denote the total number of DOF in the system. Using the polynomial
approximation (4) into the weak form (3), with elemental bilinear form (5), we get the
following linear system of equations

Ax = b,(6)

where x ∈ RN , A ∈ RN×N with N2
e blocks of size 8 × 8, and b ∈ RN , denote the vector

of expansion coefficients, the global stiffness matrix, and the right hand side data vector,
respectively.

5. M    

In this section we will define the two-level hierarchical basis (HB) transformation which
we shall use in the construction of the multilevel preconditioner. This transformation, when
applied recursively, relates to a sequence of hierarchical meshes, which in our case generate
a nested sequence of finite element spaces.

Let us consider a hierarchy of partitions Th` ⊂ Th`−1 ⊂ . . . ⊂ Th1 ⊂ Th0 of Ω, where the
notation Thk = Th ⊂ TH = Thk−1 points out the fact that for any element e of the fine(r)
partition Th there is an element E of the coarse(r) mesh partition TH such that e ⊂ E. For
the construction of the preconditioner of the linear system (6) resulting from the IP-DG
approximation of the basic problem (1) its DOF are partitioned into a fine and a coarse
(sub-) set, indicated by the subscripts 1 and 2, respectively. The partitioning is induced by
a regular mesh refinement at every level (k−1) = 0, 1, . . . , `−1. In other words, by halving
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F 1. Specific arrangement of elemental DOF

the meshsize, i.e., h = H/2, each element is subdivided into eight elements of similar
shape, herewith producing the mesh at levels k = 1, 2, . . . , `. Hence, the linear system (6)
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can be represented in the 2 × 2 block form as

(7)
[
A11 A12
A21 A22

] (
x1
x2

)
=

(
b1
b2

)

where A21 = AT
12. By using the two-level transformation matrix

(8) J =

[
I11 P12
0 I22

]
,

the system to be solved in the hierarchical basis has the representation

(9) Â x̂ = b̂,

where Â and its submatrices Â11, Â12 Â21, Â22 are given by

Â = JT A J =

[
Â11 Â12

Â21 Â22

]
,(10a)

Â11 = A11, Â12 = A11P12 + A12, Â21 = PT
12A11 + A21,(10b)

Â22 = PT
12A11P12 + A21P12 + PT

12A12 + A22.(10c)

The vectors x̂ and b̂ are transformed then from hierarchical basis to a nodal basis via x = J x̂
and b̂ = JT b, and the following relations hold

x1 = x̂1 + P12x̂2, x2 = x̂2,(11a)

b̂1 = b1, b̂2 = PT
12b1 + b2.(11b)

When constructing the global interpolation matrix P12 we aim at achieving that the
matrix Â22, which is associated with the coarser mesh partition, comes out as a coarse(r)
version of the same kind of IP-DG discrete problem. In particular, the matrix Â22 should
have a similar sparsity pattern as A and the transformation (10a) should allow for an effi-
cient change of bases. This requires a local support of the interpolation. In addition, we
want to be able to characterize the transformation locally. In order to achieve this common
purpose we use the same simple interpolation, based on averaging, as has been proposed
in [20] for two-dimensional problems.

The general macro element we are using to define the local interpolation PE is simply
the union of eight elements that share one vertex. Based on the element matrices, see the
Appendix, the macro element accumulates 160 DOF, 32 of which define then an element
on the next coarser level. The interpolation weights are simply taken to be 1/8 for the 8
interior fine DOF (interpolating from every interior coarse DOF), 1/4 for the 48 fine DOF
located at the center of the faces of the macro-element (interpolating from coarse DOF
belonging to the same face), and 1/2 for the 72 fine DOF associated with macro-element
edges (where interpolation again is only from coarse DOF of the same macro-edge). This
results in the local macro-element two-level transformation matrix

(12) JE =

[
I PE

0 I

]
,

where the macro-element interpolation matrix PE is of size 128 × 32.1

1This construction is a straightforward generalization of the transformation Variant 1 in Reference [20].



8 JOHANNES KRAUS AND SATYENDRA TOMAR

The construction of the multilevel preconditioner then is as follows: Starting from the
coarsest mesh (level 0) with M(0) = A(0), the goal is to apply the (multiplicative) two-level
preconditioner M(k) recursively at all levels of mesh refinement:

(13) M(k) =

[
C(k)

11 0
Â(k)

21 C(k)
22

] I C(k)
11
−1

Â(k)
12

0 I

 , k = 1, 2, . . . , `.

Here C(k)
11 is a preconditioner for the upper-left pivot block of the (hierarchical) stiffness

matrix

Â(k) =

[
Â(k)

11 Â(k)
12

Â(k)
21 Â(k)

22

]
,

and the matrix C(k)
22 is implicitly given by the equation

(14) C(k)
22
−1

=

[
I − Pβ

(
M(k−1)−1

Â(k−1)
)]

Â(k−1)−1

with M(k−1) and Â(k−1) denoting the multiplicative preconditioner and the stiffness matrix
at level (k − 1), respectively. Moreover, Â(0) = A(0) by definition. Then, as well known
from theory [5, 6], a properly shifted Chebyshev polynomial Pβ of degree β, satisfying the
conditions

0 ≤ Pβ(t) < 1, 0 < t ≤ 1, Pβ(0) = 1,
can be used to stabilize the condition number. Alternatively, a few inner generalized con-
jugate gradient (GCG) type iterations are employed in the nonlinear algebraic multilevel
iteration (NLAMLI) method. The whole iterative solution process is of optimal compu-
tational complexity if the degree βk = β of the matrix polynomial (or alternatively, the
number of inner iterations at level k for NLAMLI) satisfies the condition

1/
√

(1 − γ2) < β < τ,(15)

where τ ≈ Nk/Nk−1 denotes the reduction factor of the number of DOF, and γ denotes
the constant in the strengthened Cauchy-Bunyakowski-Schwarz (CBS) inequality, cf. Sec-
tion 6. The exact value of τ for DG approximations of 3D problems is 8.

6. L       C-B-S 

It is known that the constant γ in the Cauchy-Bunyakowski-Schwarz (CBS) inequality,
which is associated with the abstract angle between the two subspaces induced by the
two-level hierarchical basis transformation, plays a key role in the derivation of optimal
convergence rate estimates for two- and multilevel methods. Moreover, the value of the
upper bound for γ ∈ (0, 1) is part of the construction of a proper stabilization polynomial
in the linear algebraic multilevel iteration (LAMLI) method, see [5, 6].

For the constant γ in the strengthened CBS inequality, the following relation holds

(16) γ = cos(V1, V2) = sup
u ∈ V1, v ∈ V2

A(u, v)√A(u, u)A(v, v)
,

whereA(·, ·) is the bilinear form given by (3b). IfV1∩V2 = {0} then γ is strictly less than
one. As shown in [4], the constant γ can be estimated locally over each macro-element
E ∈ TH , i.e. γ ≤ max

E
γE , where

γE = sup
u ∈ V1(E), v ∈ V2(E)

AE(u, v)√AE(u, u)AE(v, v)
, v , const.
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The abovementioned spacesVm(E),m = 1, 2, contain the functions fromVm restricted to
E andAE(u, v) corresponds toA(u, v) restricted to the macro element E (see also [15]).

Evidently, the global two-level stiffness matrix Â can be assembled from the macro-
element two-level stiffness matrices ÂE , which are obtained from assembling the element
matrices for all elements e contained in E in the (local) hierarchical basis. In simplified
notation this can be written as

Â = JT A J =
∑

E∈TH

ÂE =
∑

E∈TH

JT
E AE JE .

Like the global matrix, the local matrices are also of the following 2 × 2 block form

(17) ÂE =

[
ÂE,11 ÂE,12

ÂE,21 ÂE,22

]
= JT

E

[
AE,11 AE,12
AE,21 AE,22

]
JE ,

where JE is defined by (12) and the transformation-invariant (local) Schur complement is
given by

(18) S E = ÂE,22 − ÂE,21Â−1
E,11ÂE,12 = AE,22 − AE,21A−1

E,11AE,12.

We know from the general framework of two-level block (incomplete) factorization meth-
ods that it suffices to compute the minimal eigenvalue λE;min of the generalized eigenprob-
lem

(19) S EvE,2 = λE ÂE,22vE,2, vE,2 ⊥ (1, 1, . . . , 1)T ,

in order to conclude the following upper bound for the constant γ in (16):

(20) γ2 ≤ max
E∈TH

γ2
E = max

E∈TH

(1 − λE;min).

This relation then implies condition number estimates for the corresponding two-level pre-
conditioner (of additive and multiplicative type), see, e.g., [3].

The analysis of multilevel methods obtained by recursive application of the two-level
preconditioner necessitates the establishment of this kind of (local) bounds for each coars-
ening step since the two-level hierarchical basis transformation is also applied recursively.
This requires the knowledge of the related (macro) element matrices on all coarse levels.
For our hierarchical basis transformation, as described in the previous section, we have a
very simple recursion relation for the element matrices. This recursion relation shows that
the sequence of (global) coarse-grid matrices can be associated with coarse-discretizations
of the original problem but with an exponentially increasing sequence of stabilization pa-
rameters α( j).

Lemma 6.1. Let Â(`) := (J(`))T A J(`) denote the stiffness matrix from (6) in hierarchical
basis, where A =

∑
e∈Th

Ae and Ae = Ae(α) =: A(0)
e (α) ∀e ∈ Th denotes the element matrix

as given in the Appendix. Let us further assume that Ae has the same representation over
all the elements of the domain. Then, if one neglects the correction matrices related to the
boundary conditions, the coarse-grid problem at level (` − j), j = 1, . . . , `, (involving the
matrices J(`), J(`−1), . . . , J(`− j+1)) is characterized by the element matrix

(21) A( j)
e (α) = Ae(α( j)) = Ae(2 j α).

In other words, the stabilization parameter α after j applications of the HB transformation
equals α( j) = 2 j α.

Proof. Follows from direct calculation.
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Remark 6.1. The assumption of Ae having the same representation over the whole domain
can be relaxed to assuming that at least all the fine-grid elements contained in any partic-
ular coarse-grid element of the coarsest mesh partition Th0 have the same element matrix.
In this case we allow arbitrary large jumps in the coefficients across the interfaces between
adjacent elements of Th0 .

Due to the explicit representation of the element stiffness matrices, given by Lemma 6.1,
the multilevel splitting based on this particular two-level HB transformation is accessible
for a local analysis. In the following we prove a lower bound for the minimal eigenvalue of
(19). However, since the local macro-element matrix ÂE is of size 160×160 with a lower-
right block ÂE,22 of size 32×32 a straightforward symbolic solution of (19) is prohibitively
complicated (for generic parameters α, µx, and µy). In the proof of the following theorem
we will therefore provide the steps for checking the correctness of a lower bound as a
function of α.

Theorem 6.1. Let µx = µy = 1. Consider the HB macro-element matrix Â( j)
E (α) associated

with the eight elements defining the macro-element as a cube with side 2 h`− j where the
element matrix A( j)

e (α) from Lemma 6.1 is used in the standard way to assemble A( j)
E (α).

Then for the eigenvalues of (19) we have the lower bound

(22) λ
( j)
E;min = λE;min(α( j)) ≥ 1

16

(
1 − 1√

2α( j)

)
=

1
16

(
1 − 1√

2 2 j α

)
∀α ≥ 3/2

and thus

(23) γE ≤
√

15
16

+
1

16
√

2α( j)

holds.

Proof. From one of the important properties of the Schur complement S E in (19), which
is related to the minimum energy extension, we know that

(24) vT
E,2S EvE,2 = min

vE,1

(
vE,1
vE,2

)T [
AE,11 AE,12
AE,21 AE,22

] (
vE,1
vE,2

)
∀vE,2.

Thus, if we want to verify any lower bound λ for the minimal eigenvalue λ( j)
E;min of (19), we

can rewrite
vT

E,2S EvE,2 ≥ λ vT
E,2ÂE,22vE,2 ∀vE,2

in the form

(25) min
vE,1

(
vE,1
vE,2

)T [
AE,11 AE,12

AE,21 AE,22 − λ ÂE,22

] (
vE,1
vE,2

)
≥ 0 ∀vE,2.

Therefore, denoting by B the matrix in (25), i.e.,

B :=
[
AE,11 AE,12

AE,21 AE,22 − λ ÂE,22

]
,

it is sufficient to show that B is symmetric positive semidefinite (SPSD) for

(26) λ = λ(α( j)) :=
1

16

(
1 − 1√

2α( j)

)
.

The particular form of (26) allows us to split the matrix B in the form

(27) B = B0 + α B1 +
1
α

B2
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where α = α( j) and the matrices B0, B1, and B2 do not depend on α. It turns out that
from the matrices Bk, k = 0, 1, 2, only B1 is SPSD. However, B0 +

√
2 B1 is SPSD as well.

We further split B2 then into the sum of an SPSD matrix B+
2 and a symmetric negative

semidefinite B−2 remainder, i.e.,

(28) B2 = B+
2 + B−2 .

This can easily be done by first transforming B2 into diagonal form, i.e., VT B2V = D,
then split the diagonal matrix D according to its non-negative and non-positive entries, i.e.,
D = D+ + D−, and finally use B+

2 := V−T D+V−1 and B−2 := V−T D−V−1 in (28). We now
estimate the quadratic form associated with B by dropping B+

2 , i.e.,

(29) vT
E BvE ≥ vT

E

(
(B0 +

√
2 B1) + (α −

√
2)B1 +

1
α

B−2

)
vE =: vT

E B(α)vE ∀vE .

Since vT
E B(α)vE for any vector vE is monotonically increasing in α, i.e.,

vT
E
(
B(α) − B(α′)

)
vE ≥ 0 ∀α ≥ α′,

and B( 3
2 ) is SPSD, the lower bound (26) holds true. Together with (20) the estimate (23) is

obtained.

Remark 6.2. The bound (23) in Theorem 6.1 tells us that the condition number of the mul-
tiplicative preconditioner (with exact inversion of the A11-block) can be stabilized using
Chebyshev polynomials of degree five. However, as illustrated in the numerical examples
below, this goal can also be achieved by employing four inner generalized conjugate gra-
dient iterations.

7. N 

In this section we present numerical results of various examples which aim to validate
the analysis and demonstrate the capabilities of the method. The computations are per-
formed on Sun Fire V40z workstation with 4 AMD Opteron 852 CPUs (2.6GHz) with 32
GB RAM. For approximating u in all the examples we use trilinear elements i.e. linear
shape functions for each of the variables x, y, and z. The stabilization parameter α is taken
as 10. The pivot block in the multilevel preconditioner is approximated using incomplete
LU (ILU) factorization based on a drop tolerance tol [20, 25]. The tolerance tol is chosen
heuristically by relating it to the parameters ε, µx and µy.

Example 7.1. Consider the Poisson problem with homogenous Dirichlet boundary con-
ditions and choose f such that the analytic solution of the problem is given by u =

x (1 − x) y (1 − y) z (1 − z) exp (2x + 2y + 2z). The tolerance tol is taken as 10−2.

Example 7.2. Consider Problem P0 with homogenous Dirichlet boundary conditions and
f = 1. In this example the tolerance tol is taken as ε × 10−2.

Example 7.3. Consider Problem P1 with homogenous Dirichlet boundary conditions and
f = 1. In this example the tolerance tol is taken as µx × 10−2.

Example 7.4. Consider Problem P2 with homogenous Dirichlet boundary conditions and
f = 1. In this example the tolerance tol is taken as 10−5. The different treatment of tol as
compared to the previous example is because µx and µy appear in the different blocks of Ae

and never as a product.

Example 7.5. Consider Problem P3 with homogenous Dirichlet boundary conditions and
f = 1. In this example the tolerance tol is taken as ε × 10−3.
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For solving the linear system arising from various examples with varying h we employ
the nonlinear algebraic multilevel iteration method (NLAMLI), see [7, 8, 19, 20, 23]. The
stabilization of the condition number is achieved by using some fixed small number ν
of inner generalized conjugate gradient (GCG) iterations. According to our analysis we
choose ν = 4 in all computations. The starting vector for the outer iteration is the zero
vector and the stopping criteria is

‖r(nit)‖/‖r(0)‖ ≤ δ = 10−6,

where nit is the number of iterations we report in the tables below. The coarsest mesh in all
computations is of size 4×4×4 and has 512 DOF. The finer meshes for 1/h = 8, 16, 32, 64
consist of 4096, . . . , 2097152 DOF, respectively.

T 1. Results for Example 7.1

1/h nit ρ sec
8 27 0.59 0.47
16 27 0.60 4.76
32 27 0.60 44.27
64 27 0.60 422.09

T 2. Results for Example 7.2

ε = 0.1 ε = 0.01 ε = 0.001
1/h nit ρ nit ρ nit ρ

8 25 0.57 25 0.56 25 0.56
16 28 0.61 28 0.60 28 0.61
32 30 0.62 29 0.62 30 0.62
64 30 0.62 29 0.62 30 0.63

First we discuss the results of isotropic problems. In Table 1 we present the number of
iterations, the average convergence factor ρ and the total CPU time (including the time for
the construction of the preconditioner) for Example 7.1. We observe that the number of
iterations is constant and the CPU time is proportional to the problem size which shows
that the overall solution process is of optimal order of computational complexity. The
same holds for Example 7.2, cf. Table 2. These results also indicate the robustness of the
preconditioner with respect to the jumps in the coefficient A.

Now we discuss the results of anisotropic problems. As we see for Example 7.3 in
Table 3 the optimality of our method is still preserved for mild anisotropy, see the column
for µx = 0.1. However, when the anisotropy gets stronger we observe a small increase in
the number of iterations. For the results of Example 7.4 as presented in Table 4, where
anisotropy is considered in both x and y directions, we observe a similar small increase in
the number of iterations as for Example 7.3. Nevertheless, in this case since the tolerance
tol is kept fixed the convergence factor is almost the same for a fixed mesh size h whereas
for Example 7.3 the convergence improves since the tolerance is reduced as anisotropy
increases. The results of Example 7.5 are presented in Table 5. Here reducing the tolerance
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T 3. Results for Example 7.3

µx = 0.1 µx = 0.01 µx = 0.001
1/h nit ρ nit ρ nit ρ

8 26 0.58 23 0.55 22 0.53
16 28 0.61 26 0.58 24 0.56
32 30 0.62 27 0.60 25 0.57
64 30 0.63 29 0.62 27 0.59

T 4. Results for Example 7.4

µy = 0.1 µy = 0.01 µy = 0.001
1/h nit ρ nit ρ nit ρ

8 22 0.52 23 0.54 22 0.52
16 25 0.57 25 0.57 25 0.57
32 27 0.59 28 0.61 28 0.60
64 30 0.63 33 0.66 30 0.63

T 5. Results for Example 7.5

ε = 0.1 ε = 0.01 ε = 0.001
1/h nit ρ nit ρ nit ρ

8 25 0.57 25 0.57 25 0.57
16 28 0.61 28 0.61 29 0.61
32 31 0.64 30 0.63 33 0.66
64 35 0.67 32 0.64 37 0.68

proportionally to ε did not improve the convergence behavior for a fixed h since apart from
the anisotropy in both x and y directions we have the jumps in the coefficients.

We now discuss the task of computing an accurate preconditioner for the pivot block
which gets increasingly difficult as anisotropy increases. In Table 6 for Examples 7.1 and
7.3 (with µx = 0.01) we report the condition number estimate of the pivot block and its
preconditioned matrix for 1/h = 8, 16. We chose these two cases because for Example 7.1
the number of iterations does not vary with the problem size whereas for Example 7.3 the
number of iterations slightly increases with the problem size. This also illustrates the effect
of adjusting the drop tolerance in ILU(tol) as µx → 0. Unfortunately, taking a very small
tol severely affects the sparsity and hence, the overall cost increases. Thus, this is a trade-
off between the number of iterations and the cost associated with the ILU factorization and
one can not choose an arbitrarily small tolerance. For a comparison see Table 7, where †
indicates the increase in computing time as a result of insufficient physical memory.

8. C 

In this paper we generalized our previous work on multilevel preconditioning of sys-
tems of linear algebraic equations arising from IP-DG discretization to 3D anisotropic
problems. This approach allows for an optimal order solution process. The stabilization
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T 6. Growth of condition number of pivot block

Example 7.1 Example 7.3, µx = 0.01

1/h κ (A11) κ((LtolUtol)−1 A11) κ (A11) κ((LtolUtol)−1 A11) κ((LtolUtol)−1 A11)
tol = 1e − 02 tol = 1e − 02 tol = 1e − 04

8 200.5 25.6 573.9 70.3 1.7
16 290.7 36.1 1762.3 218.7 6.0

T 7. Effect of tol on performance for Example 7.5, ε = 0.1

tol = 1e − 03 tol = 1e − 04 tol = 1e − 05 tol = 1e − 06
1/h nit sec nit sec nit sec nit sec
8 29 0.60 25 0.79 24 1.34 22 2.81
16 40 7.90 28 9.65 26 20.18 25 53.10
32 51 88.23 31 102.09 29 241.82 27 722.11
64 66 1961.78 35 1148.82 30 2560.70 27 17253.55†

of the multilevel iteration for 3D problems requires a 4-fold W-cycle whereas in the 2D
case the analogous construction of the hierarchical basis required 2-fold W-cycle. Since
the coarsening ratio in 3D is 8 (instead of 4 in 2D) this, however, results in approximately
the same relative costs with respect to the total number of DOF.

As compared to linear systems obtained from discretization using conforming methods
the preconditioning of the pivot (A11) block is an even more challenging task since its
condition number is proportional to the penalty parameter α, which typically grows with
recursive applications of the two-level hierarchical basis transformation. Apart from that,
the presence of strong anisotropy and large jumps in the coefficients usually deteriorates
the quality of an ILU-type preconditioner. This effect is even more severe in case of 3D DG
approximations. Future investigations will therefore deal with the construction of highly
efficient preconditioners for the pivot block.

A A.

For brevity of the expressions we first introduce the following notations. Let δx =

2µx−
√

2α, δy = 2µy−
√

2α, and δ = 2− √2α, where α denotes the stabilization parameter
of the IP-DG formulation and µx, µy denotes the anisotropy coefficient of the PDE operator
in x and y directions respectively. Note that for the isotropic problem, i.e. when µx =

µy = 1 we have δx = δy = δ. Now, when anisotropy is considered in both x and y
directions (normalized with respect to the z direction) the element stiffness matrix Ae has
the following structure

Ae =
h

144

[
Ae;int,int Ae;int,ext
AT

e;int,ext Ae;ext,ext

]
,(30a)
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where

Ae;int,int =
√

2



12α 4α 4α α 4α α α 0
4α 12α α 4α α 4α 0 α
4α α 12α 4α α 0 4α α
α 4α 4α 12α 0 α α 4α
4α α α 0 12α 4α 4α α
α 4α 0 α 4α 12α α 4α
α 0 4α α 4α α 12α 4α
0 α α 4α α 4α 4α 12α



,(30b)

Ae;ext,ext =
√

2



AF
e;ext,ext 0 0 0 0 0

0 AF
e;ext,ext 0 0 0 0

0 0 AF
e;ext,ext 0 0 0

0 0 0 AF
e;ext,ext 0 0

0 0 0 0 AF
e;ext,ext 0

0 0 0 0 0 AF
e;ext,ext



,(30c)

AF
e;ext,ext =



4α 2α 2α α
2α 4α α 2α
2α α 4α 2α
α 2α 2α 4α


,(30d)

Ae;int,ext =
[
Ax

e;int,ext Ay
e;int,ext Az

e;int,ext

]
,(30e)

Ax
e;int,ext =



4δx 2δx 2δx δx −8µx −4µx −4µx −2µx

−8µx −4µx −4µx −2µx 4δx 2δx 2δx δx

2δx 4δx δx 2δx −4µx −8µx −2µx −4µx

−4µx −8µx −2µx −4µx 2δx 4δx δx 2δx

2δx δx 4δx 2δx −4µx −2µx −8µx −4µx

−4µx −2µx −8µx −4µx 2δx δx 4δx 2δx

δx 2δx 2δx 4δx −2µx −4µx −4µx −8µx

−2µx −4µx −4µx −8µx δx 2δx 2δx 4δx



,(30f)

Ay
e;int,ext =



4δy 2δy 2δy δy −8µy −4µy −4µy −2µy

2δy 4δy δy 2δy −4µy −8µy −2µy −4µy

−8µy −4µy −4µy −2µy 4δy 2δy 2δy δy

−4µy −8µy −2µy −4µy 2δy 4δy δy 2δy

2δy δy 4δy 2δy −4µy −2µy −8µy −4µy

δy 2δy 2δy 4δy −2µy −4µy −4µy −8µy

−4µy −2µy −8µy −4µy 2δy δy 4δy 2δy

−2µy −4µy −4µy −8µy δy 2δy 2δy 4δy



,(30g)
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Az
e;int,ext =



4δ 2δ 2δ δ −8 −4 −4 −2
2δ 4δ δ 2δ −4 −8 −2 −4
2δ δ 4δ 2δ −4 −2 −8 −4
δ 2δ 2δ 4δ −2 −4 −4 −8
−8 −4 −4 −2 4δ 2δ 2δ δ
−4 −8 −2 −4 2δ 4δ δ 2δ
−4 −2 −8 −4 2δ δ 4δ 2δ
−2 −4 −4 −8 δ 2δ 2δ 4δ



.(30h)

Moreover, for elements with face(s) fs, s = 1, . . . , 6 lying on ∂Ω we need to modify
these matrices. For brevity reasons again we use the substitutions δ f

x = 4µx −
√

2α, δ f
y =

4µy −
√

2α, and δ f = 4 − √2α. Then for a given face fs on ∂Ω the matrix Ae;int,int is
modified to Ae;int,int ± Ãe; fs;int,int, where the sign ± corresponds to the face being on the
Dirichlet boundary or the Neumann boundary, respectively, and the correction matrices
Ãe; fs;int,int are given below. Furthermore, for the DOF of the neighboring element we make
the respective rows and columns of Ae zero.

Ãe; f1;int,int = − h
144



4δ f
x −8µx 2δ f

x −4µx 2δ f
x −4µx δ

f
x −2µx

−8µx 0 −4µx 0 −4µx 0 −2µx 0
2δ f

x −4µx 4δ f
x −8µx δ

f
x −2µx 2δ f

x −4µx

−4µx 0 −8µx 0 −2µx 0 −4µx 0
2δ f

x −4µx δ
f
x −2µx 4δ f

x −8µx 2δ f
x −4µx

−4µx 0 −2µx 0 −8µx 0 −4µx 0
δ

f
x −2µx 2δ f

x −4µx 2δ f
x −4µx 4δ f

x −8µx

−2µx 0 −4µx 0 −4µx 0 −8µx 0



,

(31a)

Ãe; f2;int,int = − h
144



0 −8µx 0 −4µx 0 −4µx 0 −2µx

−8µx 4δ f
x −4µx 2δ f

x −4µx 2δ f
x −2µx δ

f
x

0 −4µx 0 −8µx 0 −2µx 0 −4µx

−4µx 2δ f
x −8µx 4δ f

x −2µx δ
f
x −4µx 2δ f

x
0 −4µx 0 −2µx 0 −8µx 0 −4µx

−4µx 2δ f
x −2µx δ

f
x −8µx 4δ f

x −4µx 2δ f
x

0 −2µx 0 −4µx 0 −4µx 0 −8µx

−2µx δ
f
x −4µx 2δ f

x −4µx 2δ f
x −8µx 4δ f

x



,

(31b)

Ãe; f3;int,int = − h
144



4δ f
y 2δ f

y −8µy −4µy 2δ f
y δ

f
y −4µy −2µy

2δ f
y 4δ f

y −4µy −8µy δ
f
y 2δ f

y −2µy −4µy

−8µy −4µy 0 0 −4µy −2µy 0 0
−4µy −8µy 0 0 −2µy −4µy 0 0
2δ f

y δ
f
y −4µy −2µy 4δ f

y 2δ f
y −8µy −4µy

δ
f
y 2δ f

y −2µy −4µy 2δ f
y 4δ f

y −4µy −8µy

−4µy −2µy 0 0 −8µy −4µy 0 0
−2µy −4µy 0 0 −4µy −8µy 0 0



,

(31c)
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Ãe; f4;int,int = − h
144



0 0 −8µy −4µy 0 0 −4µy −2µy

0 0 −4µy −8µy 0 0 −2µy −4µy

−8µy −4µy 4δ f
y 2δ f

y −4µy −2µy 2δ f
y δ

f
y

−4µy −8µy 2δ f
y 4δ f

y −2µy −4µy δ
f
y 2δ f

y
0 0 −4µy −2µy 0 0 −8µy −4µy

0 0 −2µy −4µy 0 0 −4µy −8µy

−4µy −2µy 2δ f
y δ

f
y −8µy −4µy 4δ f

y 2δ f
y

−2µy −4µy δ
f
y 2δ f

y −4µy −8µy 2δ f
y 4δ f

y



,

(31d)

Ãe; f5;int,int = − h
144



4δ f 2δ f 2δ f δ f −8 −4 −4 −2
2δ f 4δ f δ f 2δ f −4 −8 −2 −4
2δ f δ f 4δ f 2δ f −4 −2 −8 −4
δ f 2δ f 2δ f 4δ f −2 −4 −4 −8
−8 −4 −4 −2 0 0 0 0
−4 −8 −2 −4 0 0 0 0
−4 −2 −8 −4 0 0 0 0
−2 −4 −4 −8 0 0 0 0



,(31e)

Ãe; f6;int,int = − h
144



0 0 0 0 −8 −4 −4 −2
0 0 0 0 −4 −8 −2 −4
0 0 0 0 −4 −2 −8 −4
0 0 0 0 −2 −4 −4 −8
−8 −4 −4 −2 4δ f 2δ f 2δ f δ f

−4 −8 −2 −4 2δ f 4δ f δ f 2δ f

−4 −2 −8 −4 2δ f δ f 4δ f 2δ f

−2 −4 −4 −8 δ f 2δ f 2δ f 4δ f



.(31f)
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